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KOHTUHTEHIIUA ITIOPA1KOB B OAHOPOJHDBIX
APPHUHHDBIX MHOTOOBPA3HNAX

A.K. I'yig
n.¢.-M.H., npodeccop, e-mail: guts@omsu.ru
I'.B. Toapauua
cTymeHTka, e-mail: zoloto13@list.ru

Owmckuii rocynapcTBeHHbll yHUBepcuTeT UM. @.M. JlocToeBcKoro

AnHotanusa. [lokazaH cnabblil BapHaHT TeopeMbl AJieKCaHApPOBA O KOHTHHIEH-
MU OJ51 ONHOPOAHBIX ay(PUHHBIX MHOT000pa3uUi.

KuaroueBbie cmoBa: [lopsinku, apduHHas cTpykTypa, ogHoponHoe adduHHOe
MHOroo6pasue, KOHTHHT€HIIHS.

Beenenue

HccenenoBanust CBSI3HO YIOpsiIOueHHOro aduHHOrO mpoctpaHctBa A", n > 2,
B CJIydae mopsiika P, HHBaPHAaHTHOTO OTHOCHTEJbHO TPYMIbI MapasjesbHbIX Mepe-
HOCOB, MpHuBeJH, Oaaronapst padore A.Jl. Anekcanaposa [1], K MOJHOMY OMUCAHHUIO
TPyMIbl MOPSIAKOBBIX aBTOMOp(U3MoB Aut(P).

AHasOTHUHBIN pe3y/bTaT OblJI JOCTUTHYT MIPH H3yUeHUH MOpPsiIKa, HHBAPHAHTHO-
ro OTHOCHTEJbHO OCHOBHOU apduHHOM rpynnsl JIu [2,3].

OCHOBHBIM MHCTPYMEHTOM 3THX HCCJENOBaHUN Obljla TeopeMa O KOHTHHTEHIIHH,
C TIOMOIIIbI0 KOTOPOU M3y4YeHHe MOPSIIKOBBIX aBTOMOP(HU3MOB CBOAMJIOCH K H3yUEHUIO
aBTOMOP(HU3MOB MOPSIKOB, 331aBa€MbIX KOHYCAMH.

B naHHOU cTaTbe naeTcsi 10Ka3aTeJbCTBO «CJabOH» TEOPEMbl O KOHTHHTEHIHH
IJIS YIOPSITOUEHHBIX CBSI3HBIX OJHOCBSI3HBIX paspellUMbIX Tpynn JIu, cHaGKEHHBIX
MOJIHOH JIEBOMHBAPUAHTHOM ap(OUHHONU CTPYKTYPOH.

1. IIpenmopsamok, MOPAAOK M MOPSIKOBbIe aBTOMOP(PU3IMBI

Onpenenenne 1. [Ipednopsdox Ha MHOXKecTBe M — 3TO CeMEHCTBO MOAMHO-
xectB P = {P, : x € M}, ynoBneTBopsiioliiee CJAeAYIOUUM YCIOBHSIM:

O1) kaxmo# Touke r € M comocTasJjeHo NoAMHOXKecTBO P, C M;

02) z € P, pas m060# TOUKU & € M;

O3) ecmn y € P, 10 P, C P,.

Ecin P, # {x}, To npennopsiiok Has3bBaeTCsl HempusuasvHoim. B TpOTHBHOM
caydae — MpUBUALLHLLM.
BBomuM oTHOIIEHUE TpeanopsiaKa

r=y &ye kP,
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[Toniaraem
P ={ye M:y =z}

Onpenenenue 2. [lopsdox Ha MHOXKecTBe M — 3TO CeMeHCTBO MOJAMHOXKECTB
P = {P, : v € M}, ynosnerBopsitouiee ycaoBusim Ol) - O3) ompenenenus 1 u
LOTIOJTHUTEJIBHOMY YCJIOBHIO:

O4) ecin y # y, 10 P, # P,.

Onpenenenune 3. buektuBHoe oTtobpaxkenue f : M — M, ynoBJjeTBopsiiollee
yenosuo f(P,) = Pj) Ana 0608 Toukd x € M, rae P — npeanopsaaok s M,
OyneM HasblBaTb nOpA0KO8bIM A8MOMOPHUIMOM, UIH P-aemomopduamom.

s onpenesnenus caenyer, 4yTo oGpaTHoe oToOpaxkeHue f~! Takxe sBasieTcs
P-aBromopdusmom, T.e. f1(P,) = Pp-1(,) L5 J0608 ToukH x € A™.

