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Abstract. It is known that, in the space-time of Special Relativity, causality
implies Lorenz group, i.e., if we know which events can causally influence
each other, then, based on this information, we can uniquely reconstruct the
affine structure of space-time. When the two events are very close, quantum
effects, with their probabilistic nature, make it difficult to detect causality. So,
the following question naturally arises: can we uniquely reconstruct the affine
structure if we only know causality for events which are sufficiently far away
from each other? Several positive answers to this question were provided in
a recent paper by Alexander Guts. In this paper, we describe a very simple
answer to this same question.
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1. Introduction

Causality in Special Relativity reminder. According to Special Relativity The-
ory, an event a = (t,z1,x9,x3) can causally influence an event b = (s, 1,92, y3)
(we will denote it by a < b) if and only if a signal originated in a can reach b while
traveling with a speed not exceeding the speed of light ¢, i.e., if

s—t=c /(11— )2+ (22— 12) + (23 — y3)*. (1)

Causality implies Lorenz group: main result. The famous result by
A.D. Alexandrov (see, e.g., [1-3]) shows that any bijection f : R* — IR of the 4-D
space-time that preserves causality — i.e., for which a < b if and only if f(a) < f(b)
- is a composition of rotations, shifts, scalings a - A - a, Lorenz transformations,
and, if needed, spatial inversion (¢, xy, z2, x3) — (t, —x1, —x2, —T3).

Causality implies Lorenz group: physical consequences. Thus, if we know, for
every two events a and b, whether a can causally influence b, then, based on this
information, we can uniquely reconstruct the linear (= affine) structure on the 4-D
space-time.
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Quantum effects lead to an additional complexity. A usual way to test a causal
relation between the events is to make some change in a and observe the resulting
effect in b. This can be done in a deterministic situation. However, when the events
a and b are very close to each other, with microworld-size differences between their
coordinates, then quantum effects prevail, the relation becomes probabilistic, and
detecting causality becomes difficult. As a result, we can only observe causal
relation when the event b is sufficiently far away from the event a.

Related natural question and Guts’s answers. Can we still reconstruct the
linear structure of space-time based on this observable (macro) causality?

This question was studies in a recent paper [3] by Alexander Guts that provides
many positive answers to this question.

What we do in this paper. The main objective of this paper is to provide yet
another positive answer — an answer that probably follows from Guts’s results, but
that is so simple that we believe it is worth describing.

2. Analysis of the Problem and the Main Result

Let us be as general as possible — without abandoning simplicity. While
our main interest is in the causal relation (1), we follow a natural mathematical
tendency of formulating this result in the most general form - as long as this
desire for generality does not make things more complicated.

So, instead of relation (1), let us consider any relation a < b that is described
by a closed convex cone F: a < bif and only if b —a € F.

Natural requirement on macrocausality relation. In addition to the “theoreti-
cal” causality relation a < b, we assume that there is also an additional observable
(= macro) causality relation a < b. Of course, when we can observe that a
causally influence b, this means that a < b in the theoretical sense as well, i.e.,
that @ < b implies a < b.

If a observably influences b (a < b), this means that b is sufficiently far away
from a. Thus, if b < ¢, this means that ¢ is even further from a than b — so we
should also be able to detect that a influences ¢ as well. In other words, if a < b
and b < ¢, then a < c.

Finally, since we are considering a homogeneous space-time, it is reasonable
to require that the macrocausality relation < if shift-invariant, i.e., that a < b
implies a +c < b+ c.

Now, we are ready to formulate our result.

Comment. To make this paper understandable to as many readers as possible, we
add as many definitions as needed — even though they are most probably familiar
to many readers.

Definition 1. Let R be a binary relation on a set S. We say that a bijection
f: S+~ S preserves the relation R if for every a,b € S, we have aRb if and only

if fla)Rf(D).
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Definition 2. A set S C R" is called a convex cone if for every two elements
s1,802 € S and for every two non-negative real numbers c; and co, the element
¢y 81+ o - S9 also belongs to S.

Proposition. Let F' C IR" be a convex cone which is a closed set, let a < b mean
b—a € F, and let < be a binary relation on IR" that is satisfied by at least one
pair (ag,by) and that satisfies the following properties for all a, b, and c:

1. if a<b, then a < b;
2. ifakgband b<c then a < ¢; and

3. ifa<kh then a+c<b+c.

