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In the paper we 
onsider the Set Cover Problem. This problem is NP-hard[2℄.

So it be
omes very important to find approximate solution of this problem in

polinimial time. Algorithm developed by V. Chvatal is su
h algorithm and it is

most effe
tive algorithm developed for set 
over problem. Followed statement

true for this algorithm[1℄:

c(Chv)

c(Opt)
≤ ln m + 1.

We have found another proof for this statement. Our proof is more simple and

vivid by our opinion.

Â çàäà÷å î ïîêðûòèè äàíû: êîíå÷íîå ìíîæåñòâî U, |U | = m è êîíå÷íûé

íàáîð ìíîæåñòâ P = {P1, . . . , Pn} òàêèõ, ÷òî

∀j Pj ⊆ U,

n
⋃

j=1

Pj = U.

Áóäåò ðàññìàòðèâàòüñÿ òàêæå íàáîð èíäåêñîâ I = {1, 2, . . . , n}, ñîîòâåòñòâóþ-
ùèé P .

Íàáîð ìíîæåñòâ P ′ = {Pj1 , . . . , Pjp
} (Pji

∈ P ) íàçûâàåòñÿ ïîêðûòèåì ìíî-

æåñòâà U , åñëè
p
⋃

i=1

Pji
= U . Íàáîðó ìíîæåñòâ P ′

ñîîòâåòñòâóåò íàáîð èíäåêñîâ

âõîäÿùèõ â íåãî ìíîæåñòâ I ′ = {j1, . . . , jp}.
Çàäàí òàêæå íàáîð ïîëîæèòåëüíûõ ÷èñåë {c1, . . . , cn} ñòîèìîñòåé ìíî-

æåñòâ èç P . Èíà÷å ãîâîðÿ, çàäàíà àääèòèâíàÿ íåîòðèöàòåëüíàÿ �óíêöèÿ c :
P → R+. Äàëåå áóäåì îáîçíà÷àòü cj = c (Pj). Ñòîèìîñòü íàáîðà ìíîæåñòâ

P ′ = {Pj1 , . . . , Pjp
} ðàâíà

c(P ′) =

p
∑

i=1

c(Pji
) =

p
∑

i=1

cji
.

Öåëüþ ÿâëÿåòñÿ îòûñêàíèå ïîêðûòèÿ ìèíèìàëüíîé ñòîèìîñòè.

Çàäà÷à î ïîêðûòèè ÿâëÿåòñÿ NP-òðóäíîé [2℄. Ñëåäîâàòåëüíî, âàæíûì ÿâëÿ-

åòñÿ ïîèñê ïðèáëèæåííûõ ðåøåíèé çàäà÷è çà ïîëèíîìèàëüíîå âðåìÿ. Øèðîêî
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èçâåñòíûì àëãîðèòìîì îòûñêàíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è î ïîêðûòèè

ÿâëÿåòñÿ àëãîðèòì Õâàòàëà, äëÿ êîòîðîãî âåðíà [1℄ îöåíêà

c(Chv)

c(Opt)
≤ H(|A|) ≤ H(m) ≤ ln m + 1, (1)

ãäå Chv � ðåøåíèå, êîòîðîå äàåò àëãîðèòì Õâàòàëà, Opt � îïòèìàëüíîå ðå-

øåíèå çàäà÷è, m � ìîùíîñòü ïîêðûâàåìîãî ìíîæåñòâà U , |A| � ìàêñèìàëüíàÿ

ìîùíîñòü ìíîæåñòâ èç îïòèìàëüíîãî ïîêðûòèÿ, H(p) =
p

∑

k=1

1

k
.

