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AnHoramusa. PaccmarpuaioTes KosebGaHus Tpy©ormpoBoga ¢ KHUAKOCThbIO. Pa-
Hee OBLJIO MOKa3aHO, YTO eCJM KHUAKOCTb He TedéT 1Mo TpPyOonpoBody, TO MO
BCeM COOCTBEHHBIM HaCcTOTaM M3TMOHBIX KoseOaHUN TPyOONpOBOAA BUJ, 3aKpel-
JieHUs TpyOONpOBOAA OMNpeLeJsieTCsl OfHO3HAYHO C TOYHOCTBIO A0 IepecTaHo-
BOK 3aKpelJIeHHH Ha ero KoHIax. 3ajadya HAeHTH(PHUKALHWH KPaeBbIX YCJOBUH
pellasach Takxe W 0 IeBATH COOCTBEHHBIM 4acTOTaM. B HacTosileid cTatbe
KOJIMYECTBO COOCTBEHHBIX 3HAUeHHH, C MOMOILBI0 KOTOPBIX MOXKHO OJHO3HAuHO
C TOYHOCTBIO JI0 TIepeCcTaHOBOK 3aKpelJeHHWH Ha ero KOHIaX BOCCTAHOBUTh Kpa-
eBble yCJIOBHSl, YMeHbIleHO 10 NATH. KosnvyecTBO creKTpasbHBIX JaHHBIX yla-
JIOCh YMEHbLUUTb 32 CYET TOrO, YTO €CJd paHee pellaJsach JHHeHHas cHcTeMa
9-Tu ypaBHEHHH, TO B HACTOSILIEN CTaThe pelLIaeTcsl CUCTeMA MATH HeJHHEHHBIX
YpaBHEHUH OTHOCHUTE/IbHO YETBIPEX HEU3BECTHBIX KO3(D(PUIUEHTOB U3 KPaeBbIX
YCJIOBHH, TIPUBENEHHBIX K KaHoHHYecKo# (opme. [lpencraBsieH mpumep pelie-
HMS 3TOH oOpaTHOH 3amauu. [IpuBeneHbl Takke 1Ba KOHTPIPUMEpPA, B KOTOPbIX
[I0Ka3aHO, UTO MeHbLIero 4ucja coOOCTBEHHBIX 3HaYeHUH MJis1 UAEHTU(UKALHUN
BOOOLIe rOBOPSI HELOCTATOYHO. B mepBOM KOHTpIpHMepe MOKa3aHo, YTO YeThl-
PEX HEeHYJ/IeBBIX COOCTBEHHBIX YAaCTOT €lllé HeIOCTaTOUHO [JI MAEHTH(HKALHUH
BUJA 3aKpersieHusi TpybornpoBoia. Bo BTOpoM KOHTpIpHMepe MOKa3aHO, YTO
B OTAEJbHBIX CJaAydYasgx HeoOXoauMa HHQpOpMalUUs O TOM, SIBASETCA JHU HYJb
COOCTBEHHbIM 3HaYeHHeM.

KaroueBble cjoBa: KpaeBble yCJOBHS, COOCTBEHHble 4acTOThl, COOCTBEHHbIE
3HaueHus, 3alesKa, CBOOOJHOEe ONHMpaHMe, MJABamLlas 3ajienKa, CBOOOIHBIH
KOHell, TPyOOIpPOBOL.

