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Abstract. The integral convolution-type equations of the first kind on the
sphere are important for the geometric tomography. They have been studied
by many researchers. In this paper, we consider the uniqueness and stability
of solutions of such equations. We prove the uniqueness of the solution for
the equation with the kernel of convolution type and obtain a formula for
the average value of a function on a subsphere. The latter is used for the
deriving of the inversion formula of Radon spherical transformation on sphere.
For the Blaschke-Levy equation and for the convolution type singular integral
equations of the linear transfer theory, the uniqueness theorems are proved
and find estimates for the stability of solutions are found. In all the cases we
use the expansion of a function into series of spherical harmonics.
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1. Introduction and preliminaries

Let S™~! be the unit sphere in R”, |S"!| be its volume, u,v € S"~1, ut be the
orthogonal complementary subspace for u, S?~2= S"~! Nut be the big subsphere,
(,) be the inner product and o,_; be the spherical (n — 1)-dimensional Lebesgue
measure on S™ !, In the geometric tomography, equations of the first kind with
the following convolution type integral operators on a sphere are important:

(K2)(u) = K((u,v))2(v)op_1(dv),u € S" 1.
gn—1

In the cases K({u,v)) = d((u,v)), where () is the delta-function at zero,
K((u,0)) = [(w,0)], K(w,0)) = [(u,0)|*, K((u,0)) = x((u,v)), where x(t) is
Heaviside’s function, the integral transforms are well-known. They are called
Radon spherical transform Rz, cosine-transform Cz, a-cosine-transform C,z, and
hemispherical transform #z, respectively.

The transforms above have the following geometrical meaning: if (n —1)z(v) =
= p"1(v), where p(v), is the radial function of a star body B, then the Radon
transform (Rz)(u) is the volume of the intersection of B with the subspace ut. If
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z(v) is the product of principal curvature radii of the closed smooth convex surface
OB in a point with normal v, then 2(Cz)(u) is the (n — 1)-dimensional volume of
the projection of the convex body B onto the subspace ut, and (Hz)(u) is the area
of the "lit” part of the surface OB. Thus the inversion formulas for the integral
transforms and the uniqueness and stability of the solution of the integral equations
are of great interest.

Integral transforms with the kernels |{u,v)|,|{u,v)|*, x({u,v)) are closely re-
lated to the Radon spherical transform. For example, the cosine transformation C
is connected with the Radon transiorm R via the Laplace-Beltrami operator Ag on
S™=1 due to the identity (OC = R, where O = (Ag +n —1)/(2-[S"?]) [10, 11].
The expansion of functions into series of spherical harmonics is a powerful tool in
the investigation of the convolution-type equations (see, for example, [18]). Thus
the following theorem is useful.

Theorem 1 (Funk-Hecke theorem, [3]). Let K(t) be a bounded measurable
function on [—1,1] and Yy (u) be a spherical harmonic of order k. Then

gn—1 K ({u, )Yy (v)on1(dv) = MYe(u), uwe S (1)
where 15%20(n — Tk + 1)
_ SR =2k + 1) [ (n/2-1) ] _ g2y
Ap = Tkt n—2) /_1K(t)(]k (1—t%)z dt (2)

and C,g"/%l)(t) are the Gegenbauer polynomials.

The Funk-Hecke formula can be extended onto the case of the kernel
K(t) € L1]—1,1] (see [3]).

In this paper, we apply the method of spherical harmonics to the problem of
uniqueness for the solutions of convolution-type equations of the first kind. We got
the inversion formula for the spherical Radon transform on S3 and proved estimates
of the solutions stability of a-cosine transform and equation with singular kernel.

