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Abstract. Since in a computer, “true” is usually represented as 1 and “false”
as 0, it is natural to represent intermediate degrees of confidence by numbers
intermediate between 0 and 1; this is one of the main ideas behind fuzzy
logic – a technique that has led to many useful applications. In many such
applications, the degree of confidence in 𝐴&𝐵 is estimated as the minimum
of the degrees of confidence corresponding to 𝐴 and 𝐵, and the degree of
confidence in 𝐴∨𝐵 is estimated as the maximum; for example, 0.5∨0.3 = 0.5.
It is intuitively OK that, e.g., 0.5 ∨ 0.3 < 0.51 and, more generally, that
0.5 ∨ 0.3 < 0.5 + 𝜀 for all 𝜀 > 0. However, intuitively, an additional argument
in favor of the statement should increase our degree of confidence, i.e., we
should have 0.5 < 0.5 ∨ 0.3. To capture this intuitive idea, we need to extend
the min-max logic from the interval [0, 1] to a lexicographic-type order on
a larger set. Such extension has been proposed – and successfully used in
applications – for some propositional formulas. A natural question is: can this
construction be uniquely extended to all “and”-“or” formulas? In this paper,
we show that, in general, such an extension is not unique.
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1. Formulation of the Problem

Need for intermediate degrees of belief. In the usual 2-valued logic, every
statement is either true or false. In a computer, “true” is usually represented as 1,
and “false” as 0.

In practice, for many statements, we do not know whether they are true or
false, but we have some degree of confidence that they are true. A reasonable idea
is to describe this degree of confidence by numbers intermediate between 0 (false,
absolutely no confidence) and 1 (true, absolute confidence). Using such degrees of
confidence is one of the main ideas behind fuzzy logic, a technique that has been
successful in many applications; see, e.g., [5,8–12,15].

Need for “and”- and “or”-operations. For each statement provided by an ex-
pert, we can ask this expert to also provide his/her degree of confidence in this
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statement. However, to make conclusions, we usually need to use several such
statements.

For example, sometimes, the conclusion is true only if both statements 𝐴 and
𝐵 are true, i.e., if a composite statement 𝐴&𝐵 is true. Sometime, the conclusion
can be derived from each of these statements, so the conclusion is true if either 𝐴
is true or 𝐵 is true, i.e., if a composite statement 𝐴 ∨ 𝐵 is true. In general, we
can have more complex composite statements.

So, in addition to degrees of confidence in individual statements, we also need to
know degrees of confidence in such composite statements. For 𝑛 basic statements
𝐴1, . . . , 𝐴𝑛, we can have exponentially many composite statements – e.g., we have
𝐴𝑖1 & . . . &𝐴𝑖𝑘 for each of 2𝑛− (𝑛+ 1) non-trivial subsets {𝑖1, . . . , 𝑖𝑘} ⊆ {1, . . . , 𝑛}.
Even for reasonable-size 𝑛 like 𝑛 = 30, this means billions of possible composite
statements. There is no way we can ask the experts to provide degree of confidence
in each of these statements. So, we need to be able to estimate the degree of
confidence in such statements – in particular, in statements 𝐴&𝐵 and 𝐴 ∨ 𝐵 –
based on the known degrees of confidence 𝑎 and 𝑏 in statements 𝐴 and 𝐵. For
“and”- and “or”-statements, the resulting estimates are known as “and”-operations
and “or”-operations, or, for historical reasons, t-norms and t-conorms. In this
paper, we will denote these operations by 𝑎& 𝑏 and 𝑎 ∨ 𝑏.

These operations much satisfy some natural requirements. For example, since
𝐴&𝐵 means the same as 𝐵&𝐴, it is reasonable to require these two formulas
should result in the same estimate, i.e., that we should always have 𝑎& 𝑏 = 𝑏& 𝑎.
Similarly, the fact that 𝐴& (𝐵&𝐶) means the same as (𝐴&𝐵) &𝐶 implies that
it is reasonable to have 𝑎& (𝑏& 𝑐) = (𝑎& 𝑏) & 𝑐, etc.

Our degree of confidence in a stronger statement “𝐴 and 𝐵” cannot be larger
than our degree of confidence in each individual statement, i.e., we must have
𝑎& 𝑏 6 𝑎 and 𝑎&, 𝑏 6 𝑏. Similarly, our degree of confidence in a weaker statement
𝐴 ∨ 𝐵 cannot be smaller than our degree of confidence in each of the original
statements, so we should have 𝑎 6 𝑎 ∨ 𝑏 and 𝑏 6 𝑎 ∨ 𝑏.

There many other similar natural requirements. There are many different “and”-
and “or”-operations satisfying all these requirements; see, e.g., [5,8–12,15].

Min-max logic. It seems natural to also impose some additional requirements:
e.g., if our degree of confidence in a statement 𝐶 is larger than (or equal to) our
degrees of confidence in 𝐴 and in 𝐵, then it should also be larger than or equal to
our degree of confidence in a statement “𝐴 or 𝐵”. In precise terms: if 𝑎 6 𝑐 and
𝑏 6 𝑐, then we should have 𝑎 ∨ 𝑏 6 𝑐.