BBenenue

Koneb6anusim TpyOONpPOBONOB, COAEPKALUUM XKUIKOCTb, a TaKxKe OINpeaeseHHI0
COOCTBEHHBIX YACTOT KOJIeOAHHUH CTepKHEeH W TPyOONpPOBOLOB IMOCBSAILIEHBl PabOThI
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[1]-[8]. B [9]-[16] pewanuch 3agauu omnpeneseHus mapaMeTPOB KpPaeBbIX YCJOBHH
M YCJIOBUH COTPSI2KEHUs CTepKHeH, TPyOOIpOBOMOB U APYTHX paclpelnesiéHHbIX Me-
XaHUYeCKUX cHucTeM. B yacTHOoCTH, B [15] Mo IByM COGCTBEHHBIM 3HAUEHHSIM OTpe-
IeJISTUCh HeYNpyTHe 3aKperieHHsi Tpy6ornpoBonoB, B [16] mo 14-Tu co6CTBEHHBIM
yacToTaM OIpeNeNsnCh 3aKperieHHs TpyOONpoBOLOB C MPOTEKaolleH XKHUAKOCTBIO.
B [13, 14] nokasaHo, 4TO 1O BCeM COOCTBEHHBIM uacTOoTaM (B TOM YHCJEe M HYyJe-
BOMY COOCTBEHHOMY 3HaUeHHIO) BHI 3aKperJieHus: TpyOomnpoBona (B cjaydae, Koraa
YKHUIKOCTb He TEeUéT Mo TPyOOMPOBOMY) OMPENEJSeTCs OMHO3HAYHO C TOYHOCTHIO JI0
repecTaHOBOK MeCTaMH 3aKpelJieHHH Ha ero KoHlax. boJjiee Toro, Tam ke OblJIO MO-
Ka3aHo, UTO JJisl TAKOH HAEHTU(PHUKALHUH I0CTATOUYHO U AEBSITH COOCTBEHHBIX YacTOT.
B cratbe [15] mokasaHo, 4To [J/s1 OmpelesieHusi OMHOTO U3 16-TH HEYNpyrux BHUAOB
3aKpernieHui TpybompoBona ((3amesnka)—(3amenka), (3amenka)—(cBobopHOe omupa-
Hue), (3amenka)-(msaBaroiias 3agenka), (3amesnka)—(cBoOogHbIH KoHel), (cBOOOA-
Hoe onupaHue)—(3amenka), (cBoboaHoe onupaHue)—(cBoOOIHOE onUpaHue), (CBo6GOM-
Hoe onupaHue)—(miaBatoias 3anenka), (cBo6oaHoe onupaHre)—(CBOOOAHBINH KOHEIL),
(nmnaBarouias 3amenka)-(3anenka), (maasaroriias 3anenka)—(cBobonHoe omnupaHue),
(nnaBaromias 3agenka)—(naBarwlnas 3anenaka), (naaBawolas 3anesaka)—(CBoOOIHBIN
KoHell), (cBoGomHbIE KoHel)—(3ameska), (cBoOGOmHBIE KOHell)—(cBoGOLHOE oOmnHpa-
Hue), (cBoOOMHBIN KoHell)—(m1aBalias 3anenka), (cBoOOIHbIH KoHell)—(CBOOOLHbIH
KOHEIl)) C TOYHOCTbIO N0 MEPEeCTAHOBOK 3aKpENJeHHH Ha ero KOHIax A0CTaTOUuHO
OJIHOH COOGCTBEHHOM YaCTOTH U HH(POPMALIUU O TOM, SIBJISETCS JIK HYJIEBOE 3HAUeHHe
coOCTBeHHBIM. B HacTosiliel cTaThe MOKas3aHo, YTO JJIsi UIEHTU(PUKALMU 3aKperlie-
HUH TPYOONpPOBOAA HOCTATOYHO MATH COOCTBEHHBIX YACTOT, @ YETHIPEX COOCTBEHHBIX
YacTOT AJS1 STOr0 HEAOCTATOYHO.

IIpsamaga 3agaua

Heo6xonrMo onpenesuTb COOCTBEHHble YAaCTOTbl M3TMOHBIX KoseOGaHUH TpyOo-
MPOBOJA C XKHIKOCTbIO (>KMIKOCTb He JBHUXKETCS), 3Hasl BHJI 3aKpellJIeHHH Ha ero
KOHIaX (KpaeBble yCJIOBHSI) U (pU3HUECKHE MapaMeTPbl MEXaHHUECKOH CHUCTeMBbl (KO-
3((PULUHEHT KECTKOCTH NPYKHH, 3aKPEIISILUX TPyOONPOBOA; Macca, MJIOTHOCTD,
IJIMHA, BHEIIHWH W BHYTPEHHWH paiuycbl TPyOBl; Macca M IJIOTHOCTb >KMIKOCTH,
KOTOpasi HaXOAUTCS BHYTPH M MOJHOCTbIO 3aloJiHSIeT Becb 00BEM TpyOONpoBoAa B
paccMaTpHUBaeMOM y4YacTKe).

YpaBHeHHe MaJsblX CBOOOAHBIX KoJebGaHUU TpybonmpoBoAa C MPOTeKalolled Mo
HeMY XKHUAKOCTBbIO (C Y4ETOM HECKHMAaeMOCTH >KUIKOCTH) MMeeT CJeNYIOUIHH BUJL

[1, c. 163]:
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roe I — MOMEHT MHepUUM TpyOuartoro cedyeHus, I — KECTKOCTb TPyOBl, py —
KpPUTHUYECKOe BHYTpeHHee JaBJieHHe, m M m — Macchl TPyObl U >KUIKOCTH, IPHUXO-
ASlMecs Ha eJUHULY NJIUHBI TPYOBl, 7 U 7' — PaJUyChl BHELIHEr0 U BHYTPEHHEro
TIONIEPEeYHOro Ce4yeHHus, Vj — CKOPOCTb IBHUKEHHS XKUAKOCTH, p — IJIOTHOCTb MaTe-
puana TpyObl, py — MJIOTHOCTb >KMIAKOCTH, L — AJHMHA TPYyOHI.

BBonsi o6o3navenus x = X/L, w = W/L, 3anuiem ypaBHeHue (1) cienyonum
o0pa3om:

= 0.

Ow  (m+m) Lt *w  2mVoL? *w  mL? [po 5\ O%w
+ + + R
Ox? El ot? EI  0zot  EI \po Ox?

