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Theory of differential equations in intuitionisti
 Syntheti
 Differential Geometry

of Ko
k-Lawvere is 
onsidered. The problem of solution uniquness is diss
ussed.

Êàê è â êëàññè÷åñêîì ñëó÷àå, ïîä äè��åðåíöèàëüíûì óðàâíåíèåì ïåðâîãî

ïîðÿäêà íàä ìíîãîîáðàçèåì (ìèêðîëèíåéíûì ïðîñòðàíñòâîì [1℄) M áóäåì ïî-

íèìàòü ïàðó (M,X), ñîñòîÿùóþ èç ñàìîãî ìíîãîîáðàçèÿ M è âåêòîðíîãî ïîëÿ

X íàä íèì, ò. å. îòîáðàæåíèÿ âèäà X : M → T (M), çäåñü T (M) � îáîçíà÷åíèå
äëÿ MD

[2℄. Â ñâîþ î÷åðåäü, ìîð�èçìîì âåêòîðíûõ ïîëåé (M1, X1) → (M2, X2)
íàçîâåì òàêîå îòîáðàæåíèå f : M1 → M2, ÷òî êîììóòàòèâåí ñëåäóþùèé êâàä-

ðàò:

T (M1)
Tf
−→ T (M2)

X1 ↑ ↑ X2

M1
f

−→ M2

Îáúåäèíÿÿ òåïåðü ýòè îïðåäåëåíèÿ, ïîñòðîèì êàòåãîðèþ îáûêíîâåííûõ äè�-

�åðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà (1ODE), âçÿâ â êà÷åñòâå îáúåêòîâ

âñåâîçìîæíûå ïàðû âèäà (M,X), à â êà÷åñòâå ìîð�èçìîâ � ìîð�èçìû âåêòîð-

íûõ ïîëåé.

1. Ôîðìàëüíàÿ òåîðèÿ äè��åðåíöèàëüíûõ óðàâíåíèé

ïåðâîãî è âòîðîãî ïîðÿäêà [3℄

Èçó÷åíèå ñâîéñòâ ýòîé êàòåãîðèè è áóäåò ñîñòàâëÿòü îñíîâíóþ ÷àñòü ýòîãî ïà-

ðàãðà�à.

Ñëåäóåò çàìåòèòü, ÷òî ïîíÿòèå ðåøåíèÿ äè��åðåíöèàëüíîãî óðàâíåíèÿ òàê-

æå ìîæíî çàïèñàòü âíåøíèì îáðàçîì, ò.å. ÷åðåç íåêîòîðóþ äèàãðàììó â êàòå-

ãîðèè (1ODE). À èìåííî, åñëè (M,X) ∈ Ob(1ODE), òî åãî (ãëîáàëüíûì) ðåøå-
íèåì íàçûâàåòñÿ îòîáðàæåíèå èç (R, ∂

∂x
) â (M,X).

Ïîäîáíûì îáðàçîì 2ODE � êàòåãîðèÿ äè��åðåíöèàëüíûõ óðàâíåíèé âòî-

ðîãî ïîðÿäêà � îáû÷íî ñòðîèòñÿ êàê êàòåãîðèÿ âåêòîðíûõ ïîëåé íà T (M), ò.å.
îòîáðàæåíèé âèäà

ξ : TM → TTM


© 2002 À.À. Çâÿãèíöåâ

E-mail: zvyagin�math.omsu.omskreg.ru

Îìñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò



Â êà÷åñòâå åå ìîð�èçìîâ áåðåòñÿ òàêîå îòîáðàæåíèå f : M1 → M2, ÷òî êîììó-
òàòèâåí ñëåäóþùèé êâàäðàò:

TT (M1)
TTf
−→ TT (M2)

ξ1 ↑ ↑ ξ2

T (M1)
Tf
−→ T (M2)