O603HaunM yepe3 Aut(P) MHOXKeCTBO Bcex P-aBToMoppu3MoB, a yeped Aut.(P)
MHOXKECTBO BCeX HelNpepbIBHBIX P-aBTOMOP(PHU3MOB.
fcHo, Aut(P) siBasieTcs TPYNIOH OTHOCHTENBHO ONEpPaldd KOMIIO3HILIHH.

[Iycte nan npennopsfok P B TOMOJOTHYECKOM MpPOCTpaHCcTBe M.
[oBopuM, uTO Mpennopsnok P — 3amkHymolli, ecid Bce P, — 3aMKHYTble MHO-
XKeCTBa; MPEANOPSioK P — omkpoimolii, eciu Bce MHOXKecTBa P, \ {x} OTKPBHITHI.

2. HuBapuanTtHble nopsaaku B A"

[Tycts Ha addpunHoM mpocTtpancTBe A™ nmelictByeT rpynna (G npeoOpa3oBaHUU
3TOTO MPOCTPAHCTBA.

Onpenenenune 4. Ilopsnox P = {P, : x € A"}, 3anaHHbiii B A", HasblBaeTcs
G-unsapuarnmroim (AU UHBADHAHTHBIH OTHOCHUTEJbHO I'Pymnmnbl (), ecJad IJs Jio-
boro x € A" u mwboro g € G g(Py) = Py

['oBopuMm, uto rpynna GG npeo6pasoBaHuil neiicteyer Ha A" mpanaumusro, eciu
pasi mobbix x, y € A" Hailiéres g € G takoe, uto g(z) = y. Ecau nns g106b1x
x, y € A" HalIETCs eNMHCTBEHHBIH 37eMeHT g € G Tako#, uto g(zr) = y, To rpynna
G nedcTBYeT agpekmusro uau npocmo mparaumusro Ha A".

B cayuae nopsinka (G-WHBapUaHTHOTO OTHOCUTEJbHO MPOCTO TPAH3UTUBHOH TPYTI-
nbl (G CBOWCTBAa MHOXKECTB P, TOYHO TaKMe XKe, KaK y KOHKPETHOr0 MHOXecTBa P,
B3SITOrO B BbleJeHHOH Touke e € A" [losTomMy 4yacTo MOXKHO TOBOPHTb O CBOH-
CTBaxX MOPsiIKa, TOBOPsSl TOJBbKO O MHOXecTBe P,. B cusy toro, uto P, = g(P.), rue
x = g(e), g € G, BUIHA omnpelesioias poib MHOXeCTBa P, NMpH 3afaHUU TOpsiIKa
P. Bynem B TakoM cJiyuae roBOpUTb, YTO MHOKMecmso P, zadaém nopsdok P.

bynem Takxe nucatb P BMecTo P..

Onpenenenune 5. [lopsnok P = {P, : © € A"}, 3ananubii B A", Ha3biBaer-
CSl PeASIMUBUCMCKUM, €CJTH OH HHBAPUAHTEH OTHOCHUTEJIbHO I'PYIIbI MapaJiiebHbIX
ePEHOCOB.
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2.1. Konycsl

[Ton konycom B apduuHOM npoctpaHcTBe A™ (n > 2) MOHWMaeTcsi MHOXeCTBO
Touek K, cocTosillee U3 JydeH — o06pas3yrouyux KOHyca — C HauajJoM B TOUKE e,
KOTOPYIO Ha3blBAeM BEepuLUHOLL KOHYCA.

B cayuyae, korna P, — konyc u P, \ {x} — oTKpbiTO® MHOXeCTBO, TOBOPUM 00
OMKPbIMOM KOHYCe.

2.2. Teopembl 0 KOHTMHT€HIMHU IJis PeJITUBUCTCKUX MOpsaakoB B A"

Onpenenenne 6. [Tycte MmHoxecTBO M C A"™. Konmuneenyuetl cont(M,a) MHO-
)ecTBa M B TOUKe  Ha3blBaeTCsl KOHYC, COCTABJEHHbIH U3 BCEBO3MOXKHBIX MTPEIEsOB
ayueit [*(a,z), rne © € M npu crpeMmseHuu = K a. Eciu a He siBasieTcsl mpefesib-
HOU TOYKOH MHOxecTBa M, TO Takoro koHyca HeT. Ho Torga MoXHO CUMTaTh, 4TO
cont(M,a) = {a} — «HyJIeBOIl KOHYC».