[Moncranoka w(x,t) = X (x)e™" NPUBOAUT K YPaBHEHHIO:
XD 4 aX" 4+ 2biwX' — cw?X =0, (2)

rae

ML (po iV L3 (m + ) L*
‘T EI (p0+ 0 ) EIT El

BBenenve 0603HaueHU# & U w MO3BOJUJIO0 HAaM 00e3pa3MepUThb NepeMeHHble

Tak Kak Mbl paccMaTprBaeM cJayda, KOTia XXUAKOCTb He TeUET Mo TPyOOIPOBOLY
(Vo = 0), ypaBHeHue (2) ympoliaeTcsi ¥ BHIIVISSANT Tak:

XD 4 aX" — cw’X = 0. (3)
KpaeBble ycsoBust B o6uiem Buze (ycnosusi Tuna lrypma [17, c. 70]):

Ul(X) = —alX(O) + a4X’”(O) = O, Ug(X) = le(l) + b4X///(1) =0 (4)
07

Us(X) = —asX'(0) + as X" (0) Un(X) = boX"(1) + by X"(1) o:

rae
lay| + |ag| # 0, |ao| 4 |as| # 0, |bi]| + |bs| # 0, [ba| + |b3| # 0.

Marpuny, cocra/eHHYI0 U3 Ko3huuueHToB a; dopm U (Xy) u Us(Xy), obo-
3HauMM OyKBOH A, a Marpuily, coCTaBJeHHYyI0 U3 Koa(duuneHTtos b; hopm Us(Xy)
u Uy(Xy), — 6ykBo#t B.

by 0 0 b4
0 by bg O

—a; O 0 ay

A= B= . (5)

0 —agy as 0 ’

3aMeTHM, U4TO B PAaCCMOTPEHHBIX HAaMH INpHMepax CIEeKTP COCTOMT K3 MPOCTHIX

COOCTBEHHBIX 3HaueHUH. [y nepBbIX COOCTBEHHBIX 3HaYEHUH 3TO MPOBEPEHO C I10-
dA(

MOIIbIO HepaBEeHCTBA # # 0 mpu A = A\, a Ui TOCJeNyIOUHUX COOCTBEHHBIX
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YacTOT 3TO BbITeKaeT M3 TeopeMbl 2 [17, c. 74-75]), kKoTopasi yTBep»KaaeT, 4TO
CMeKTp KpaeBod 3amaud c ycjoBusiMu Lltypma-JlnyBunns, HauuHasi ¢ HEKOTOPOTO
3HAYeHHs!, COCTOUT U3 MPOCTBIX COOCTBEHHBIX 3HAYEHUH.

[TokaxkeM pellieHHe MpsIMOH 3afadyd Ha mpuMepe cayuas (3ameska)—(cBoOGOIHBIM
KOHeIl), KO3 (PHUIIHEHTBl B KPaeBbIX yCJIOBUSAX a; = l,as =1, a3 =0, ag =0, by =0,
by =0,b3 =1, by =1:

Up(X)=X(0)=0, Us(X)=X"(1)=0,

Up(X) = X'(0) =0, Uy(X)=X"(1)=0.
XapakTepucTHYeCKOe ypaBHEHHe Jisl 3TOH 3a/lauM B C/yvae, KOrJa KUIKOCTb He
TeuéT 1o Tpy6onposony (Vo = 0), nmpennosnarasi Ko3pQGULUHEHTH ¢ U ¢ PaBHBIMU 1,

UMeeT CJeNYIOLIUNA BUI:
X® 4 X" —w?X =0, (6)

A1, A2, A3 U Ay — KOpHHU ypaBHeHus (6):

-1+ v1+ 4w? —1— /1 + 42
A= —A\3 = 5 , A=A\ = 5 :

(7)

DyHKUNUU
%
201 = A3)
A3

2 2
M+ %@m - % BV
208 — A3) 208 — A3) (A2 —=\3)
— A% A% e*)\lx_)\—%ef)\gz
2(AF — M)A (AT =X\ (A= AHN\ 2(AF = A3) X, ’
1 1 1 1
X P T P, X - e e
=t et Tae ot AN
-t eA”——l 6)‘”——1 6_A1”"+—1 e
2(08 — M)\ 2(Af — A3, 207 = A3\ 2(A1 — A3\,
ABJAKTCA J]I/IHEI;JIHO He3aBUCUMBIMHU peLHeHI/IHMI/I ypaBHeHI/IH (6), KOTOpre YIIOBJIe'
TBOPSIIOT YCJIOBHIO

X I —)\133 A% —>\2;E
1(z) = e + 5

XQ(I) =

A1z Aoz
e+ e 4
1 2 2 2

e—/\gx7

—Xox

Xu(z)

_ 0, 7

X700 = { T 12,3
L, j=m,

O6LH€€ peleHrne ypaBHEHUA (6) npeancTaBadeTcd B CJAeAYIOIIeM BUOE
X(ZL‘) = Cle(ZE) + CQXQ(JZ) + Cng(ZL‘) + C4X4<JZ)

YpaBHeHHe 4acTOT MOJNy4alT U3 YCJIOBHSI PABEHCTBA HYJO XapaKTepPUCTUYECKOTO
onpeneuTe/ s

Ui(X1) Ui(Xa) Ui(X3) Ui(Xa) 1 0 0 0
Afw) = Us(X1) Ua(Xa) Us(X3) Us(Xy) _ 0 1 0 0

Us(X1) Us(Xa) Us(X3) Us(Xy) Us(X1) Us(Xa) Us(X3) Us(Xy)

Us(X1) Us(Xz) Us(X3) Us(Xy) Ul X)) Ul(Xy) Ul(X3) Uy(Xy)

—_
(0]
~
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Bblunc/ieHHs1 Ha KOMIbIOTepe MNPUBOASAT K CJAEAYIOLIMM pe3y/abTaTaM: w; =
3.641309, wy = 21.72958, wy = 61.32403, wy = 120.4921, ws = 199.4298, weg =
298.1131, wy = 416.5395, wg = 554.7075, wg = 712.6162.