Â îòëè÷èå îò ðåøåíèé óðàâíåíèé ïåðâîãî ïîðÿäêà ðåøåíèÿ óðàâíåíèé âòî-

ðîãî ïîðÿäêà â îáùåì ñëó÷àå íå ÿâëÿþòñÿ ãîìîìîð�èçìàìè èç R, åñëè, êîíå÷íî,
ýòî óðàâíåíèå íå ñòðóÿ íà M. Êðîìå òîãî, âåðíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1 [3℄. Ïóñòü ξ : MD → MD2
ÿâëÿåòñÿ îáúåêòîì 2ODE íà M,

è ξ̃ : MD ξ
→ MD2

M+

→ MD×D
ñîîòâåòñòâóåò 1ODE íà MD, è ïóñòü çàäàí

ìîð�èçì y : R → M. Òîãäà, åñëè y � ðåøåíèå 2ODE ξ, òî
.
y: R → MD

�

ðåøåíèå 1ODE ξ̃. Îáðàòíîå âåðíî, åñëè M+
ìîíîìîð�èçì.

Â êîíòåêñòå âñåãî âûøåñêàçàííîãî, íåîáõîäèìî ïîòðåáîâàòü, ÷òîáû êàòåãî-

ðèÿ E , ÿâëÿëàñü àòîìîì, ò.å. �óíêòîð (−)D : E → E èìåë áû íå òîëüêî ëåâûé

ïðèñîåäèíåííûé − × D, íî òàêæå è ïðàâûé ïðèñîåäèíåííûé (−)1/D, êîòîðûé
îáû÷íî íàçûâàåòñÿ äðîáíîé ýêñïîíåíòîé (òåðìèíîëîãèÿ Ëîâåðà). Ïîäðîáíåå î

ñâîéñòâàõ ìîäåëåé, óäîâëåòâîðÿþùèõ ýòîìó óñëîâèþ, ìîæíî ïðî÷èòàòü â [1℄.

Îáðàòèìñÿ òåïåðü ê êàòåãîðèÿì 1ODE è 2ODE, íî âíà÷àëå çàìåòèì (ñì. [1℄), ÷òî

äè��åðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ýêâèâàëåíòíûì îáðàçîì ìîæíî

îïðåäåëèòü êàê îòîáðàæåíèå

MD → MD2 ,

êîòîðîå ¾ïðîäîëæàåò¿ 1-äæåò íà 2-äæåò.

Îïðåäåëåíèå 1. Ïðåäñâÿçíîñòüþ íà M íàçûâàåòñÿ îòîáðàæåíèå ξ : MD(2) →
MD×D

òàêîå, ÷òî

MD(2) ξ
→ MD×DM i→MD(2) = idMD(2) ,

ãäå i : D(2) → D × D � êàíîíè÷åñêîå âêëþ÷åíèå.

Òåîðåìà 2 [3℄. Ïóñòü E � òîïîñ �ðîòåíäèêà, êîòîðûé îäíîâðåìåííî ÿâëÿ-

åòñÿ ìîäåëüþ SDG, è ïóñòü G � îäíà èç ñëåäóþùèõ êàòåãîðèé:

1. Âåêòîðíûõ ïîëåé (1ODE) íà E ;

2. Äè��åðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà (2ODE) íà E ;

3. Ïðåäñâÿçíîñòåé íà E ;

4. Ñòðóé íà E ;

5. À��èííûõ ñâÿçíîñòåé íà E .

ÒîãäàG � òîïîñ �ðîòåíäèêà, è òî÷íûé �óíêòîð (M, ξ) 7→ M ÿâëÿåòñÿ îáðàòíûì

îáðàçîì íåîòúåìëåìîé ãåîìåòðè÷åñêîé ñþðúåêöèè E → G.
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2. Ïðèìåðû è ðåøåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé

ïåðâîãî è âòîðîãî ïîðÿäêà

Âàæíîé çàäà÷åé êàê êëàññè÷åñêîé, òàê è ñèíòåòè÷åñêîé òåîðèè äè��åðåíöèàëü-

íûõ óðàâíåíèé, áàçèðóþùåéñÿ íà Ñèíòåòè÷åñêîé äè��åðåíöèàëüíîé ãåîìåòðèè

Ëîâåðà-Êîêà (ÑÄ�) [2℄, ÿâëÿåòñÿ çàäà÷à íàõîæäåíèÿ îäíîãî èëè íåñêîëüêèõ

ðåøåíèé íåêîòîðîãî äè��åðåíöèàëüíîãî óðàâíåíèÿ. Îäíàêî èçëîæåííàÿ âûøå

�îðìàëüíàÿ òåîðèÿ íå ñïðàâëÿåòñÿ ñ íåé, ïîñêîëüêó ïîðîé ïîèñê âåêòîðíîãî ïî-

ëÿ, óäîâëåòâîðÿþùåãî èñõîäíîìó óðàâíåíèþ, ñòàíîâèòñÿ òðóäîåìêèì, à èíîãäà

è íåðàçðåøèìûì ïðîöåññîì. Èñõîäÿ èç ýòîãî, ââåäåì èíîå îïðåäåëåíèå äè�-

�åðåíöèàëüíîãî óðàâíåíèÿ, îñíîâàííîå íà ïîíÿòèè �óíêöèè, îïðåäåëåííîé íà

M |U × MDn
ñî çíà÷åíèÿìè â R. Çäåñü U ïîäîáúåêò îáúåêòà M. Äàëåå áóäåì

ñ÷èòàòü, ÷òî M = R, à U = [a, b].

Îïðåäåëåíèå 2. Äè��åðåíöèàëüíûì óðàâíåíèåì íàä êîëüöîì R íàçûâàåò-

ñÿ óðàâíåíèå âèäà

F (t, y(t), . . . , y(n)(t)) = 0 ∀t ∈ [a, b]. (∗)

Îïðåäåëåíèå 3. Ôóíêöèÿ g : [a, b] → R íàçûâàåòñÿ ðåøåíèåì óðàâíåíèÿ (∗),
åñëè

F (t, g(t), . . . , g(n)(t)) ≡ 0.

Ïåðåéäåì òåïåðü ê èíòåðïðåòàöèè äè��åðåíöèàëüíûõ óðàâíåíèé íàä êîëü-

öîì R. Èòàê, ïóñòü y ∈ R[a,b]
è F : Rn+1 → R � �óíêöèÿ, îïðåäåëåííàÿ íà

ìíîãîîáðàçèè S = {(t, y(t), y′(t), . . . , y(n)(t)) | t ∈ [a, b]}. Òîãäà äè��åðåíöèàëü-
íîå óðàâíåíèå

F (t, y(t), y′(t), . . . , y(n)(t)) = 0 (∗)

íà ñòàäèè lA ïåðåïèøåòñÿ â ñëåäóþùåì âèäå:

F (x, t, y(t), y′(t), . . . , y(n)(t)) = 0 mod π∗(I). (∗∗)

Ñëåäîâàòåëüíî, ðåøåíèå óðàâíåíèÿ (∗) � ýòî êëàññ Y (x, t) mod π∗(I), ò.÷.

F

(

x, t, Y (x, t),
∂Y (x, t)

∂t
, . . . ,

∂nY (x, t)

∂tn

)

≡ 0 mod π∗(I).

�àññìîòðèì íåñêîëüêî âàæíûõ ïðèìåðîâ.

Ïðèìåð 1. Íàéäåì ðåøåíèå çàäà÷è Êîøè

y′(t) = y(t)
y(0) = a, a ∈ R

�åøåíèå. Íà ñòàäèè lA = lC∞(Rn)/I îíà çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

∂Y (x, t)

∂t
= Y (x, t) mod π∗(I)

Y (x, 0) = A(x) mod I, A ∈ lC∞(Rn).
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�åøèì âíà÷àëå äè��åðåíöèàëüíîå óðàâíåíèå. Èç äîêàçàòåëüñòâà èñòèííîñòè

àêñèîìû èíòåãðèðîâàíèÿ ñëåäóåò, ÷òî:

Y (x, t) = (Y (x, 0) +

t
∫

0

Y (x, s) ds) mod π∗(I).

Îòñþäà âèäíî, ÷òî ðåøåíèå ä.ó. = ðåøåíèå êëàññè÷åñêîãî ä.ó. â ÷àñòíûõ ïðîèç-

âîäíûõ + mod π∗(I). Òàêèì îáðàçîì, äîñòàòî÷íî ðåøèòü äè��åðåíöèàëüíîå

óðàâíåíèå:

∂Y (x, t)

∂t
= Y (x, t).