Hawm nyxHa

Akcuoma A,. [las aroboix mouexk x,y € M makux, umo y € P,
mroxcecmso P, () P oepanuueno.

[lycte P = {P, : x € A", n > 2} 3anaét nopsnok B ahHUHHOM MPOCTPaHCTBE
A™. HasoBéM HanpasienHoll Kpusotl, UCXOAsIIeNd U3 TOUKHU x, 06pa3s mosyocu [0, 0o)
NP HENpepbiBHOM W MOHOTOHHOM (He yObIBaIOLIeM MO OTHOLIEHHIO K TMOPSIKY Ha
[0,00) 1 nopsinky P B A™) otobpaxenun f : [0,00) — A", IpH KOTOPOM YHCJIO
0 orobpaxaercs B x. O4eBUIHO, BCSIKAasi HanpaBjeHHasi KpUBasi, UCXOAsIIAs U3 T,
conepKuTcs B P,.

CJenoBaTe bHO,

Vi, ty € [0,00) (ty <to = f(t1) X f(t2) umu Py, C Pryy)-

Cnenytomasi Teopema A.JI. Anekcannposa [1] naét nHpoOpMaLHIO O «BHEIIHEM
BUIE» KOHTHHTEHIHH:

Teopema 1. [lycmo P 3adaém npednopadox & A" (n > 2) u C' = cont(P,e).
Toeoa

1) C C P uC — samkuymoLii 8oinyKabitl KOHYLC.

2) Ecau P — 3amkHymoe mHoxucecmso, yoosremsopsaroujee akcuome As, mo C
— KOHYC ¢ ocmpotl sepuiuroli, cognadaroujuti ¢ ob6veduneruem S 8cex Hanpas-
AEHHbLX KPUBLLX, UCXOOAULUX U3 MOUKU €.

M, HakoHell, OTBET Ha BOIPOC, UeM Ke TaK XOpOoLIO MHOXKecTBO cont(Py, ),
cBsizaHHoe ¢ nopsinkoM P = {P, : x € A"}, naet cienytomas [1]

Teopema 2. [lycmo f: A" — A", n > 2, — Henpepol8Hblil P-asmomoppusnm,
P — samknymolil npednopadok, yoosiemseoparoujuil akcuome As.
Toeda f(C,) = Cj(y), ede C = cont(P,e), drs awoboil mouku x € A"
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3. AdduHHbIe CTPYKTYpHI U ah(puHHBIE MHOr000Opa3us
[Iyets V™ n-mepHoe nuddepenurpyemoe MHOrooopasue, rae n > 1.

Onpenenenne 7. Adpcdunnblii atnac A Ha n-MepHOM MHOroo6pasuu V™ ecTb
COBOKYITHOCTh MOKPBIBAIOIIKUX V™ JIOKaJbHBIX KapT TaKWX, 4To Jiobas (QyHKLHS
nepexofa Mexnay Kapramu u3 A mpomoskaercs N0 ap(UHHOTO MpeoOpa3oBaHHUs
npoctpancTBa R”. MakcuManbHbll ad(UHHBIN aTaac ecTb appunHas cmpykmypa
Ha V™. Muoroo6pasue V", ocHalléHHOe apPUHHOH CTPYKTYypOH, Ha3blBaeTcs n-
MepHBIM appuHHbiIM MHO2000pa3UEM.

Kaxpas jokanbHast kapTa ah@UHHON CTPYKTYpPHl OonpenensieT agpunHsle KOOp-
dunamot.

Oro6paxenue f : V" — V¥ abduunbix MHoroo6pasuit V", V* naswiBaerca ag-
QuHHblM, ecau OHO, Oyaydyd BblpaKeHHbIM B a((UHHBIX KOOpPAHMHATAaX, SIBJsETCS
orpaHuueHyeM apGpuHHOro npeobpasopanus us R" B R*.

MHuoxecTBO Bcex a(puHHBIX 0TOOpakeHUH appuHHOro MHoroodpasus V" obo-
3HauuM uepes Aff(V™).

Ha apdruHOM MHOro06pasuu V" rMeercs ecTecTBeHHast JIMHeHHash CBA3HOCTb V
C HYJeBOH KPHUBHU3HOHU U KpyueHHeM: B ady(UHHBIX KOOpAUHATAX OHA SIBJISIETCS CTaH-
IapTHOW cBA3HOCTbIO Ha R™. KoBapuaHTHOe nuddepeHLpOBaHHE OTHOCHUTEJNBHO V
B V" oTBevaeT 0ObIUHOMY AU((PepeHIUpoBaHUIO B R™.