3aMeTuM, UTO I/ Caydasi, KOraa XKHUIAKOCTh B TPYOOTPOBOIEe He NBHUXKETCs, COb-
CTBEHHbI€ YaCTOThl HE HMEIOT KOMIIJIEKCHY (MHHUMYH0) 4acTb.

OOparHas 3amaua

M3BecTHbl cOGCTBEHHBIE YacTOThl wy. Panru matpuu A u B (D) paBHBI IBYM.
Tpebyercst BoccTaHOBUTh KOI((UIMEHTE KPaeBbIX yCJIOBHH a; U b; (4), To ecTb
OTpEeNeNUTh BUJ 3aKpEIJeHHus.

Panee [13, 14] Obl70 MOKa3aHO, YTO KpaeBble YCJOBHS HAXOMSTCS OAHO3HAYHO C
TOYHOCTBIO JI0 TIePECTAHOBOK 3aKpeIJIeHUH MecTaMH, W IJI 3TOr0 MCMOJb30BaJNOCh
NeBSiTb COOCTBEHHBIX UACTOT. B maHHOU cTaTbe Mbl MMOKaXKeM, YTO, UCIOJb3Ys MSATh
COOCTBEHHBIX YaCTOT, MOXKHO OJHO3HAUHO OINpeNeNUThb BUJ 3aKperJseHus Tpyoonpo-
BOJA, KOTJla »KHUIKOCTb He JBHKETCS.

Martpuny, coctaBieHHyto U3 Matpull A, B ¥ IByX HyJeBbIX MaTpPHUL, 0003HAYUM
yepe3 C"

—a; O 0 a4 O
C:AOZ 0 —as a3 0 O
0 B 0 0 0 0 b 0 0 b4
0 0O 0 0 0 b b3 O

DneMeHTbl MaTpulibl C' 0603HaYMM 4epes ¢;;, @ MUHOPbl MaTpuLbl C', 06pa3oBaH-
Hble U3 CTONOLOB C HOMepaMu ki, ko, ks, ky — 4yepes

Clky, Clky Clks Cilky

Coky Coky Coks C2iky
Mk1 koksks — 5 HalpuMep, M1256 = (_al) : (_a2) : bl : b2-

C3k; C3ky C3ks C3ky

Caky, Caky Caks Caky

B Tepmunax matpuubl C 3agada UAeHTH(PUKALKMH KpaeBbiX yCJOBHH (4) CBOAMT-
csl K uaeHTH(UKauuu mMaTpuubl C' ¢ TOUHOCTbIO A0 JIMHEHHBIX MpeoOpa3zoBaHUi eé
CTPOK.

XapakTepucTriecKuil onpenenntesb (8) MOXKHO MPEACTAaBUTb B IPYTOM BUIE:

A(w) =det (C- D), rne
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X1(0)  X2(0) X3(0) X4(0)
X1(0)  X5(0)  X3(0)  X5(0)
X7(0) X3(0) X3(0) XJ(0)
p- [0 X0) X5'(0) Xi(0)
Xi(1) Xo(1) X3(1)  Xu(1)
Xi(1)  X5(1)  X5(1)  Xi(1)
X7(1) X3(1) X5(1) Xi(1)
X171 X3'(1) X3'(1) XP'(1)

Tak Kak HaM M3BeCTHBI COOCTBEHHbBIE YACTOTHI Wy, Mbl MOXKE€M HAUTH 3HAYEHHS
A1, A2, A3 U Ay, 9TO MO3BOJISIET BBIUKMCAUTD QyHKIUH X (z), Xo(z), X3(z), X4(x) 1
BCe MX MpousBoaHble. [TosToMy MaTpuiia D HaMm MOJHOCThIO H3BECTHA.

Hcnonbsys popmyny bune-Kowu, nonyuaem

Awp) = Y My kykykafinkohsks =0, (9)

1<k <ka<4
5<ks<ks<8

TH€ fr, ko ks ks — MHHOPBI UETBEPTOTO MOpPsiIKA MaTPUIBl [, cOCTaBJeHHBIE U3 CTPOK
c HOMepaMmu ki, ko, ks, k4.
YpaBHenue (9) packpbiBaeTcs CJeqyOIIMM 00pa3oMm

A(wy) = o1 fros7(wi) + 22 froes(wi) + 3 fizes(wi) + 24 frors(wi) + x5 fis7s(wi)+

+x6 faars(wk) + 7 fissr(wi) + xs fases (W) + To frase(wk) + 210 faars(wy) = 0,
(10)
rae

w1 = Migsy — Misss (fi2s7 = —fiss6), @5 = Mizrs — Maas7 (fisrs = — faust),

Ty = Miges — Mosss (fi2es = —f2as6); T6 = Moars — Mzaes (foars = — f3a68),;

r3 = Mizes + Massr (fizes = foast), Ty = Migrg + Mause (fi2rs = faas6),
x7 = Miss7, @3 = Moauges, r9 = Migse, w10 = Maars.