2. Uniqueness of the solution of the equation for measure

We consider the equation of the first kind

fy = [ K(o)u(a), 3)
where p is the unknown signed measure on S™'. Let {Vj(u)} be a complete
system of spherical functions on S"~! and M be Banach space of signed measures
(charges) on S™~!. Let us introduce moments of the signed measure with respect
to the system {Yj(u)}:

o= [ Vitoutdo), @)

Lemma 1. The signed measure p on S™ ' is uniquely defined by its moments
tr, k=0,1,2,..., with respect to system {Yy(u)}.
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Proof. Let py and us be two measures whose moments coincide. Set p = pq — po.
[t is sufficient to prove that the equalities

Yi(w)p(du) =0, k=0,1,2,...,
Sn—l

imply 4 = 0. Any polynomial is a linear combination of spherical harmonics on
Sn=1. 1t follows from Weierstrass’s Theorem that the linear span of spherical
harmonics is dense in the Banach space of all continuous functions on the sphere

[ etontdn =0

for any continuous function ¢(u) € C(S™'). Thus p = 0, since the space of
measures is dual to the space of continuous functions. |

Theorem 2. If K((u,v)) € L1|—1,1] and the system of its eigenfunctions is
complete in Ly(S™ 1), then the equation (3) admits at most one solution in M.

Proof. Multiplying equation (3) by Y (u), integrating it over the Lebesgue measure
on_1, and applying Fubini’s theorem, we get:

vi (
/Sn1 On—1(du) - K ((u, v)) Yy, (u) pu(dv) =

= [ (L i)

F () Yi(u) 1 (du) = /

Sn—1

K((u, v))u(dv)> 0 (du) =

Sn—1

According to Funk-Hecke formula (1),

K(<u7 U>>Yk(v>an71<dv> = )\kYk(u)a k= Oa 17 27 R
Snfl
where k same for any spherical harmonics of order k, k = 0,1,2,.... This equality
together with (4) imply

fe = fuw)Ye(uw)on_1(du) = Agpg, K =0,1,2,... .
Sn—l
Since the system of eigenfunctions is complete, Ay # 0. Hence the Fourier coef-
ficients fy of the function f(u) uniquely define the moments of p by the equality
e = fx/Mk, K =0,1,2,... . Applying Lemma 1, we conclude that the measure p
is uniquely determined by its moments. |

3. The average of a function over subspheres and spherical
transform of harmonics

—

Let w be the pole of S ' v € S" ! and v = (u,v). Point v € S"!
can be presented as v = (v'sin 7, cosy), where v/ € S"? = S"l oyt
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The Lebesgue measure o,_; on sphere S"~' and Lebesgue measure 0, 5., on
subsphere S = {v € S"' : (u,v) = cosy} are subject to the equality
0n_1(dv) = sin" ?ydyo, o, (dv),0 < v < 7/2 [12]. For a function f(v) on
S™~1 we define its average value on the subsphere SI;*Q as

~ 1

fru) = 1572 Jons (v) On—2(dv).

Since [S272| = sin"? 4|S"?| and 0y_s (dv)=0p_s (sinydv')=sin""? v 0, (dv'), if
v = const, v’ € S"7%, we have

. 1
e MR GL (DR

1 . . n—
= T o] [y (V57008 7)o a(de) = (5)
Su~
1

~ 92 Jgna

f(v'sin 7, cos ) o, _2(dv").

We use the §-function to obtain the formula for the average. Let us consider the
integral

[ sl = 1) -8((a1sl.) - cos 1))y,

where 0(|y| — 1) - ({x/|x|,y) — cos ) is the direct product of the delta func-
tions and f(y) is the smooth finite continued of f(v),v € S™!, in the area
yeR": 0<r<|y <R, 0<r<1l<R.

According to the formula [5],

P sae= [ T

Rn
where P(z) = {p1(x), p2(2),...,pr(x)} ={0,0,...,0} is the (n — k)-surface in R,
|DP| = \/det(Vp;, Vp;) is the square root of the Gram determinant of the vectors
{Vpi1(x),Vpa(x),...,Vpr(x)}, do is the element of surface area P(x) = 0, for

pi(y) =d(lyl = 1), p2(y) = 0({z/|z|,y) — cos v) we get:

/n Syl — 1) - 6({z/|z|,y) — cos v) f(y)dy = / fY)on-2,(dy) _

lyl=1,(z/|z|,y)=cos v 1 — Sfzw)?
= / f(y)on—2,(dy)
ly|=1,{z/|z|,y)=cos v sin y

2Py




40 V.N. Stepanov. The method of spherical harmonics . ..

Therefore,
~ 1
p— _ d —
f(fY’ U) sin -2 ’Y|Sn_2‘ (.0)=cos 7 f(U) On 2,’7/( U)
_ 1 f(v)on_2~(dv) _
- 7|Sn—2| u,v)=cos ¥y sin Y
- | = / (4= 1) 8aflel o) — cos DF)ay| = (6)
= - o((z/|z],y) — cos 7) f(y)on-1(dy)
sin” 7|S" | Jgn—1 o