AdprnHOe MHOTOOOpasue 1no4HOe, eCIA OHO Te0Ie3HUECKH MOHOe (OTHOCHTE/b-
HO cBsI3HOCTH V).

AddunHoe MHOro0o6pasue V™ mosiHOE TOT/A M TOJBKO TOTAA, KOTJA OHO MpejcTa-
BuMo B Bume R"/T", rne I' moarpynna adduHHBIX npeoOpa3oBaHUi, NeHCTBYIOLIAS
cBOOOMIHO W BMOJIHE pa3pbiBHO Ha R™ [4, c.61].

[eonesnueckue appunHoro muoroo6pasus (V" A) OTHOCHTEJBHO CBS3HOCTH V
Oynem HasbiBaTh npamovimu. [lonyreonesnueckyto, UCXOASALLYIO U3 TOUKH T, UMEHYeEM
AYUOM C HAYaJIOM .

OueBunHO, 06pa3 npsiMmoi npu adPuHHOMN OGrekUU OyneT Bceraa npsimoil. Kpome
TOro, Ha ap(@UHHOM MHOT000pa3UM yepe3 KaxKAyl TOUKY B JIOOOM HanpaBjeHUU
MOKHO TPOBECTH €IUHCTBEHHYIO MPSAMYIO.

3.1. OnHoponHbie appuHHBIE MHOT000pa3Us

AddunHoe mMHoroobpasue (V™ A) Gynem Has3biBaTb 00HOPOOHbLIM, €CJH HAa HEM
HedcTByeT TpaH3UTHBHO adpduHHas noarpynmna 7' C Aff(V™). [lpuuém, ecau T' cBss-
Hasi rpynmna Jlu, pedcTBytouias npocto TpaH3uTuBHO Ha V™, To T nuddeomopdpHa
V™. CnenosarenbHo, 1" ocHauaetcss ah@UHHON CTPYKTYPOH, B KOTOPOH JieBble CIIBU-
T sBasgoTesS ah@UHHBIMU OGuekuusiMd. Jpyrumu cjaoBamu, rpynna 7' npuobperaer
JIEBOUHBAPUAHTHYIO0 ap(UHHYIO CTPYKTYpY.

Ecnin GG BewlecTBeHHasl CBfI3HAsl OAHOCBA3HAas rpynna JIu, ocHaléHHas JeBOUH-
BapUaHTHOHN apPUHHOH CTPYKTypoH, Torna G momnyckaeT ag@urnroe npedcmasie-
Hue, T.e. CyllecTByeT FOMOMOP(HU3M

a: G — Afi(RY).
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[Ipuuém a(G) coxpansiet o6aactb D(G) C R™ u neficTByeT TPaH3UTHBHO Ha HeH [D)].

O6patHo, ecau dim G = n u «a : G — Aff(R") adpdunHoe npencTaBieHHue,
UMelolllee OTKPBHITYI0O OPOUTY, TOTAa MOXKHO OCHAacTUTb (G €IMHCTBEHHOH JIeBOMHBA-
pUaHTHOU aPUHHOH CTPYKTYpOH [5].

[Tpu u3yueHMM BeleCTBEHHBIX CBSI3HBIX ONHOCBA3HBIX rpynn Jlu G ¢ jeBouH-
BapUAHTHBIMU ap(UHHBIMU CTPYKTYPaMH, KOTOpble SIBJSIOTCS TOJHBIMH, IOJE3HO
MMeTb B BHAY, uTo rpynmna «(G) nedcTByeT mpocTo TpaH3UTHBHO Ha R™. M3BecTHo,
4yTOo Npu 3ToM (G 0/2KHA ObITh pa3peliMMOM, U MOXXHO M3ydaTb BMeCTO a(PUHHOU
reoMeTpuu Ha G ¢urypsl adp@uHHON reomeTpun Ha R", HO UHBAPUAHTHbIE OTHOCH-
TeJIbHO Tpynnbl aG).

Ilpennoxenne 1. [lycmo epynna Jlu G ochaujena noAHOU 1e80UHBAPUAHMHOL
cmpykmypoti. Kaxcdas npamas ecmv o0Honapamempuueckas nodepynna epynnol
Jlu G moeda u moavko moeda, koeda Kaxdas odHonapamempuuecKkas nodepynna
ecmo npAmas.