T
T
(11)

cw® fi3s6 = — fis7s, cw® faase = — foars, cw? fizs7 = — faass, cw* J1256 = faars. (12)

M3 (12) BuaHO, 4TO COOCTBEHHblE UACTOTHl MOT'YT COBMaAaTh W AJs CJydaes,
KOTJla 3aKperJieHHsl He TOoJy4arTCcsl OQHO U3 APYroro nepecTaHOBKOM MX HA KOHIIAX.
3necb ¢ — 3710 KoappuureHT U3 (2). [loyeMy 3TO BaxKHO, MBI TIOKaXKEM HHUIKE.

[ToncraBuB B (10) nsiTh COGCTBEHHBIX YACTOT W1, ...,Ws, MOJYUUM CHCTEMY MSTH
ypaBHEHHUH OTHOCHUTENbHO HEU3BECTHBIX T7,...,T19. MaTpuuel 3Tol cucTeMbl sIBJS-
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€TCA cjenyoulasd MaTpuua:

f1257(w1) Ji268(w1) Jiase(w1)  faazs(wr)
fros7(w2)  fiaes(w2) ... fiose(wa)  fars(wo)
f1257(w3) f1268(w3) f1256(w3) f3478(’w3) . (13)
Jio57 (w4) J1268 (w4) o Jio2s6 (w4) Jaars (w4)
J1257 (w5) J1268 (w5) Jios6(ws)  faars(ws)

Beipasum nepemeHHble x1,..., T19 YEPE3 aA1,..., a4 U by,..., by

Ty=ay-az-by-b3+ay-az-by-by; 1o =—ai-az-by-by—az-ay- by by;

r3=ay-ag-by-by+az-as-by-by; T4=—ay-ay-bsg-by—az-as-by-by;

Ts=ai-ag-b3-by+az-ay-by-by; 1= —az-ay b3 by —az-as-by- by
Tr=—ay-az-by-by; x3g= —az-as-by- by

Tg=ay-ay-by-by; w9 =ag-as-bs- by

B pe3yJibTaTe NMoJyYHUM CUCTEMY INATHU HeJIMHEHHBIX ypaBHeHI/IIjI OT BOCbMH HEHU3-
BECTHDIX.

dTa cucTeMa, C MOMOLIbI0 cBefleHUs] MaTpulbl C' K KaHOHHYeCKoH (opme, CBO-
OUTCS K PELIEHUIO HEeJMHEHHOH CHCTeMbl NTATH YPABHEHUH OT YeThIPEX HEU3BECTHBIX
KO3((HULHEHTOB KpaeBbIX YCJA0BHUH. UeTbIpéX COOCTBEHHBIX YACTOT AJS HUAEHTU(HU-
KallM¥ BHAA 3aKperieHus: TpyoornpoBoja HefnocTaToyHo. COOTBETCTBYIOUIMH KOHTP-
npumep OyneT NPUBENEH HUXKe.

Panee 3anaua naeHTU(PUKALUKU 3aKpelseHUH TPyOONpoOBOAA pellanach C MOMO-
b0 cUcTeMbl 9-Tu JuHelHbIX ypaBHeHHH (10) ot 10-Tu HeusBecTHBIX x; (I =

1,2...,10). [TosToMy MCMONB30BAIOCh NEBSITh, a HE MATh COOCTBEHHBIX UaCTOT.
IIpumep
PaccmoTpum  cayua#l, Korga HaM HM3BECTHbl 4YacToThl w; = 29.44435,

wy = 72.98521, wy = 134.6173, wy = 215.1980, ws = 315.0639. Haiigém A, Ao,
A3 v Ay (7) n1st KaXKIOH M3 MSTH 4acToOT:

AL = —Ag = 5.380390 (), 8.513925 4y, 11.58094 (), 14.65260(ss,), 17.73596 ()

Ao = =y = 5.4T2531i(y,), 8.572452i (1), 11.62404i ), 14.686684 (), 17.7641 3 ()
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Marpuna D a4as w; BBINISAUT CJAeLyIOLHM 00pa3om

1 0
0 1
0 0

_ o O

0
0
0

0 0 0 1
55.53811 10.19385 1.831441 0.344800|
298.9313 55.53811 9.849050 1.831441

1587.804 298.9313 53.70667 9.849050
8538.828 1587.804 289.0823 53.70667

Packpoem 3ty matpuny (10) u mosyuum mepBoe ypaBHEeHHe, COOTBETCTBYIOLIEE
4acToTe wy:

—0.480117 1 — 0.477539 xg — 74.79756 x3 + 37.22037 x4 — 416.2470 z5—
—414.0117 26 + 2.671839 7 — 2316.421 x5 — 0.041778 29 — 31401.96 219 = 0.

