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AHHoTamua. PaccMoTpeHa 3ajmaua ONTHMAJbHOTO YIPABJAEHHUS] C HEMOJHOH
peanu3auuell n1MHaMH4eckuX orpaHuueHui. [IpencraB/ieHHbId B paboTe MeTOn
HallpaBJ/leHHOH ONTHUMHU3aLHH HauyaJbHBIX YC/JA0BUH B 3aflayax yIpaBJeHUs OUHA-
MHYECKHMH CHCTeMaMHU — MeTO[ BO3BpaTa — IpelHa3HavaJjcs I1epBOHa4aJbHO
IJ151 OITUMU3aLUY BeKTOpa Haya/bHbIX KOOPAMHAT B YACTHON MOZIeNH KOH(JIUK-
Ta MOABHKHBIX 00BEKTOB, XapPAKTEPUCTUKH KOTOPBIX YXYAIIAJIUCH B PE3yJbTaTe
B3aUMOJEeHCTBUS C 00beKTaMH MPOTHBHUKA U cTapeHusi. Monesb cBsi3blBajia Xa-
PaKTEPUCTHKH (BEKTOp COCTOSIHHUS) M KOOPAHHATHI (BEKTOp yIpaBJieHHs) 0ObeK-
TOB Au((epeHHaNbHBIMU YPAaBHEHUAMU THUNA ypaBHeHuil JlaHuecTepa. [lanee
CTaHOBHUJACh U pellajacb KOHKpeTHas 3ajadya ONTHMaJbHOrO YIIpaBJeHHUs 1BH-
JKEHUSIMH TPYMIbl 06beKTOB, MPOTHBONEHCTBYIOUIMX APYro# rpymnme oObeKTOB
C 3aJlaHHBIMU Ha MHTEepBaJie yNpaBJeHHs TPAEKTOPUSIMH (IO KPUTEPUIO MHUHH-
MH3alMK HEKOTOPOH (PYHKLHH KOHEYHBIX COCTOSIHMH 00bekToB). CyllleCTBEHHO
CJI0KHee OINOPHOM OKasasjach 3ajaya [OCTPOEHUs IpPUeMJIeMOrO IO BpeMeHU
cuéTa ¥ TOYHOCTH a/JrOpUTMa ONTHMH3aLUHM HayaJbHOIO BEKTOpa yNpaBJ/leHHs,
TO eCTb HAuyaJbHOTO pa3MelleHHs TPYIINbl yIpaBJjseMbix o0bekToB. HaiineH-
HBI MOAXOA OKasaJjcs BecbMa OOLIMM M MO3BOJISIET HAMpPaBJEHHO ONTHMH3H-
poBaTh HayaJbHBIH BEKTOD yTpaBJeHHs MO MeHblIeH Mepe B KJjacce YNpaB-
JIleMBIX TVIaJKUX CHUCTeM C HelpepblBHO NU(epeHLHpyeMbIM (yHKLHOHAJIOM
KadyecTBa. B camom oOlieM Buze HIes MeTOA COCTOMT B TOM, 4YTO [JISl ONTH-
MH3aLUH, B CMbIC/e U30PAHHOTO (PYHKIIMOHAJNA KaueCcTBa, HAYaJIbHBIX YCJAOBUU
HUCXOIHOW 3aaud ONTHMAJbHOTO yIPaBJEeHHs 3aMHUCHIBAETCS BCIIOMOraTesbHast
NIBOUCTBEHHAs 3a[aua U peasiu3yeTcss UTepaTUBHBIM MPOLECC, B Iarax KOTOPOro
yepelyl0TCsl UCXOfIHAsl U ABOUCTBEHHAs 3a1ayH, a B KayecTBe 4acTH Havda/bHbIX
YCJIOBHUH OYepelHOro llara WTepaluy UCIOJb3YeTcsl 4acTb KOHEUHBbIX 3HaueHUH
npeAblAyLIero Liara.