For 𝑎 6 𝑏 and 𝑐 = 𝑏, the fact that we have 𝑎 6 𝑏 and 𝑏 6 𝑏 immediately implies
that 𝑎 ∨ 𝑏 6 𝑏. Since we always have 𝑏 6 𝑎 ∨ 𝑏, this implies that 𝑎 ∨ 𝑏 = max(𝑎, 𝑏),
i.e., that we have a max “or”-operation.

Similar, it is reasonable to require that if 𝑐 6 𝑎 and 𝑐 6 𝑏, then 𝑐 6 𝑎& 𝑏. For
𝑎 6 𝑏 and 𝑐 = 𝑎, since we have 𝑎 6 𝑎 and 𝑎 6 𝑏, we thus imply that 𝑎 6 𝑎& 𝑏.
Since we always have 𝑎& 𝑏 6 𝑎, this implies that 𝑎& 𝑏 = min(𝑎, 𝑏), i.e., that we
have a min “and”-operations.

Need for a lexicographic extension. Formally, in the min-max logic, we have,
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e.g., 0.5 ∨ 0.3 = 0.5. However, intuitively, if we have an additional argument
in favor of the statement – even if that additional argument is weaker than the
original one – this should boost our degree of confidence in a statement.

In other words, it is OK that 0.5 ∨ 0.3 is smaller than 0.6, smaller than 0.51,
smaller than 0.501 – and, in general, smaller than 0.5 + 𝜀 for an arbitrary small
𝜀 > 0, but we would like to require that 0.5 < 0.5∨0.3. So, it is desirable to extend
the set of possible values of degree of confidence from the interval [0, 1] to some
more general ordered set.

A possibility to have values which are greater than 0.5 but smaller than all
larger numbers occurs, e.g., in lexicographic orderings of pairs of non-negative
numbers, when (𝑎1, 𝑎2) < (𝑏1, 𝑏2) if and only if:

� either 𝑎1 < 𝑏1

� or 𝑎1 = 𝑏1 and 𝑏1 < 𝑏2;

in this case, (0.5, 0) < (0.5, 0.3) but (0.5, 0.3) < (0.5 + 𝜀, 0) for all 𝜀 > 0. So, it is
reasonable to call the desired extension lexicographic-type.

For some composite formulas, such an extension was proposed and used
in [1–4, 14]. This extension was successfully use to deal with uncertainty in
petroleum engineering and in other application areas; see, e.g., [14].

Comment. What we should get is, in effect, a new value which differs from 0.5 by
an infinitesimal number – similar to what is done in nonstandard analysis; see,
e.g., [6,7,13].

Natural question. A natural question is: how unique is this extension?
Our conclusion is that it is not unique.

2. Our Answer

A natural formalization. Let us first formulate the above question in precise
terms.

We want to consider expressions 𝐸 of the type 𝑎, 𝑎 ∨ 𝑏, 𝑎& (𝑏 ∨ 𝑐), i.e., ex-
pressions obtained from numbers from the interval [0, 1] by using symbols ∨ and
&.

The following natural formalization comes from fact that for most other
“or”-operations, we have 𝑎 < 𝑎 ∨ 𝑏 for all 𝑎 < 1. The max-operation can be rep-
resented as a limit of such operations. Similarly, for most other “and”-operations,
we have 𝑎& 𝑏 < 𝑎 for all 𝑎 > 0. The min-operation can be represented as a limit of
such operations.

So, let us consider a family ∨𝑝 of “or”-operations:

� that tend to max(𝑎, 𝑏), i.e., for which 𝑎 ∨𝑝 𝑏→ max(𝑎, 𝑏) as 𝑝→ ∞, and

� for which, for each 𝑎 < 1 and 𝑏, we have 𝑎 < 𝑎∨𝑝 𝑏 for all sufficiently large 𝑝.
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We can have many such families. For example, we can take

𝑎 ∨𝑝 𝑏 = min
(︁

(𝑎𝑝 + 𝑏𝑝)1/𝑝 , 1
)︁
.

One can easily check that all the elements of this sequence are “or”-operations (t-
conorms), and that the above expression indeed tends to max(𝑎, 𝑏) as 𝑝 increases.

Similarly, let us consider a family &𝑝 of “and”-operations that:

� tend to min(𝑎, 𝑏), i.e., for which 𝑎&𝑝𝑏→ min(𝑎, 𝑏) as 𝑝→ ∞, and

� for which, for all 𝑎 > 0 and 𝑏, we have 𝑎&𝑝 𝑏 < 𝑎 for all sufficiently large 𝑝.

We can have many such families. For example, we can take

𝑎&𝑝 𝑏 =
(︀
𝑎−𝑘·𝑝 + 𝑏−𝑘·𝑝)︀−1/(𝑘·𝑝)

,

for some 𝑘 > 0. One can easily check that all the elements of this sequence are
“and”-operations (t-norms), and that the above expression indeed tends to min(𝑎, 𝑏)
as 𝑝 increases.