Amnasorugysno [MOJYUYUM OCTaJIbHbl€ UEThIPE YpaBHEHHA:

2.818855 w1 + 14.49809 z9 + 1640.216 z3 — 813.1440 x4 4 15015.59 x5+
+77229.04 x¢ — 25.70239 27 4 136912.5 g + 0.152838 x9 + 4336816 219 = 0,

—23.92452 21 — 515.7571 x9 — 31464.06 x5 + 15651.91 x4 — 433555.9 25—
—9346459 6 + 321.6035 x7 — 5828042 x5 — 0.863650 w9 — 2.836231 - 108 219 = 0,

251.4325 z1 + 13071.78 25 + 603128.2 3 — 300417.9 x4 + 1.164389 - 107 25+
+6.053564 - 108 26 — 4576.252 27 + 2.119271 - 108 25 + 6.487102 w9+
+1.391246 - 101 219 = 0,

—3044.613 71 — 297594.5 z9 — 1.176207 - 107 z3 + 5863328 74, — 3.022243 - 10% z5—
—2.954079 - 10" z6 4 70778.30 z7 — 7.025825 - 10% 25 — 59.06727 29—
—5.820246 - 10" 219 = 0.

O603HaunM 9Ty CUCTEMY 4epe3 S. OHpeﬂe.HHTeJIeM 9TOH CHUCTEMBI SIBJISIETCS CJle-
Aylollasg MaTpulia

—0.480117 —0.477539 ... —0.041778 —31401.96
2.818855  14.49809 ... 0.152838 4336816
—23.92452 —515.7571 ... —0.863650 —2.836231-10%
251.4325  13071.78 ... 6.487102  1.391246 - 10"

—3044.613 —297594.5 ... —59.06727 —5.820246 - 10
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HeTpynHo npoBepuTh, 4TO HAaWOGOJBIIMM M0 MOLYJII ONpeNeJHTeJeM YeTBEPTOro
MOPSIZIKA 3TOH MaTPHILbl ABJSAETCS ONpPENeNHTe b, COCTABJIEHHbIE U3 3JeMeHTOB 4-8
CTONOUOB W paBHBIH —6.275948 - 10?1, Tlostomy ymoOHee BCero BHIPA3WTh Mepe-
MEHHBIE Zy4,..., Tg Yepe3 ocTasbHble. OCTaBUM TEepPeMEHHBIE Ty,...,Tg B JIEBOH 4acTH
ypaBHeHMH cucTeMbl S, a MepeMeHHble Ty, Ty, T3, Tg, T1gp MEPEHECEM B MPABYH
yacThb (co 3HaKoM MHUHYC). [ToslydnuM cucTeMy ypaBHEHHH, PELIUB KOTOPYIO METOAOM
Kpamepa, nosiydumM BbIpaXkeHHe NepPeMeHHbIX Ty,..., Tg YEPe3 0CTajbHbIe:

x4 = —0.0090022; — 0.10322425 + 2.143385x3 — 0.00167329 — 950.8871x 1,

x5 = —0.000323z1 — 0.008424z5 + 0.008858z5 — 0.00007629 + 33.38482x1,,

Tg = —6.67 - 10~ 2, — 0.00002125 + 0.000028z5 — 1.83 - 10~ "zg — 12.0332321,
z7 = 0.26456521 4 0.583920x5 — 0.818512z5 + 0.029648z¢ — 1567.25611,,
zg = 0.000011z; + 0.00032625 — 0.000391x3 + 0.000003z9 — 34.491252 1.

Beipasum nepeMmeHHble Z1,..., 19 YEPE3 A1,..., a4 U by,..., by, KAK MBI y2Ke caesann
paHee, W MpPeANOJOXKHUM KaKuhe-HUOYIb 4yeTbipe KO3((dHULIMeHTa PaBHBIMU €IHHHULIE,
HalpuMmep, as — a4 = b3 = b4 =1.

—a1a9 — b1b2 = —0.009002(a1a2b1 + (llblbz) + 0.103224(a1a2b2 + a2b1b2)+
—|—2143385(a1b2 + agbl) — 0.001673a1a2b1b2 — 9508871,

a; + bl = —0.000323(a1a2b1 + alblbg) + 0.008424(&1&2b2 + a2b162)~|—
+0008858(a1b2 + CLle) — 0.000076a1a2b1b2 + 3338482,

—ag — by = —6.67 - 10_7(a1a261 + alblbg) + 0.000021(&1&2b2 + a2b162)+
+0.000028(a1by + asby) — 1.83 - 10~ ayasb1by — 12.03323,

—a1b1 = 0.264565(a1a2b1 + alb1b2) — 0.583920(@1&2[)2 + CLlebQ)_
—0.818512(a1by + agby) + 0.029648a; asbi by — 1567.256,

—a2b2 == 0.0000ll(alagbl + alblbg) - 0.000326(@10,21)2 + agblbg)—
—0000391(&1(72 + agbl) + 0.000003&1&2[)11)2 — 34.49125.