Kirouessie ciioBa: AVHaMHU4YeCKHe CHUCTEMbl, ONITUMHU3alHA HadaJJbHbIX YCJIO-
BHﬁ, O6paTHaH 3ajaya, 1TMHaMHW4eCKHe OTrpaHHuYeHHUS.

1. BBogubie 3amMeyaHUud

JlanHasi paboTa momoJsiHsieT Hally paboTy [2] MOJHBIM I0Ka3aTeJbCTBOM CXOMAHM-
MOCTH MNpeasoxeHHoro B [1] u uccienoBaBsierocs B [2—4] mporuecca K JOKaJbHOMY
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U4 rio6anbHoMy onTuMyMy. Kpome Toro, npuBenéH npuMep pelleHUs 3aJaud ONTH-
MaJIbHOTO yIPaBJIeHUS [VIAAKOH NHMHAMHUYECKOW CHCTEMOW C YaCTUYHOU peasu3aluelt
IUHAMHAYECKUX OTPaHUUEHUH Ha UHTepBaJe yHpaBJeHHSs.

2. Mertop Bo3Bpara

PaccMoTpuM 1HHAMHUYeCKy0 CUCTEMY
P(t) = f(p(t), a(t), w(t)),i=1,..,N, (1)

roe f; — (GyHKUMS, HempepblBHO Au(depeHIUpyeMass Ha 3alaHHOM HHTepBaJe
ynpasJsenus (0, ty);

a(t) — 3anmanuble Ha (0, ty) BpeMeHHBIE TIPOLECCHI;
Ui (t) = (un(t), ..., ui(t)) — i-e ynpasaenue, koopaunata B RM

He oroBapuasi orpaHu4yeHuil Ha yrpaBJeHUsl, 3aMHilIeM AJsi 3aJaHHbIX Hayallb-
HBIX YCJIOBUH 3aJady OMTHMaJbHOTO YIpaBJeHH s

J(p(ty)) — inf, (2)

rie J HempepwlBHO nU(ppeperurpyema mno py(t), ..., py(t).
OrnpenenuB nasnee:

f’i = _fi7

pPaccMOTPUM AMHAMMYECKYIO CUCTEMY

C HavaJbHbIMU YCJIOBUSIMHU
p(0) = p(ty),
u;(0) = u;(ty), i =1,.., N
v 3anuiem s (3) 3amady ONTHMaJbHOTO yNpaBJ/eHHs, TBOUCTBEHHYIO 3a1ade (2):

J(p(ty)) — sup. (4)
3anaB Tenepb OrpaHUYeHUs Ha YIpaBJeHUS:

‘U,Z]‘ < Cij, ‘7:[,| < Cjj, 1=1,...N, j=1,..M

¥ PacCMOTpPEB IMOCJEI0BATENbHOCTh pellleH|H 3anauu (2) — nepBbld war — u (4) —
BTOPOU 1lIar, — MOXKHO 3aMeTHTb, YTO

J(p(ty) = J(p(0)). ()
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OquHJlHO, 4YTO Ha BTOpPOM LIare AOOCTHUraeTCda IO MeHbIIeH Mepe paBeHCTBO
CpYHKU,I/IOHaJIOB, IJid 4ero A0CTaTO4YHO 06paTI/ITb OIlITMMaJibHbIEe YIIpaBJEHHUA, Hal-
AJ€HHBbI€ HA TEPBOM Iare:

w(t)=a;(ty—t),i=1,...,N.
,E[aJIee HacC MHTepecyeT peaJiu3allisd CTPOTroro HepaBeHCTBA

J(p(ty)) > J(p(0)). (6)

[IpumeyatesibHO, 4TO (6) BBITOJMHSETCS TPH BeCcbMa OOILIMX MPENNON0KEHHSX.