To find out the average value of spherical harmonics Yi(u), let us use the
Funk-Hecke formula and (6). We have:

Vil ) = |5n ; / ((x/]], 0) — €03 7)Yi(v)n_1(dv)

Yk( ) ’Sn 2‘F )F(k + ) ! (n/2-1) 2\ =3
= . t— t)(1—t°) = dt =
sin "3 | Sn— 2| T(k+n—2) 715( cos ) Gy ()( )
_ I'n=2)I'(k+1) (n/2—1) S B
“sin " 34T (k+n— 2) Cy (cos ) sin" ™" Y (u) =

B ['(n—2)T'(k+1) n/9—1
T T Tktn-2) C"* ™ (cos 1) Yi(w).

r=Uu

Thus, the average value of the spherical harmonic Yy (u) over the subsphere
Sr?={ve S" ' (u,v) = cos 7} is equal to

D(n = ATk +1) 21

}’;k(%u): L(k+n—-2) %

(cos 7)Yi(w). (7)

For the spherical Radon transform of the spherical harmonics Y2, (u), formula
(7) means that

|STL—2| 5372 YQk(U>O-n_2(d U) - F(Qk + n — 2) CQ]{:

(RYap)(u) = (0)Yar(uw).

(8)

4. The inversion formula for Radon spherical transform
on S°

The results concerning the Radon transform on R™ at Riemannian manifolds
of negative and positive curvature are given in the monographs [6], [9], [14] and
in the article of [17] B. Rubin. The central point of the Radon transform is the
reconstruction of a function by its integrals on submanifolds. Starting with the
classical results by Funk [13], Radon [16], a lot of different variants of inversion
formulas for Radon spherical transform and the related integral transforms were
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obtained. The history of the inversion formulas can be found in the article [17]
by B. Rubin. In the case n > 3, the inversion formula for the spherical Radon
transform R was obtained by Helgason in 1959, but it was not published until
1990. It is presented in [14], Theorem 3.13, p. 54. Note that the Radon transform
is used in the solution of the inverse problems of the scattering theory [15]. The
problem is to restore the shape, size, and the electromagnetic parameters of the
scattering body. Our goal is to derive the inversion formula for the spherical Radon
on S? by the method of spherical harmonics.

Theorem 3. If z(u) is a sufficiently smooth even function on S3, then the
inversion formula [or the spherical Radon transform on S*

1

R =3 [ sl

has the following form:

)= 2

B % @ (u,v)2>t

(R2)(v)[(u, v)| o3(dv)

t=0

Proof. The average of the spherical harmonic Y5, (u) on the subsphere S? = S®Nut
u (i.e., the spherical Radon transform on S®) is given by the formula (8). If
n=4,C0(0) = (—1)*, hence

(=DF

(RYu)(0) = Va2, 0) = e E D OOVl = V() @
We claim that L2
swa ], O

coincides with Yo, (u).
We transform the integral and use the formulas (5) and (7):

1 d?
2 dt? Y dv)| =
2m dt? <u,v)2>t<R 2k)(U)|<u,U>|03( U> t=0
2-1) & /
T 2n(2k + 1) d? Yor(v)|{u, v)| o3(dv —
DT+ 1) A Jyy st 00 )t:O
(_1)]‘3 d2 / [ -2 , 47T(—1)k
~ m(k 1) d? v AN I ) Gl il
7(2k + 1) dt? Y 2k (v sin 7y, cos y) sin® v cos v oo (dv')d B D)
d2 arccos v/t » ] N |
. @ sl 7y COoS 7y E ) Ek(v S 7y, COS ’)/) O’Q(di}) d/'}/ — (10)
0 * t=0
4(=1)F g2 arccos vt _ '
a Q(k +)1 ﬁ/o Yar(v,u) sin® v cos ydvy| =
t=0