Perenve nepBbIX 4eTblpéX ypaBHeHHH MaéT Takue OTBeTH (0TOpackiBaeM OTPH-
LiaTesbHble U KOMIJIEKCHblE 3HAUeHHS)

a; = 26.00974, ay = 6.549311, b; = 20.24870, by = 5.450090,

CL1:25,&2:5761:21762:7.

Perienvie mepBeIX TPEX U MATOrO ypaBHEHHH NaéT Takue oTBeTHl (0TOpackiBaeM
OTpHLIaTe/IbHble U KOMIIJIEKCHBIE 3HAUEHHS)

ay = 33.63423, ay = 6.985825, b; = 12.94287, by = 5.013029,
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a1:25,a2:5,61:21,62:7.

Takum o6pasom, yactotam w; = 29.44435, we = 72.98521, ws = 134.6173,
wy = 2151980, ws = 315.0639 COOTBETCTBYIOT KpaeBble YCJIOBUSA a1 = 2Day,
as = bas, by = 21bs, by = Tbs b0 a; = 2las, as = Tas, by = 25bs, by = bbs
(Tak Kak XHAKOCTb He TEUET Mo TPyOONPOBOLY).

AHaau3 norpemHoCTH

B tabsuue 1 npenctaBjeHbl pe3y/abTaThl pacuéTa OTHOCUTEJbHOW MOrPEIIHOCTH
NPy BO3MYILUEHUHU COOCTBEHHOH 4acTOTHI W .

Ta6auua 1. OTHOCHTeNbHBIE MOIPEIIHOCTH NP BO3MYLIEHHH W

Bosmyienve wy |0 ans aq |0 oag as|d aas by |6 oas b
10719 1159.156 | 154.0616 | 1119.691 | 154.2552
10~? 1159.155 | 154.0617 | 1119.691 | 154.2553
1078 1159.154 | 154.0622 | 1119.689 | 154.2558
1077 1159.136 | 154.0675 | 1119.674 | 154.2611
106 1158.956 | 154.1204 | 1119.525 | 154.3139
107 1157.162 | 154.6501 | 1118.041 | 154.8429
10~ 1140.016 | 159.9984 | 1103.960 | 160.1841

Yacrota w; = 29.44435 — 3To yacToTa, BblUHcJeHHas ¢ TouHocThio B 40 3Ha-
Yalux UUQpP, COOTBETCTBYIOLIAs KpaeBbIM yCJOBHSIM, PAaCCMOTPEHHBIM B INPUMeEpE.
Bosmyiias yacToTy w; Ha onpefeséHHOe 3HAUYE€HHEe M3 JIeBOro CT0J011a, Mbl paccyu-
ThIBAJIU OTHOCHUTEJIbHYIO MOTPELIHOCTD M0 (hOpMYIJIE:

5 o ‘al BO3MYILIEHHOE ~— CL1|
BO3MYyILIleHHE

3a a; 6panoch 3HaUeHHe TPU HEBO3MYIIEHHOH wi. DTH Pe3y/bTaThl FOBOPSAT HAM
0 TOM, YTO XKeJasi MOJyYUTh MOTPELIHOCTb pe3ysbTaTa He Gojee 1073, morpemHocTs
COOCTBEHHOH YacTOTHI w; He MOJKHA OBbITh Bhime 1077,

B rabauie 2 npencrtaBjeHbl pe3y/abTaThl pacuéTa OTHOCUTEJbHOH MOrpelIHOCTH
NpY BO3MYIIEHHH 110 OTAEJbHOCTH KaXKA0H 4acToTel Ha 10717,

KoHnTtpnpumepsl

Koutpnpumep 1 (BoccraHoBieHue 1Mo 4eThIPEM COOCTBEHHBIM HacTOTaM).
YeTblpéx cOOCTBEHHBIX YACTOT AJS WAEHTU(PHUKALUMU BUAA 3aKperJseHus TpyOomnpo-
BOJla HeNOoCTaTOuHO. PaccMoTpuM 3akpernsieHue TPyOONpoBoAa C TaKMMH KpaeBbIMU
YCJIOBUSIMU:

ap = 20.10253, ay = 5.015512, ag =1, ay = 1,
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Ta6nuna 2. OTHOCHTENIBHEIE OTPELTHOCTH TIPH BO3MYIIEHHH BCEX YACTOT

O miasg ai|d0 masg ao|d mag by |0 maa by
wq 1159.156 | 154.0616 | 1119.691 | 154.2552
Wo 7902.846 | 4351.306 | 8156.099 | 8156.099
w3 17547.45 | 17012.10 | 18840.45 | 17027.47
wy 16513.40 | 21978.03 | 18239.51 | 22008.76
ws 5649.435 | 9231.953 | 6375.944 | 9250.024

Cymma| 48772.29 | 52727.45 | 52731.70 | 56596.61

by = 26.27080, by = 6.982448, by =1, by = 1.

DTOMY 3aKpelieHHI0 COOTBETCTBYIOT COOCTBEHHBIE 4acTOThl wy = 29.44435,
we = 72.98521, wg = 134.6173, wy = 215.1980, ws = 315.06382.