Ýòî êëàññè÷åñêîå êâàçèëèíåéíîå äè��åðåíöèàëüíîå óðàâíåíèå. Çàïèøåì óðàâ-

íåíèÿ õàðàêòåðèñòèê:

dt

1
=

dx

0
=

dy

y
.

Íàõîäÿ õàðàêòåðèñòèêè, èìååì:

{x = C1, ln y − t = C2} ⇒ Φ(x, ln y − t) = 0,

ln y − t = C(x) ⇒ ln y = t + C(x) ⇒ y = eC(x)et,

(eC(x) = C1(x)) ⇒ Y (x, t) = C1(x)et.

Ïðîâåðÿåì íà÷àëüíîå óñëîâèå:

Y (x, 0) = A(x) ⇒ C1(x) = A(x) ⇒ y(x, t) = A(x) · et.

Ïðèìåð 2. �àññìîòðèì äè��åðåíöèàëüíîå óðàâíåíèå y′ = c · y, ãäå c ∈ R �

íåîáðàòèìî.

�åøåíèå. Íà ñòàäèè lA = lC∞(Rn)/I îíî çàïèøåòñÿ ñëåäóþùèì îáðàçîì

∂H(u, t)

∂t
= C(u) · Y (u, t) mod π∗(I).

Î÷åâèäíî, ÷òî Y (u, t) = et C(u)
� ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ.

Ïîëîæèì, ÷òî F (u, t) � ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ. Ñëåäîâàòåëü-

íî,

∂F (u, t)

∂t
= C(u) · F (u, t),

òîãäà çàïèøåì F (u, t) â âèäå:

F (u, t) =
F (u, t)

eC(u)·t
· eC(u)·t.
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Î÷åâèäíî, ÷òî G(u, t)
df
=

F (u, t)

eC(u)·t
� ãëàäêàÿ �óíêöèÿ. Ïîäñòàâëÿåì F (u, t) =

G(u, t) · et·C(u)
â äè��åðåíöèàëüíîå óðàâíåíèå:

∂(G(u, t) · et·C(u))

∂t
= C(u) · G(u, t) · et·C(u).

Òîãäà

(

∂G(u, t)

∂t

)

· et·C(u) + C(u)G(u, t) · et·C(u) = C(u) · G(u, t) · et C(u).

Îòñþäà ïîëó÷àåì:

et·C(u) ·
∂G(u, t)

∂t
= 0.

À ñëåäîâàòåëüíî:

∂G(u, t)

∂t
= 0.

Ýòî óðàâíåíèå ÿâëÿåòñÿ êëàññè÷åñêèì êâàçèëèíåéíûì äè��åðåíöèàëüíûì óðàâ-

íåíèåì. Çàïèøåì åãî óðàâíåíèå õàðàêòåðèñòèê:

dt

1
=

du

0
=

dG

0
.

Íàõîäèì õàðàêòåðèñòèêè:

u = C1 G = C2.

Çíà÷èò, Φ(u,G) = 0. Òîãäà: G(u, t) = C1(u) ⇒ F (u, t) = C1(u) · et·C(u).
Ñîâåðøàÿ îáðàòíûé ïåðåõîä èç ìîäåëè â òåîðèþ, ïîëó÷àåì:

f = C1(u) · et·C(u) mod π∗(I) = c1 · e
c·t,

çäåñü c1 � ïðîèçâîëüíûé ýëåìåíò êîëüöà R.
Â ñëó÷àå, åñëè c = 0, ïîëó÷àåì, ÷òî f = c1. Òî åñòü âñÿêîå ðåøåíèå óðàâíåíèÿ

y′ = 0 åñòü êîíñòàíòà.

Ïðèìåð 3. �àññìîòðèì äè��åðåíöèàëüíîå óðàâíåíèå

d · y′(t) = y(t), (1)

ãäå d ∈ D
df
= {x ∈ R | x2 = 0}.