HokasareabcTBo. [lycTb Kaxxpas npsimast ecTb ofHONapamMeTpUuecKasi MOATPYyII-
na rpynnsl JIu G sBasercs npsamoi. [lokaxkeM, 4To Kaxkjias ofHONapaMeTpuhyecKas
MoArpymnmna ectb npsmas.

[IpennosoxuM, 4To 3T0 He BepHO. Bo3bMEM ogHONMapaMeTpUUeCKyIo MOArPyNIy
we(t) ¢ KacarenbHBIM BeKTOpoM & B e. B HampaBieHuu & nposenéMm mnpsmyto L.
[lo ycnoButo mpsimas L saBJjsieTcs ofHoNapaMmeTpudyeckod noarpynnod. [lockosbky
B OJIHOM HalpaBJieHUH ABYX OfHONAapaMeTpUyecKHX MOArPyNN ObITb He MOXKET, TO
nosiydaem, 4to we(t) = L. [lomyunay npoTuBopeure ¢ HAIIMM MPEIIIOJN0KEHHEM.

O6parno. IlycTh Kaxknas ofgHonapaMeTprUyeckasl MOArPyNNa ecTh NpsiMasl, HO He
Kaxkaas mnpsmasi siBJsieTcsl ofHomapameTpuueckod noarpynmnodd. Hanpumep TakoBoii
apasercs npsmas L. [IycTe 3Ta npsimasi npoxoauT yepes3 e B HampasJeHUH . Beimy-
CTHUM B HampaB/eHHH & OgHONapaMeTpHuecKylo moarpynmy we(t). Ilo yciosuio ona
sBJsieTcsl npsiMod. [Tocko/ibKy B OIHOM HampaB/JieHUM ABYX MPSIMbIX He ObIBaeT, TO
L = we(t). INoayunan npoTHBOpeyHe C HALIUM NPEITIOI0KEHHEM.

Takum o6pasom, npensoxxenve 1 nokasaHo.

4. Teopema 0 KOHTMHTE€HLMH

PaccmarprBaem CBSI3HYI0 OfHOCBSI3HYIO paspelinMyto rpynny Jlu GG, ocHauiéH-
HYIO MOJIHOW JIeBOMHBApUAHTHOU apPpUHHOH cTpyKTypoi. Hepe3 e o603HauaeM enu-
HULLY TPyMIBL.

[Tycts P = {P, : x € G} — JIeBOMHBapHaHTHBIH NOPSANOK Ha G, T.e.

gz

Onpenenenune 8. Konmuneenyueii C = cont(P,,e) MHOXecTBa P, B ¢ Ha3biBa-
eTCsl KOHYC, COCTaBJIEHHbIH M3 BCEBO3MOXKHBIX MpenesoB Jydet |1 (e, ), UCXOAALINX
U3 e U NPOXOASILIUX uepe3 z, rie x € F,., IpuU CTpeMJeHUH x K e. Ecau e He sBJs-
eTcs npefesbHOM TOYKOH MHOXKecTBa F,, To Takoro koHyca HeT. Ho Torma moxHO
cumuTath, 4to cont(P.,e) = {e} — «HyJeBOH KOHYC».
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[lycte P = {P, : x € G, dimG > 2} 3anaér npeanopsnok B rpynne Jlu G.
HazoBém Hanpasiennoli kpusoti, UCXOAsiled U3 TOYKH e, 00pa3 mnosyocH [0, 00)
MPY HEMPEePbIBHOM H MOHOTOHHOM (He YOBbIBAIOLIEM [0 OTHOLIEHHIO K MOPSIAKY Ha
[0,00) u mopsinky P B () otobpaxenun w : [0,00) — G,, OpU KOTOPOM YHCJIO
0 ortobpaxaercsi B e. OueBHIHO, BCSIKasl HalpaBJieHHas KPUBasi, UCXOASIIAs U3 e,
conepxurcs B F,.

CJlenoBaTeJibHO,

tl S t2 = QJ(tl) j W(tg) HJIU Pw(tg) C Pw(t1)'

BewectBeHHasi KoHeuHoMepHas rpynna JIu G, mis KOTOpoH 3KCIOHeHLHa/bHOEe
otobpaxeHue exp : g — G, rie g — aqarebpa Jlu rpynnel G sBasercs auddeomop-
(h13MOM, Ha3bIBACTCH IKCNOHEHUUANbHOLL.