[Torpebyem xoTsi 6bl mast omHOro ,;;(0) HnBOHCTBeHHOH o6paTHOH 3amauu (4)
cyuecrBoBannst B RM orpeska (a;;(0), @;;(0) + Auy;), cMelieHHe 10 KOTOPOMY
[[-TO HA4aJIbHOTO yNpaBJIeHUSI MOHOTOHHO YJyullaeT (PyHKIIMOHAJ KayecTBa — MpPH
COXpaHEeHHM HaAyaJbHOTO BEKTOpA COCTOSIHHS (/s paccMaTpUBaeMoro kJjacca [ H
J 3TO MOMpOCTy O3HAyaeT, UTO TMOJY4YeHHOe Ha TMepBOM Iuare — 3agada (2) —
u(0) = (u1(0), ..., un(0)) = (a1(ts), ..., un(ty)) He coBmamaeT C JOKAJbHBIM HJIH
ry06a/bHBIM ONTHMYMOM IIPH JaHHOM HadasbHOM BekTope coctosiHusi p(0) = p(ty)).
Tenepb, 0603HauuB npupalleHye GhyHKIMOHa A yepe3 A.J ¥ Ha3HAUYWB, 6e3 OrpaHH-
4eHHs1 OOLIHOCTH, AOCTATOUHO Majoe Aw;; > 0, MOXKHO 3alUCaTh:

OTMeTHM, UTO 3/[€Ch H [ajiee CYIIECTBEHHO HCMOJb3YIOTCS HEmpepbiBHAS AH(-
(epenuupyemoctsb f ¥ J U KOHeYHOCTb HHTepBaJsa ynpasnaenus (0, tf).
[Ipenmosiokum  Temepb, 4YTO JJsi  JIIOGOrO HauyaJbHOTO YIPAaBJEHHS M3
(@;;(0), @;;(0) + Au) HalEETCS NONOXKHTEJbHOE £ < ¢;; U MHTepBaJ YIpaBJeHHS
-~k
(0, At), B koTopoMm peuenue ;;(t) 3anadu (4) ynoB/aeTBOpsSET HEPABEHCTBY

i (1)] < ey — €. (8)

Ha nockocty ¢ x 4;;(t) HepaBeHCTBO (8) KOHCTAaTHPYyeT, YTO MPH HEONTHMAJTbHOM
Haua/JbHOM BEKTOpEe YIIpaBJeHUs ONTHMaJjbHasi TpaekTopusi 3amaud (4) Ha (0, At)
COIEPXKHUTCST B MEHBIIEM CEKTOpe, CHMMETPHUHO BJIOXKEHHOM B CEKTOpP KHHeMaTHhye-
CKOTO OrpaHHueHus |i;j| < cij.

[pennosoxenue (8) ¥ HCXONHOE KMHEMATHYECKOE OTpaHHUYEHHE TO3BOJISIOT, Ha-
3Ha4YMB Ha HEKOTOPOM HMHTepBaJe ynpassgenus (0, 7) A5 HadanbHOTO yca0BHUS U;;(0)
sHauenue |t;(t)| = ¢;;, peanus3oBaTh CAMSAHHE TPAEKTOPUH M3 XYIIIEr0 Haua/JbHOTO
YCJIOBHSI C ONMTHMAJIbHOE TpPaeKTOpUeH Jydllero HadajJbHOro ycjoBusi. [Ipu stom
T ~ Du.

BrinucaB nanee Heo6xoauMble Baphaluu J, Jerko mnokasaTb, 4To

[Tockonbky AJ OTCUHTBIBAETCS OT JIydlllero 3HadyeHusi, cpaBHeHue (7) u (9)
NI0Ka3biBaeT, YTO MpeAnoJokeHre (8) HEBEpHO, — TeM CaMbIM MJisl PelIeHHH 3a1auu
(4) mpu @;;(0), He coBmajaLIEM C JIOKAJbHBIM HJIH T10OAJbHEIM ONTHMYMOM IpH
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nanHoM p(0), L0Ka3aHO c/enyloLlee: [Jst JI0O0ro MOMOKHUTENBHOrO € < ¢;; HalIéTcs
untepsas (0, At), B KOTOpOM

|i5(8)] > ¢y — <. (10)

Hcnonbsys (10) n noTpe6oBaB AOMONHHUTEIBHO TOJBKO €IMHCTBEHHOCTH YIpaB-
JIEHWsI, ONTHMaJbHOrO [/ NaHHBIX HauaJbHBIX YCJIOBHMH, Mbl N0KasbiBaeM (6) nJs
BCeX yINpaBJieHH# UCXONHOH 3aiauu (2), NpUHaA/IeXalUX TPOU3BOJBHOMY CEKTOPY,
CTPOTO COIep:KalleMycsi B CEKTOpe HCXOAHBIX KHHEMAaTHUYeCKHWX OrpaHHYeHHH Ha
yTpaBJieHue.