�åøåíèå. Î÷åâèäíî, ÷òî y = 0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1).
Òåïåðü óìíîæèì íà d îáå ÷àñòè ðàâåíñòâà. Òîãäà ñëåâà áóäåò ñòîÿòü âûðà-

æåíèå

d · d · y′(t), (2)

à ñïðàâà

d · y(t).
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Òàê êàê d · d ðàâíî íóëþ ( ïî îïðåäåëåíèþ d), òîãäà

d · y(t) = 0. (3)

Âçÿâ ïðîèçâîäíóþ îò âûðàæåíèÿ (3), ïîëó÷èì, ÷òî

d · y′(t) = 0. (4)

Åñëè g : R → R ðåøåíèå óðàâíåíèÿ (1), òî äëÿ íåãî âûïîëíåíî è óðàâíåíèå (4).
Îòñþäà ñëåäóåò, ÷òî g = 0. Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî óðàâíåíèå (1) èìååò
åäèíñòâåííîå ðåøåíèå, ðàâíîå íóëþ.

Íî íå äëÿ âñÿêîé çàäà÷è Êîøè ïåðâîãî ïîðÿäêà ìîæíî íàéòè òî÷íîå ðåøå-

íèå.

Ïðèìåð 4. �àññìîòðèì äè��åðåíöèàëüíîå óðàâíåíèå

d · y′(t) = y2(t), (5)

ãäå d ∈ D
df
= {x ∈ R | x2 = 0}.

�åøåíèå. Î÷åâèäíî, ÷òî y = 0 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5). Òåïåðü óìíî-
æèì íà d îáå ÷àñòè ðàâåíñòâà. Òîãäà ñëåâà áóäåò ñòîÿòü âûðàæåíèå

d · d · y′(t), (6)

à ñïðàâà

d · y2(t).

Òàê êàê d · d ðàâíî íóëþ ( ïî îïðåäåëåíèþ d), òîãäà

d · y2(t) = 0. (7)

Âçÿâ ïðîèçâîäíóþ îò âûðàæåíèÿ (7), ïîëó÷èì, ÷òî

2 · d · y(t) · y′(t) = 0. (8)

Åñëè g : R → R ðåøåíèå óðàâíåíèÿ (5), òî äëÿ íåãî âûïîëíåíî è óðàâíåíèå (8).
Îòñþäà ñëåäóåò, ÷òî g3 = 0. Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî ðåøåíèåì óðàâíåíèÿ

(5) ÿâëÿåòñÿ íåêîòîðàÿ �óíêöèÿ g : R → D2.

Êðîìå ýòîãî, äëÿ óðàâíåíèÿ (5) ìîæíî óêàçàòü â ÿâíîì âèäå íåíóëåâîå ðåøåíèå

d1 · exp





t
∫

0

f(s) ds



 +
d

2
· f(t),

ãäå d1 � ïðîèçâîëüíûé ýëåìåíò D, à f : R → R � ïðîèçâîëüíàÿ �óíêöèÿ. Òàêèì

îáðàçîì, äîáàâëåíèå îäíîãî íà÷àëüíîãî óñëîâèÿ ê óðàâíåíèþ (5) îäíîçíà÷íî

íå îïðåäåëÿåò ðåøåíèå ïîëó÷åííîé çàäà÷è Êîøè. Ñëåäîâàòåëüíî, òåîðåìà î

åäèíñòâåííîñòè ðåøåíèÿ äëÿ

d · y′(t) = y2(t)
y(0) = a, a ∈ D2

íå âûïîëíÿåòñÿ.
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Îáîáùàÿ ïîñëåäíèå äâà ïðèìåðà, ïîëó÷èì ñëåäóþùèé

Ïðèíöèï 1. Åñëè y : R → R ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

d · y′(t) = yn(t),

ãäå d ∈ D, òî y2n−1 = 0.

Çàìåíÿÿ òåïåðü D íà Dk, ïîëó÷àåì

Ïðèíöèï 2. Åñëè y : R → R ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ

d · y′(t) = yn(t),

ãäå d ∈ Dk, òî yk·n+(n−k) = 0.
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