Jltob6asi sKcrnoHeHUManbHass rpynna Jlu paspemMma M OOHOCBSI3HA. Bcsikas
BIOJIHE paspewinmasi rpynna JIn (B 4acTHOCTH, HMJIbIOTEHTHas rpynmna JIn) skc-
MOHEHIMaNbHa, eCIM OHAa ONHOCBsA3HA .

Crenyromas TeopeMa faeT UH(POPMALHIO O «BHELIHEM BHJEe» KOHTUHTEHLUU:

Teopema 3. [lycmo G, dimG > 2 c843Hast 0OHOCBA3HAS IKCNOHEHUUALOHAS
paspewumasn epynna Jlu, OCHAWEHHAA NOAHOLU Ne80UHBAPUAHMHOL apPUHHOL
cmpykmypotl u Kaxdas npamas Komopot f6asemcs 00Honapamempuieckoll noo-
epynnoi. [lycmo P 3adaém 3amxnymoili npednopsdok & G, yodosiemeoparowuil
ycaosuro (A): cyujecmsyem oxkpecmuocmo U mouxku e maxasa, umo P,N P, NU =
= {e}. Toeoa

(1) C = cont(P.,e) C P. u C — 3amkHymolli 8blAYKAbLL KOHYC € OCMpPOL
gepuLuHol e.

(2) C codepacumcs 8 06vedurnenul S 8cex HANPABAECHHbLX KPUBBLX, UCXOOALUYUX
u3 mouKu e.

Hoka3areabctBo. (1) Jlyy kontuHrenuuu C' — 370 Jayd [, UCXOAAIIMH U3 € U
cozepxauuiica B C.

[Tyctb [ — yu KouTuHreHuud. OH siBasieTcs npenesnom aydei [y = (e, zy), Tn €
€ P..

[To npennoxenuto 1 Kaxnwiil [y = (e, ) Jyd sBASETCS OfHONAPaMeTPHUUECKOH
MoAnoayrpynno# wy(t), t >0, u xy = wy(ty). Mmeem

exxy=xy Iy -2y = wy(to)wn(to) = wn(2ty) = x?\, clynP..

O6osHaunM, k - xy = wy(kty),k = 1,2,.... Torna nosyuyaem, uTo BCe TOYKH BH[IA
k- xyn OynyT npuHaniexatb ayuy Iy N P,.

[Ipy zy — e Touku k- xn € P, cryumarTcs Ha Jydax [y, U UX Npejesbl AaloT
TOUKH Jiyda [, T.e. Kaxaas To4ka o € [ Jayda [ ecTb npefes To4eK MHOXKecTBa F,.
3Hauur, xy € P, U, caenoBateqbto, [ C P, T.e. C C P,.

Ilokaxem 3to. bepém z( € [, u nmycTh w(t) napamerpusanus Jayda .

'CM. «MaremMaTHyecKyio 3HIMKJIONeHIO».
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Nmeem

l = {w (T) :Vm,n >0 — LLe.IIbIe}.

n

[lyete U,, — NpoH3BOJIbHAs OKPECTHOCTb TOYKH o U Ty = w(ly). Beibepem m,n
TaK, 4to w(m/n) € Uy,.

Puc. 1.

[Tosiaraem
(2) = (3)
wl—)=wl|—|-
n n

Tak kak rpynnoBasi onepauusi HellpepbiBHA, TO MO OKPeCTHOCTH U,, MOXHO HaHUTH
OKPEeCTHOCTb €IMHHULBI V' TaKylo, 4To

1
m-w(—)VCU,EO.
n

nefl)

Ecau man nesBwi#i cuosur L, : x - a-x, T0 L, : e — a. Ho L, — 3T0 romeo-
mMopdusm Ha G U, 3HAYUT, MJs J0O0H OKpecTHOCTH (), CYyIIEeCTBYeT OKPEeCTHOCTb
enuHuubl Vo takas, uyto L,(V) C O,. B Hawewm cayuae, a € U,,. Bepém O, C U,,.
Ho Torna

<))

~\~
m

[Tosichum 3to. IlycTh

1
La(V)Ea-VEm~w(—)OaCUxO.

n

[IycTp Tenepn
wy (t) — mapameTpusanus ayda .

Hmeem

In = {wy (%) :Vp, k > 0 — uesbie}.
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Bepéwm okpectHocts W, C U,,. CymectBytot uucaa p(N), k(N) Takue, uto
p(N)
— W,
o (i) < o

HJIHN

1

p(N) -wy <m> € Way C Uy,

bes orpaHnyeHusi 06LIHOCTH CUUTAEM, YTO

o)

p(N) - xy € Wy C Uy,

Torma

UTO Mbl U JIOKa3bIBaJ/IH.