[ToBTOpSiIs Temepb NMpUBENEHHBIE PaCCyXKAeHHS M YCJOBUS peanusaunu (6) mias
MCXOMHOU 3anauu (2), Mbl moJyyaeM HTepaTHBHBIH mpouecc (2), (4), (2), (4), ...c
MOHOTOHHBIM BospactanueM J(0) — J(t;) ucxonHo#t 3agaun. OTMETHM, YTO OrpaHH-
ueHHe BTOPBIX NPOU3BOIHBIX |il;;| yrpaBJIeHNH HCXONHOH 3anaun (2) TpebyeT HeCHM-
MeTPUYHOH MOAM(UKALMH OTPAaHHUEHUH Ha yIpaBJeHUs B N1BOUCTBEHHOH 3anaue (4).
JloxazaTe/bcTBO MOHOTOHHOH CXOTMMOCTH IIpoLlecca ONTHMH3ALUHU B 3TOM CJydae
CJIOKHee, HO B LIeJIOM TIPOBOJMTCS MO MPHUBENEHHOH cXeMe (CYIIeCTBOBaHHUE Tpelesa
J(0) — J(tf) 1 anropuTMbl, COXPaHSIOIIME WM MapaJjiieJbHO ONTHMHU3UPYIOLIE Ha-
YaJbHbIH BEKTOP COCTOSIHHSI UCXONHOH 3a/auu, TpeOyIT OTHENbHOr0 00CYKAEHHS.)

OTMeTHM, 4TO MOJyUeHHbIH Pe3y/bTaT M03BOJISIET CTPOUTh MPOCTHIE TeOMETPHUE-
CKHe TIpUMepbl TPEX THIOB pelleHWH MCXOAHOH 3a1a4M ONTHMAaJbHOTO YIpaBJeHHs:

— KMHeMaTHdecKue (B oflieM c/aydae — OMHAMHYECKHe) OTPaHHUUEHHUs peasinay-
I0TCS HAa BCEM HMHTepBaJie yNpaBJIeHHS;

— OrpaHHuYEHMs peasu3yloTCs Ha MPaBUJIbHOM MOAMHOXECTBe HHTepBaJa;

— OrpaHHuYEeHHs He peajM3ylTCs HH B OMHOU TOUKe HHTepBaJa.

[IpuBeném nprMep pelieHHsi BTOPOTO THIIA.

3. Ilpumep HenmoJHOU peajn3alyyd JUHAMUUYECKUX OTpaHUYe-
HU{ B 3aJja4aX ONTHUMAJBHOTO yIpaBJeHUS

PaccMoTpuM [Ba B3aMMONEHCTBYIOIMX B R MOABHKHBIX 00bEKTa, HEOTPHLA-
TeJIbHble XapAaKTEPUCTHUKH KOTOPBIX, p U ¢, U3MEHSIOTCS BO BPEeMEHH B pe3y/bTaTe
B3auMogelcTBus. Eciiu B3anMonelicTBre 00bEKTOB yIOBAETBOPSIET TPHHITUITY CYIIep-
MO3UIHH, TO [1] MOXHO pasnesuTh MepeMeHHble — XapaKTePUCTHKH U KOOPAMHATHI
00BEKTOB — M 3aIlHcaTh:

(11)

rJle He OrOBOPEH 3HAK 1 U (o.

EcTecTBeHHO nosaratb PyHKUHUIO ¢, v = 1,2 CHMMEeTPUYHOH, 3aBUCALLEH TOJb-
KO OT PacCTOSIHUSI MeXJy MOIABHXKHBIMU OOBEKTAMH, T.€. 0, (T1; Ta) = p,(To, T1) =
eu(|Z1 — T2).