4(—1)F  d2 arccos V/t .
ﬁ @/ Cyy(cosy) sin®  cos ydy
0

t=0
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Let 7(t) denote the second derivative of the integral. We find it by differentiating
with the respect to the parameter t.

d2 arccos v/t d C(l) \/E 1—¢ \/E !
I<t>:ﬁ/o Cé,?(cosv)sm v cos ydy = — 7 2k2(\/¥)(1—t) =

1 byl CR W V=t dCy) (Vi)
:_E[VTj?QQ“ﬁﬂ::4w1—t_ > a
RN A )

TaI—t 4T dvi

For the Gegenbauer polynomials there is the following differentiation formula [3]:

dCSy (t
(-2 o oyt - 2+ 1) ).

Applying it, we get

I(t) — Céllc)(\/g) . V91—t
41—t  4/t(1—1t)
_ GO @20 (VD | 2R+ 1L (VD)
41—t 41—t IViEVT —t
(2% + DO (V) | (2K + Dy (V)
4T —1 Wty1—t

[t follows from the equality [3]

2k + 2)VICK) (VD) — 2k + 1O, (VD) =

k
- m<28)2k+172m (1)2 1(28)2k+1
Ciin (s mzo m' 21: +1-2m)! - (];l_{: 1) al
L= DR (D)re2(25)° | (=1 (1)gr1(25)!
31(k — 1) 1(k)! !
where (1), =T'(p+1)/I'(1) = p! that
Cn (VO] 2(-1)F (D 2(-DFT(k+2)  2(—1)F(k + 1))
NG o B k! B L(1)k! B k! B
=2(-1)F(k+1).
Thus, we get 1(0):
2k CL(0) + 2(=1)F(k + 1
o 2 ) [FORO 200 Gk + )| (e o

because C{)(0) = (—1)*.
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According to formula (9), (10), (11)

1 & _ACEDE (=DMRE+1)? _
el M IOICRIEACOI ' Yai(u) =

 (k+1) 4
:YQk(u),k:O,l,Q, .

This  proves the inversion formula for the spherical harmonics
ng(u), k:0,1,2,... .

Let 2(u) be a sufficiently smooth even function on S® . Let us expand it into
series of spherical harmonics of even order:

Its Radon transform is

k=0
Hence
L& (R2)(0)] (s )] 73 dv)
—_— Z v u,v v =
27T dtQ (u,v)2>t ’ 03 =0
[ @l le| =3 Vi) = 2w
= — o) (V) [{u, v)] o3(dv = or (1) = z(u
=0 2m dt? (u,0)2>t t=0 k=0

and we get the inversion formula for the spherical Radon transform of an even
smooth function on S3. |

5. The estimate of the stability of the equation
Blaschke-Levy solution

Let us consider the Blaschke-Levy equation («-cosine transform)

1

=— | Hu,v)|*2(v)os(dv), u € S?, (12)
47 S2

f(u)
where oy(-) is the Lebesgue measure on S? z(u) is an even function
on S%, a>—1,a#0,2,4,...,2m,...,m € N. We shall formulate the restrictions
on f(u) later assuming now that f(u) is a sufficiently smooth even function.

Eigenvalues of the operator (12) can be found by the Funk-Hecke formula (2):

1 1
A= it C (1)t
-1

The Gegenbauer polynomials 0,21/2) (t) coincide with the Legendre polynomials
Py (t), which satisfy the condition P,(—t) = (—=1)*Py(¢). Consequently, eigenfunc-
tions of the equation (12) are spherical harmonics Ys(u) of even order and the
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corresponding eigenvalues Ay, are determined by the integral

1
A%:/ £ Poy(t)dt.
0

This integral converges at & > —1 and its value is given in [4]:

ala—=2)(a—4)-... - (a—=2k+2)(a — 2k +4)

M o ¥ D@ +8) . (a+2k—D(a+2k+1)

Expanding the function f(u) over the system of spherical functions {Ya(u)}

fw) =" Yaulw),
k=0

where, by the Laplace formula [20],

4k + 1

Vatw) = 2= [ Putlu ) S @)

we get the solution of the equation (5.1) in a form of series:

2(u) =) o Yar(u),

where
I (a+1)(a+3)-...-(a+2k—1)(a+2k+1)

T ala—2)(a—4)... (a—2k+2)(a—2k+4)
[f @« > —1 is not an even nonnegative number, then the equation (5.1) has not
more than one solution.