For each expression and for each 𝑝, we can get a value 𝐸𝑝 if we interpret ∨ as
∨𝑝 and & as &𝑝. For example, for the expression 𝐸 = 0.3 ∨ (0.5 & 0.4), we have

𝐸𝑝
def
= 0.3 ∨𝑝 (0.5 &𝑝 0.4). In the limit 𝑝→ ∞, the value 𝐸𝑝 tends to the value of 𝐸

in the min-max logic.
For two expressions 𝐸 and 𝐸 ′, we can then say that 𝐸 < 𝐸 ′ if for all sufficiently

large 𝑝, we have 𝐸𝑝 < 𝐸 ′
𝑝. By the properties of the operations ∨𝑝, this will

guarantee, e.g., that 0.5 < 0.5 ∨ 0.3, and, in general, that 𝑎 < 𝑎 ∨ 𝑏 for all 𝑎 < 1
and 𝑏.

Now, we can formulate the above question in precise terms.

Question. When 𝑎 < 1, then for expressions 𝑎 and 𝑎 ∨ 𝑏, we have 𝑎 < 𝑎 ∨ 𝑏 no
matter what families ∨𝑝 and &𝑝 we select. In this sense, for these two expressions,
the lexicographic-type extension of min-max logic is unique.

A natural question is whether this is true for all pairs of expressions.

Our answer. Our answer is that there exist pairs of expressions 𝐸 and 𝐸 ′ for
which the order depends on which families ∨𝑝 and &𝑝 we select: for some families,
we have 𝐸 < 𝐸 ′, while for others, we have 𝐸 ′ < 𝐸.

As an example, we can take the expressions 𝐸 = (𝑎& 𝑎) ∨ (𝑎& 𝑎) and 𝐸 ′ = 𝑎
for which 𝐸𝑝 = (𝑎&𝑝 𝑎) ∨𝑝 (𝑎&𝑝 𝑎) and 𝐸 ′

𝑝 = 𝑎.
Different orders can be observed already for the above examples of families:

specifically, different orders can be observed for different values 𝑘.
When 𝑘 is very large, then, in comparison with the “or”-operation, we practi-

cally have 𝑎&𝑝 𝑏 ≈ min(𝑎, 𝑏). In particular, 𝑎&𝑝 𝑎 ≈ 𝑎, and thus, the value 𝐸𝑝 is
thus approximately equal to 𝑎 ∨𝑝 𝑎. We know that 𝑎 < 𝑎 ∨𝑝 𝑎, so in this case, we
have 𝐸 ′

𝑝 < 𝐸𝑝, and thus, by definition 𝐸 ′ < 𝐸.
On the other hand, when 𝑘 is very small, then, in effect, the opposite happens:

in comparison with the “and”-operation, we practically have 𝑎 ∨𝑝 𝑏 ≈ max(𝑎, 𝑏).
Thus,

𝐸𝑝 = (𝑎&𝑝 𝑎) ∨𝑝 (𝑎&𝑝 𝑎) ≈ max(𝑎&𝑝 𝑎, 𝑎&𝑝 𝑎) = 𝑎&𝑝 𝑎.
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We know that 𝑎&𝑝 𝑎 < 𝑎, so in this case, we have 𝐸𝑝 < 𝐸 ′
𝑝 and thus, 𝐸 < 𝐸 ′.

Non-uniqueness is proven.
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Аннотация. Поскольку в компьютере «истина» обычно представлена как 1, а
«ложь» — как 0, естественно представлять промежуточные степени достоверно-
сти числами между 0 и 1; это одна из основных идей, лежащих в основе it
нечёткой логики — техники, которая привела к множеству полезных приложений.
Во многих таких приложениях степень уверенности в 𝐴&𝐵 оценивается как ми-
нимум из степеней уверенности, соответствующих 𝐴 и 𝐵, а степень уверенности в
𝐴 ∨𝐵 оценивается как максимум; например 0,5 ∨0,3 = 0,5. Интуитивно понятно,
что, например, 0,5 ∨ 0,3 < 0,51 и, в более общем смысле, 0,5 ∨ 0,3 < 0,5 + 𝜀
для всех 𝑣𝑎𝑟𝑒𝑝𝑠𝑖𝑙𝑜𝑛 > 0. Однако интуитивно дополнительный аргумент в пользу
утверждения должен повысить нашу степень уверенности, т.е. мы должны иметь
0,5 < 0,5 ∨ 0,3. Чтобы уловить эту интуитивную идею, нам нужно расширить ло-
гику минимакса с интервала [0, 1] до порядка лексикографического типа на боль-
шем множестве. Такое расширение было предложено — и успешно используется
в приложениях — для некоторых формул высказываний. Возникает естественный
вопрос: можно ли однозначно распространить эту конструкцию на все формулы
«и» – «или»? В этой статье мы показываем, что такое расширение, вообще говоря,
не единственно.

Ключевые слова: нечеткая логика, минимаксная логика, лексикографическое

расширение.
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