3HaueHUs1 COOCTBEHHBIX YacTOT [Js YOPYroro 3aKpernJseHus U3 TMpuMepa
wy = 29.44435, wq = 72.98521, ws = 134.6173, w, = 215.1980, ws = 315.06388.

Bce Hamu BelYMC/IEHHUS BBIMOJIHEHBI ¢ TOYHOCThIO B 40 3Hayamux uudp, pasgu-
UHsl MEXKY YaCTOTaMHU Wy, Way, W3, Wy NPOSABAAIOTCS Ha 35—38 3HaKe, UTO CYUTAETCH
HeCYLIeCTBeHHBIM. A passinune y ws MPOSIBUIOCH HA NSATOM 3HaKe MocJje 3amsiTo,
4YTO 1J151 Hac sBJSETCs cyllecTBeHHBIM. [losyyaercs, nBa pasiWyHBIX BUAA 3aKpel-
JIEHUSI UMeIOT YeTblpe OfMHAKOBble HEeHYyJ/eBble COOCTBEHHbIE YACTOTHI.

Kontpnpumep 2 (HyneBoe coGcTBeHHoe 3HaueHme). PaccMoTpum ciaydai
(samenka)—(3amgenka) u (cBOOOAHBIH KoHel)—(CBOOOIHBIN KOHEILL).
W13 pasenctB (12) BugHO, uTO

cw’ f1256 = faars.

MuHop fi256 COOTBETCTBYET 3aKperieHHI0 (3ameska)—(3amesnka), a MUHOP f347s
COOTBETCTBYeT 3aKpeIieHHIo (CBOOGOMHBIN KoHell)—(cBoOOMHBIH KoHell). PaBeHCTBO
MOKa3blBa€T HaM, YTO CIEKTPbl YacTOT 3THX NBYX 3aKpelJieHHH COBMagaloT MOJ-
HOCTbIO, pasJHuue JHIIb B TOM, 4TO 3HaueHHe w = ( B MePBOM CJydyae He SIBJs-
eTcsi COOCTBEHHBIM, a BO BTOpPOM siBjsieTcss. [loaTomMy Kakue Obl 4eTbipe HeHYJe-
Bble YAaCTOTBI Mbl He B3SlJIK JJIs1 pelieHUsi oOpaTHOH 3amaun (w; = 22.09646, wy =
61.29826, w3 = 120.4937, wy = 199.4297, ws = 298.1131 u T. 1.), OHU BCce GYOYT CO-
OTBETCTBOBAaTb M 3aKpelieHHIo (3amesika)—(3anenKa), U 3akperneHnio (CBOOOMHbIH
KoHell)—(CBOOOIHBIH KOHeLL).

Takum o6pazom, Juilb HH(DOPMALUSA O TOM, SIBJASETCS JH HYJb COOCTBEHHBIM
3HaueHHeM, MO3BOJIUT HaM OJHO3HAUHO HIEHTU(PULHPOBATh BUI 3aKperJieHHs Tpy-
6onpoBona. Takux 0COOEHHBIX CJydaeB BCero Jikiib yeThipe (12).
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3akJjroueHue

B nanHo#l cTaThe MoKasaHO, UTO BUJ U MapaMeTphl 3aKpernseHuid TpybomnpoBoaa

C HEMOJBHUXKHOM KHUIKOCTbIO OJHO3HAUYHO C TOYHOCTHIO 0 MEPECTAHOBOK 3aKpere-
HUH MecTaMH HAeHTU(HULUUPYIOTCSA MO MATH COOCTBEHHBIM 4acTOTaM HU3THOHBIX KO-
nebanuii. IlpuBeneHbl KOHTpHIpHUMepHl, MOKA3bIBAIOLIME, UTO YeThIPEX COOCTBEHHBIX
YacTOT /Sl TAKOH UAEHTU(PUKALHUU HELOCTATOUYHO.
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Abstract. The oscillations of a pipeline with a liquid are considered. Previously,
it was shown that if the liquid does not flow through the pipeline, then by all its
frequencies of flexural vibrations of the pipeline, the type of fixing of the pipeline is
uniquely determined up to permutations of fastenings at its ends. The problem of
identifying boundary conditions was also solved for nine natural frequencies. In this
paper, the number of eigenvalues with which one can uniquely reduce the boundary
conditions, up to permutations of the fastenings at its ends, is reduced to five. The
number of spectral data was reduced due to the fact that if a linear system of 9
equations was previously solved, then in the present paper a system of five nonlinear
equations is solved with respect to four unknown coefficients from the boundary
conditions reduced to the canonical form. An example of solving this inverse problem
is presented. Two counterexamples are also given in which it is shown that fewer
eigenvalues for identification are generally insufficient. In the first counterexample, it
is shown that four nonzero eigenfrequencies are still not enough to identify the type
of anchorage of the pipeline. The second counterexample shows that in some cases
information is needed about whether zero is an eigenvalue.

Keywords: boundary conditions, natural frequencies, eigenvalues, clamping, free
support, floating fixing, free end, pipeline.
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