Let us estimate the stability. Since the Legendre polynomials Py ((u,v)) are
spherical functions, we have

Qof

Pal(u0)) = gy AsPa (1, 0).

The surface Laplace operator S is self-adjoint. Hence

V) = 4 g i [ P ) AG W)l

Together with the Cauchy-Schwartz inequality and the inequality
|| Poge ({wts ) || £of-1,1y < Cik~Y2, Cy = const [20], this implies

4k + 1
Var(llesss < gorgpmr gy 1857 e - 1Pl ) o <

g Cg . (2/{:)_2Z+1/2||Agf(u)||L2(52), 02 = const.
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[t follows from the above inequality that
||Y2k(u)||%2(52) < Cs- K7 AL f(u )||L2 s2), C3 = const.

Let us estimate the norm of the solution z(u) of the equation (12) in Ly(S?).

()l a2y = J L (Z azkmu)) Jza%mk DI

<0\ S g [|A%f (w)

k=0

HL2(S2) , C = const.

To analyze the series S °° a2 k'=% on the convergence we use the Gaussian
k=0 X2k
criterion. The ratio

Bor,  ady  (k+D)"1 (1—a/2k)*(14 1/k)*!

Bokvz Oy KU 1+ (o +3)/2k)
is equivalent to
Dok :1+4€—2a—4+yk(€;a)’
Bak+2 k k

where v (¢,a) is bounded. By the Gaussian criterion, the series converges if
=4l —2a—4 > 1, i.e. if £ > (2a+5)/4. Thus we obtain the estimates for the
solution of (12) depending on «.

Theorem 4. If f(u) € C*(S"Y), then for any a > —1,a # 0,2,4,...,2m,
m € N, there exists the unique solution of class Ly(S?) [or the equation
(12).  Moreover, if —1 < a < —0.5, then |z(u)|r,s2) < c1||Asf(u)| sy,
if (4k —1)/2 < a < (4k + 3)/2, then ||z(u)|lrys2) < col|[ASS(u)||ys2), @here
(=k+2,k=0,1,2,... .

6. Equations with singular kernels on S"!

The analysis of some kinetic equations in the neutron transport theory [7] lead
to the problem of the determination of the scattering indicatrix z(v,t¢) from the
equation

flu,t) = K((u,v))z(v,t) 0p_1(dv), u € S" 1 t > 0.
S‘IL*l

In particular, the following equation with singular kernel was obtained in [1]:

B 2(v) op—1(dv)
Ju) = /Sn—l 1—(u,v)

We consider a more general equation

B 2(v) op_1(dv)
o= [ S (1)
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If a < (n—1)/2, then the kernel K(t) = (1 —¢)~“ satisfies condition [2]

1 2\(n—3)/2 1
| 5 ' t)a)/ T [ o
-1 - -

where B(z,y) is the beta-function. Thus we may use formula (2) to find the
eigenvalues [19, p. 431]:

|S"?T(n —2)L(k + 1) /1 20— _ nj2-1
A\ = 1—¢ (n—2a-3)/2 1 ¢ (n—3)/2 (n/ ) H)dt.
e L e R e Ce( 0

We use the following asymptotic formula for the Gegenbauer polynomials

C,g”ﬂ_l)(t) as k — oo, which was found in the paper [8]:

V2710 ((n - 1)/2)  (k+n—3)! 1
Vr(n —3)! kkn/2-1
-cos [(k+n/2 —1)arccost + (2mr —nm) /4], -1 <t <1,n > 3.

C’,i”/Q_l)(t) . t2)—n/4+1/2-

[t follows that the eigenvalues are subject to the following asymptotic formula:

2n/2ﬂ.(n72)/2

Ak ~ Ln/2—1

1
: / (1 — )4 11 4 t)"* L cos [(k +n/2 — 1) arccos t 4 (21 — n) /4] dt
—1

as k — oo. The integral converges if o < n/4.