B npocrefiliem c/aydyae MoJoKUTeJabHble (YHKIUH ¢,, v = 1,2 cOBNagawT H
MOHOTOHHO YOBIBAIOT MO p = |T; — Ty|. [lpuHsaB momosmuutessHo p < 0, ¢ < 0,
npusoauM (11) K cucreme
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Ql

(12)

&I

¢ = —pap(a(t), z(t)),
OMMCHIBAOINIEH B3aHMONEHCTBHE IBYX KOHKYPHPYIOIIHX MOABHXKHBIX 0OBEKTOB, Tle
Z(t) — ynpaBnsiemas TpaekTopusi o6beKTa p, a(t) — 3ajaHHasi Ha UHTepBaJe yIpaB-
JIeHUsl TPaeKTopUs 00beKTa g.
[ToctaBuM 3amady ONTHUMAJBHOTO YIIPABJIEHUS NBHXKEHHEM O0OBEKTA p:

{ p=—pap(z(t), a(t)),

J(a*) = sup J(x), (13)
zeX
roe
J(x) = q(0) — q(ty) (14)

IJISi MHOX€eCTBA yIpaBJeHHH
X={z®lNz@)| <V, [2(t) <2C; 0<t <t}
B [3,4] nokasano, uto 3agada (12) — (14) skBHBaJjIeHTHA 3agaue

ty

/cp(:p(t), a(t))dt — sup. (15)

reX
0

3agannM Tenepb MPOU3BOJbHBIE Haya/bHblE XapaKTEPUCTUKH W HeCOBMAJAOLINe Ha-
yaJibHble KOOpPAUHAThl 00bEKTOB U ylaJsiolleecs 1BHKeHHe 00beKTa ¢ 10 COelnHS-
follell 060bEKThl MPSIMOM co ckopocTbio MeHbined V. Mcmoab3yst (15), nerko moka-
3aTh, UTO AJIl JAHHBIX YCJIOBUH HakaETCs O@CKOHEYHOe MHOXKECTBO [y, JISl KOTOPBIX
MakcuMmusupyioiee (14) npsiMmosuHelHOe NBUXKeHHe 00beKTa p OYNeT COCTOSITh M3
IBYX OTPE3KOB:

1) mpecsienoBanue 00bekTa ¢ IO CAUSHUS C HUM — C peaju3aled THUHAMHYe-
CKHX OTpaHHUEHHH;

2) comnpoBoxeHHe 06beKTa g 0 MOMeHTa {; — C ero CKopocTbio MeHblled V.
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METHOD OF RETURN AND IMPLEMENTATION OF DYNAMIC LIMITS
IN THE OPTIMAL CONTROL PROBLEM
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Abstract. Presented in the paper method, designed to directionally optimize the
initial conditions in problems of dynamic systems management, — a method of return
— was originally designed to optimize the vector of initial coordinates in a particu-
lar model of moving objects conflict whose characteristics deteriorated as a result of
interaction with the objects of the opponent and aging. The model was binding charac-
teristics (state vector) and coordinates (control vector) of objects by Lanchester-type
differential equations. Then the specific problems of optimal control of the movements
of a group of objects, opposing another group of objects with the specified paths in
the control interval (by the criterion of minimizing a function of the final states of
objects), were set and solved. The problem of the construction of an acceptable on
time and accuracy algorithm to optimize the initial control vector, i.e. the initial
placement of the group of managed objects, was much more complicated. The found
approach has been very general and allows us to directionally optimize the initial
control vector, at least in the class of managed smooth systems with continuously
differentiable quality functional. In the most general form the idea of the method is
that for optimization, in terms of selected quality functional, of the initial conditions
of the original optimal control problem the supporting dual problem is written and the
iterative process is implemented, which steps alternate original and dual problems,
and as part of the initial conditions of the next iteration the part of the final values of
the previous iteration is using.

Keywords: dynamic systems, optimization of the initial conditions, the inverse prob-
lem, the dynamic limits.
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