Tem caMbIM MBI IOSICHUJIH, YTO 3HAUUT «TOUKH K - Tx» CTYLIAIOTCS HA Jyuax ly,
M TeM CaMbIM J0Ka3aJju 4acTb [EepBOro yTBEPKIAEHHs TeopeMbl 3.

BBINMyK/JI0CTh KOHTHHTEHIMH caenyeT U3 paboTsl D.b. Bunbepra [6].

[lokaxkem, yTo KoHyc C' HMeeT OCTpyl BeplIHHY e. [Ipeamnosoxum, 4To 3TO He
BepHO. Torna nmeercs npamasi L C C' u e € C. [lo nokasanHomy Bbllte, L C P,. [To
npefJioKeHH0 3 npsiMast L siB/sieTcsl OAHONapaMeTpPU4YecKOH MOArpyNnoH, T.e. L =
w(t),t € R. Pacemorpum ayd | = w(t), ¢ > 0 (uau ¢t < 0). D10 ogHOMApaMeTpHUecKas
nopnosyrpynna; ans Jjwooéoro ¢t > 0 w(t) > e. CnenoaresbHo, w(—t)w(t) = w(—t)
uw(—t) <e, 1e w(—t) € P, .

[TockonbKy 3HaK ¢ NpU B3ATHM Jiydya He HrPaeT pPOJH, TO IOJNydaeM, 4YTO
Viw(t) € P; u, takum obpasom, L C P, . CnenoBarenbHo, L C P, N P, . Ho
3TO MPOTHUBOPEYUT yCJOBHIO (A).

Hrak, yrBepxnenue (1) TeopeMbl m0Ka3aHo.

(2) IlokaxkeM BTOpO€ YTBEPXKAEHHE TEOPEMBI.

[Tyctb [ — nyu KoHTHHTreHHUMU. [loKkaxkeM, 4TO OH SIBJIsSIeTCSl HaNpaBJIeHHOH KpH-
BoH. Hano nokasatek, 4to ecau z,y € [, To aubo = = y, aub6o y < x, 1ubo x = y.

[lyets w(t), t > 0 mapamerpusauus ayda |l v x = w(ty), y = w(ts), t1 < to.

Torna, pasal C C C P., 1o x,y € P,

r-l=Aw(t)) w(t): t >0} ={w(t;+1t):t >0} C{w(t):t >0} =1
Tak Kak ty =t; +7ul C P., T0
yex-lCx-P,=P,.= P,

1.e. P, C P, nan x < y. Bropoe yTBepxkieHne TeopeMbl 3 J10Ka3aHO.
Teopema 3 nmokasaHa.
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5. TI'pynnsi Jlu, Kaxknaa npsimas B KOTOPBIX SIBJSETCS
O HOMapaMeTPUUeCKOU MOArPyIINou
[IpuBeném mnpuMepbl 3KCNOHEHLUHANbHBIX Tpynn JIM, ocHalEHHBIX adpdUHHON
CTPYKTYPOH, B KOTOPBIX KaxKaasi MpsiMasi siBJSIeTCsS OJHONAapaMeTPHUeCKOH TOArpy-
TOH.
Anre6pa Jlu g siBasietrcss Huavnomenmuoil waea k > 0, roe k — 1eJsoe 4uco,
eCJIH

b"~'g # {0}, b*g={0},

rae onepauus b* onpegensercss nocpeaCcTBOM MHAYKLHM:
0 k k—1
blg=9g, b'g=][g,b" g
1. HuabnorentHole rpynnsl Jlu mara 2.
O6o3HaunM exp '(z) = X, 2 € G, X € g. Ecmu X = Y, 2'X;, rne X; — Gasuc
B g, TO 3JEMEHTY Z CTaBUM B COOTBETCTBHE KoopouHamel 1-co poda:
Gz — (2., 2") € R

Jnst HubnoTeHTHBIX anre6p Jlu wara 2

1
exp Nzy) = X*Y =X +Y + -[X,Y].

2
Hmeewm )
X*Y:inXi—FZini—i-§inyj[Xi,Xj]:
i i i\j
_ koook o L ki | X
N R W P
k 0,J
[loaTomy

JleBnlil ciBUr L,(x) = ax 3amucbiBaeTcs B TAKOM CJydyae B BHIE
K ko ok L ki
[Lo(z)]" =a" 4+ +§Zcijax (1)
]

a— (a',...,a"), x— (' ..., 2").