Due to the fast oscillation of the integrand, the integral is small for large k.
The stationary phase method shows that the integral is o(1) (see [8]), whence
A, = o(k~™/?*1) as k — oo. Moreover, there are constant a > 0 and b > 0 such
that ak™"/%*1 < |\;| < k™% k — oco. Thus, the eigenfunctions of the integral
operator in the right-hand side of (13) are the spherical harmonics Yj(u) and A
are its eigenvalues.

Let f(u) =3 po Yi(u), where (see [20, p. 489]

(n+ 2k — 2)(n/2 — 1)

Vi) = PR [ ) () )

by the Laplace formula, be the expansion of the function f(u) into the series of
spherical harmonics. Then

[e.e]

1

A
k=0 'k

is the solution to equation (13). If f(u) € C*(S"1), then

z(u) = Y (u) (14)

Vi) = A= [ e o )0 ).
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Applying the Ly(S™1) - estimates [|C* ™ ((u, 0))|| yqsn-1) < e(n)k™>2 [20] for
the Gegenbauer polynomials, the Cauchy-Schwartz inequality, and the asymptotics
of eigenvalues we get:

Yelw)| _ elmk™2 2 AL fl s
Akl | Ak]
c(n) = const .

< e(n)k 22 A S N asnny, €21,

Consequently, ¢ > 1 implies the uniform convergence of the series (14) and the
continuity of the sum.
Thus, we obtain the following result.

n—1

Theorem 5. If f(u) € C?(S"!) and ¢ > [ ] + 1, then there exists the

unique smooth solution of the equation (13). Moreover, it admits the [ollowing
estimate:

l2(@)llcsn-1) < A (W)]|zosn-)-
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METO COEPUYECKHX T'APMOHHUK JII NHTEI'PAJIBHBIX
NMPEOBPA3OBAHUH HA C®EPE
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JOLEHT, K.(.-M.H., e-mail: stpnv@yandex.ru

OMCKHE rocynapcTBeHHbIH TeXHUYECKHH YHHBEPCHUTET

AnHotauus. VHTerpajbHble ypaBHEHHS MEPBOrO Poia THMa CBEPTKHM Ha chepe S™ 1
UMEIOT BaXkKHOe 3HaueHHe B eOMeTpUUYecKOol ToMorpauu M HUCC/el0Ba/ldChb MHOTMMHU
aBTOpaMU. B mpexcTaBseHHOH paboTe paccMaTpUBAIOTCS BOIPOCHl eIMHCTBEHHOCTH U
YCTOHUMBOCTH pellleHu# Takux ypaBHeHHH. JlokazaHa eJMHCTBEHHOCTb pelleHHs OTHO-
CHTeJbHO Mepbl ypaBHeHus ¢ sapom K ({u,v)) knacca Lq[—1,1]. Tlonydena popmyna
IJ15 CpelHero 3HadeHusi (yHKLUUM Ha nNoacdepax, KoTopas 3aTeM HCIOJNb3yeTcsl AJs
BBIBOIAa (POPMYJIbI oOpalleHusi cpepuueckoro npeobpasopanus Pamnona na chepe S3.
Jas ypaBHenus bBasike-JleBu u 11 ypaBHeHUS THIIA CBEPTKHU C CHHIYJISIPHBIM $1POM,
BCTPEUYAIOKUMCA B JMHEHHOH TeopuM NepeHoca, NOKasaHbl TeOpeMbl €IHHCTBEHHOCTH
U JlaHbl OLEHKH YCTOHUMBOCTH pelleHMH. Bo Bcex caydasx HCIOJb3yeTCs MeToJ pas-
JIOXKeHHs1 (PYHKUHUH 10 MOJHOH cHCTeMe C(hepUUYeCKHX TapMOHHK.

KaioueBbie cJiOBa: reoMeTpuuecKkas ToMmorpacusi, ypaBHEHHe MEepBOrO poja THIA
CBEPTKH, eIMHCTBEHHOCTb, YCTOMUHUBOCTD, chepuyeckoe npeodpazoBanue PanoHa, ¢pop-
MyJsa obpallieHus, ypaBHeHHe Basiike-JleBH, ypaBHeHHe ¢ CHHTYJSPHBIM SADPOM.

Hama nocmynaenus 8 pedaxyuro: 06.12.2016