Àëãîðèòì Â. Õâàòàëà ÿâëÿåòñÿ ïîëèíîìèàëüíûì àëãîðèòìîì, êîòîðûé íà-

õîäèò ïðèáëèæåííîå ðåøåíèå çàäà÷è î ïîêðûòèè. Â ñõåìå àëãîðèòìà Õâàòàëà

ìíîæåñòâà â ïîêðûòèå (íàáîð ìíîæåñòâ Chv) âûáèðàþòñÿ ñîîòâåòñòâåííî ìèíè-

ìóìó îòíîøåíèÿ

c(Pj)

|Pj|
� óäåëüíîé ñòîèìîñòè ìíîæåñòâà ñëåäóþùèì îáðàçîì:

Àëãîðèòì Õâàòàëà

Øàã 0. Chv := ∅;
Øàã 1. Åñëè Chv � ïîêðûòèå U , òî ðàáîòó çàâåðøèòü. Èíà÷å � Øàã 2.

Øàã 2. Âûáèðàåì k òàê, ÷òî

ck

|Pk|
= minj

( cj

|Pj|
: Pj ∈ P, Pj 6⊂ ∪(Pl : l ∈ Chv)

)

;

Chv := Chv ∪ {Pk}, ∀Pj : Pj := Pj \ Pk. Ïåðåéòè íà Øàã 1.

Äëÿ ðåøåíèé, íàõîäèìûõ àëãîðèòìîì Õâàòàëà, âåðíà îöåíêà:

c(Chv)

c(Opt)
≤ H(|A|) ≤ H(m), (2)

ãäå |A| � ìàêñèìàëüíàÿ ìîùíîñòü ìíîæåñòâ èç îïòèìàëüíîãî ïîêðûòèÿ. Ñóùå-
ñòâóåò íåñêîëüêî âàðèàíòîâ äîêàçàòåëüñòâà ýòîé îöåíêè, íàïðèìåð äîêàçàòåëü-

ñòâî ñàìîãî Â. Õâàòàëà [1℄. Â äîêàçàòåëüñòâå Â. Õâàòàëà çàäà÷à î ïîêðûòèè

ðàññìàòðèâàåòñÿ êàê çàäà÷à öåëî÷èñëåííîãî ëèíåéíîãî ïðîãðàììèðîâàíèÿ. Íà-

ìè ïîëó÷åíî äîêàçàòåëüñòâî, ãäå çàäà÷à î ïîêðûòèè ðàññìàòðèâàåòñÿ êàê êîì-

áèíàòîðíàÿ çàäà÷à. È õîòÿ ìîæíî ñêàçàòü, ÷òî ïîëó÷åíà áîëåå ñëàáàÿ îöåíêà

äëÿ ðåøåíèé, îòûñêèâàåìûõ àëãîðèòìîì Õâàòàëà, à èìåííî îöåíêà:

c(Chv)

c(Opt)
≤ H(m),

ïîëó÷åííîå äîêàçàòåëüñòâî áîëåå íàãëÿäíî äåìîíñòðèðóåò ìàæîðèðîâàíèå îò-

íîøåíèÿ

c(Chv)

c(Opt)
ãàðìîíèêîé H(m). Äîêàçàòåëüñòâî îñíîâàíî íà êëþ÷åâîì ñî-

îòíîøåíèè (ëåììà 2):

ci

|Pi|
≤

c(Opti)

mi

,

2



ãäå Pi � ìíîæåñòâî, êîòîðîå âûáèðàåòñÿ àëãîðèòìîì íà i-é èòåðàöèè; Opti �

îïòèìàëüíîå ïîêðûòèå ÷àñòè ìíîæåñòâà U , íåïîêðûòîé ê i-é èòåðàöèè ðàáîòû

àëãîðèòìà, mi � ìîùíîñòü ýòîé ÷àñòè ìíîæåñòâà U .

Ëåììà 1. Ïóñòü a, b, c, d > 0. Òîãäà
a

b
≤

c

d
⇒

a

b
≤

a + c

b + d
≤

c

d
.

Äîêàçàòåëüñòâî.

a

b
≤

c

d
⇔ ad ≤ bc;

a

b
=

a

b
·
a + c

a + c
·
b + d

b + d
=

a + c

b + d
·
a(b + d)

b(a + c)
=

a + c

b + d
·
ab + ad

ab + bc
≤

a + c

b + d
·
ab + bc

ab + bc
=

=
a + c

b + d
;

c

d
=

c

d
·
a + c

a + c
·
b + d

b + d
=

a + c

b + d
·
c(b + d)

d(a + c)
=

a + c

b + d
·

bc + cd

ad + cd
≥

a + c

b + d
·
ad + cd

ad + cd
=

=
a + c

b + d
.