Then every bijection that preserves < also preserve <.

Conclusion. For the case when < is the Special Relativity causality relation (1)
and < is macrocausality, this result means that every bijection that preserves
macrocausality is a composition of rotations, shifts, scalings, Lorenz transforma-
tions, and, if needed, spatial inversion.

Thus, even if we only know observable causality, we can still uniquely recon-
struct linear structure on IR".

Prooi. To prove the Proposition, let us show that the relation < can be described
in terms of <, namely, that for all b and ¢:

b<ceValakb=a<Kc). (2)

This will imply that any bijection that preserved < preserves < as well.

Indeed, the left-to-right part of (2) follows from the second property listed in
the Proposition. So, to complete the proof, we need to prove the right-to-leit
implication. Indeed, let us assume that

Va(a < b= a<c). (3)

Due to the third property (shift-invariance), we have a < b if and only if
0<b—a,i.e., if and only ifb—aeMdéf{c:O<<c}.
We know that ay < by.

e Thus, due to shift-invariance, we have ag + (b — by) < b, and therefore, due
to (3), we have
ag+ (b—by) < c.

e Then, due to shift-invariance, we have ag+ (b—by) + (b—c) < b and therefore,
due to (3), we have
a0+<b—bo)+<b—c) < c.

e Then, due to shift-invariance, we have ag+(b—by)+2(b—c) < b and therefore,
due to (3), we have
ap+ (b—1by) +2(b—c¢) < c,

etc.
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By induction, we can prove that for every natural number m, we have
ap+ (b—"by) +m-(b—c) < c.
Due to the first property, this implies that
ap+ (b—0by) +m-(b—c) <ec.
By definition of the relation <, this means that
c—(ag+(b—0by)+m-(b—c))=(m+1)-(c—0b)+ (bg —ag) € F.
Since F' is a convex cone, we also have

1 by — a
—— (1) (=) + (b — a)) —c—b+—"€F
In the limit m — oo, these elements tend to ¢ —b. Since F' is a closed set, we thus
have ¢ — b € F, which means that b < c.

The proposition is proven.
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Texacckuit ynuepcuret B dib-Ilaco, dab-ITaco, CIIA

AnHoramus. V3BecTHO, YTO B NPOCTPAHCTBE-BpEMEHH CllellHaNbHOH TEOPHH OTHOCH-
TeJbHOCTH NMPUYMHHOCTb BJeyéT rpynny JlopeHua, T. e. ecjJM Mbl 3HaeM, Kakue Co-
OBITUS] MOI'YT NIPUYMHHO BJHSATH APYT Ha Apyra, TO Ha OCHOBe 3TOH MH(OPMALUH MbI
MOXKEM OJHO3HA4YHO PEKOHCTPYHPOBAThb ap(PUHHYIO CTPYKTYPY IPOCTPAHCTBA-BPEMEHH.
Korza nBa co6biTHSl 04eHb O/1M3KH, KBAHTOBbIE 3((PeKTbl ¢ UX BEPOSATHOCTHOU NPUPOLOH
3aTpyIHAI0T oOHapyKeHHe NPUYMHHO-CJeACTBeHHON cBA3U. MTak, ecTecTBeHHO BO3HHU-
KaeT cJelyoLUH BONPOC: MOXKeM JIM Mbl OJHO3HAuHO DEKOHCTPYyHpoBaTb a(UHHYIO
CTPYKTYDY, €CJIM Mbl 3HaeM MPUYMHHOCTb TOJBKO /15 COOBITHH, JAOCTaTOYHO yHaséH-
HBIX ApPYT OT Apyra? HeckosbKo MOJIOXKUTENbHBIX OTBETOB Ha 3TOT BOIPOC ObLIO JaHO B
HeflaBHel cratbe Asekcannpa ['yua. B 3Toit ctaTbe MBI OomuIeM OUeHb NPOCTOH OTBET
Ha 3TOT 2Ke BOIIPOC

KiaroueBsie cioBa: NPUYHUHHOCTD, CliellhaJibHasA TeOpHhsd OTHOCHUTEJbHOCTH, Teopema
Anexcanpposa-3umMaHa.
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