Ñëåäñòâèå 1.

a1

b1

≤
a2

b2

≤ . . . ≤
ak

bk

⇒
a1

b1

≤

k
∑

i=1

ai

k
∑

i=1

bi

.

Ïóñòü (P1, P2, . . . , Pl) � ïîêðûòèå, êîòîðîå äàåò àëãîðèòì Õâàòàëà, è àëãî-

ðèòì Õâàòàëà âûáèðàåò ìíîæåñòâî Pi íà i-é èòåðàöèè, (A1, A2, . . . , Ak) � îïòè-
ìàëüíîå ïîêðûòèå, ai � ñòîèìîñòü ìíîæåñòâà Ai.

Ëåììà 2.

c1

|P1|
≤

c(Opt)

m
=

k
∑

i=1

c(Ai)

m
.

Äîêàçàòåëüñòâî. Ïîëîæèì A′

1 = A1, A′

2 = A2 \ A1, . . . , A′

k =

= Ak \

(

k−1
⋃

i=1

Ai

)

⇒ A′

i � ïîïàðíî íåïåðåñåêàþùèåñÿ. Óïîðÿäî÷èì ìíîæåñòâà Ai

è ââåäåì íîâóþ èíäåêñàöèþ â ñîîòâåòñòâèè ñ íåóáûâàíèåì îòíîøåíèÿ

ai

|A′

i|
:

a1

|A′

1|
≤

a2

|A′

2|
≤ . . . ≤

ak

|A′

k|
⇒

a1

|A′

1|
≤

k
∑

i=1

ai

k
∑

i=1

|A′

i|

=
c(Opt)

m
(ïî ëåììå 1). Ïî

àëãîðèòìó

c1

|P1|
≤

a1

|A1|
=

a1

|A′

1|
≤

c(Opt)

m
.
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Òåîðåìà 1.

c(Chv)

c(Opt)
≤ H(m).

Äîêàçàòåëüñòâî. Ïóñòü íà i-é èòåðàöèè àëãîðèòì Õâàòàëà âûáèðàåò ìíî-

æåñòâî P i
i , ãäå P i

i � ìíîæåñòâî Pi ê i-é èòåðàöèè: P i
i = Pi \ (

i−1
⋃

k=1

Pk); îáîçíà÷èì

pi = |P i
i | ⇒

l
∑

i=1

pi = m. Îáîçíà÷èì Opti � îïòèìàëüíîå ïîêðûòèå äëÿ i-é çàäà÷è

(ò.å. çàäà÷è íà i-é èòåðàöèè). Ïî ëåììå 2

c1

p1

≤
c(Opt)

m
,

c2

p2

≤
c(Opt2)

m − p1

, . . . ,
cl

pl

≤
c(Optl)

m − p1 − p2 − . . . − pl−1

.

Òàê êàê c(Opt) ≥ c(Opt2) ≥ . . . ≥ c(Optl), òî

c(Chv) =
l

∑

i=1

ci ≤

(

p1

m
+

p2

m − p1

+ . . . +
pl

m − p1 − p2 − . . . − pl−1

)

· c(Opt) ≤

≤

[(

1

m
+

1

m − 1
+ . . . +

1

m − p1 + 1

)

+

(

1

m − p1

+
1

m − p1 − 1
+ . . .

. . . +
1

m − p1 − p2 + 1

)

+ . . . +

(

1

m − p1 − . . . − pl−1

+
1

m − p1 − . . . − pl−1 − 1
+

+ . . . +
1

m − p1 − p2 − . . . − pl + 1

)]

· c(Opt) =

[

1

m
+

1

m − 1
+ . . . +

1

2
+

+1

]

· c(Opt) = H(m) · c(Opt).
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