Bunuwm, uto JseBble caBurd 3anatworcs apduHHbIMU npeodpazoBanusMu (1). Caemo-
BaTeJ/IbHO, HMeeM apPUHHYIO CTPYKTYpy Ha HUJbNOTEHTHOH rpymnmne JIu mara 2.

[Ipsimast w(t), mpoxoasias yepe3 eIUHHUILY €, B KAHOHHUECKUX KOOpAHHATax 1-ro
pola 3ajmaérca Kak
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[ycte Z =Y, a'X; — Hanpas/sOWKH BeKTOP AaHHOH mpsimoii. Mimeem
1
w(tl)w(tQ) = (tlZ) * (tQZ) = tlZ + th + 5[7512, tQZ] = (tl + tQ)Z == w(t1 + tg).

ITO rOBOPUT O TOM, YTO NpsMas sBJseTCs OfHoMapaMmeTpuieckod noarpynmoi. [o
NpeasoKeHHo 1 BepHO U oOpaTHoe, T.e. OAHONapaMeTpUyecKHe MOATPYIIbl SBJSIOT-
CSl IPSIMBIMH.

2. I'pynna TI'eiizen6epra G;ll.
Anre6pa Jlu gsll rpynnsl [eiizenbepra 3agaércss KOMMYTallMOHHBIMH COOTHOIIIE-
HUSIMU:

Hmeem
Vg =gsll, b'lg={Xi},

b*g = [gsIL, b'g] = {[ X1, X4], [ X5, X1], [X5, X1]} = {0}

CaenoBatesibHO, anrebpa [efizeHbepra siBjaseTcss HUAbNOTEHTHOH 1iara 2. [Tockosb-
Ky B KaHOHHYeCKHMX KOOpAMHaTax l-ro poxa

[Lo()]' = (zy)' = 2" + 4" + 1(l’zy3 — 2°y7),

2
Low)]” = (29)° = 2> + 4" ®
La(w))* =

y
y (zy)® = 2® + y°,

To umMeeM Ha G3ll neBorHBapUaHTHYIO ahPUHHYIO CTPYKTYPY.
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ONPEIEJEHHUE YCTOUYHUBOCTU COCTOIHUA
PABHOBECHUA CUCTEMbI YIIPABJIEHUA
JUHAMHUYECKHUM OBBEKTOM HA OCHOBE
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Hucrutyt marematuku um. C.JI. Co6osnea CO PAH

AHHoTauua. B pa6ore mnpenJsio’keHbl reoMeTpUUECKHE METONbl OTpefesieHHs
YCTOHYUBOCTU COCTOSIHHSI PABHOBECHS NWHAMUUYECKHX CHCTEM B KPUTHUYECKHX
Toukax. MeToJ pacrnpocTpaHEH Ha CUCTEMBbl yIPABJEHUS THUHAMHUYECKHMHU 00b-
eKTaMH, 3aJaBaeMble CHUCTEMOH AH(QepeHLHANbHBIX ypaBHEHWH MepBOro Io-
psnka. PopMUpoBaHHe YNPABJASIONINX BO3AEHCTBUS CUCTEMBl YIPaBJEHHUS MPH-
BOIUT K M3MEeHEHUIO0 FeOMEeTPUUECKUX XAPAKTEPUCTHUK CUCTEMbI, UTO M03BOJIsET
MEPEeBOIUTh CUCTEMY M3 COCTOSIHUSI HEYCTOMUHMBOTO PAaBHOBECHS B COCTOSTHHE
ycToH4mnBOro paBHoBecHst. COCTOSTHHE YCTOHUNBOCTH PaBHOBECHS OTPeNesiseTcs
MeTOJIOM ONpefeseHUs HWHAEKCOB HEBBIPOXKIEHHOH KPUTHUECKOH TOUKH (PYHK-
uuu Mopca, B KauecTBe KOTOPOH HCMOJb3YyeTCs MOTeHUHanbHass (PYHKUHUS OU-
HaMHUUYeCKOH CHCTEeMBbI.

KuaroueBbie cioBa: cucTeMa yrpaB/eHHs] AHHAMHUECKHM OOBEKTOM, YCTOHUH-
BOCTb COCTOSIHHSI PABHOBeCHsl AWHAaMHUeCKoH cucrteMbl, (pyHKuus Mopca, ome-
paTop roMOToNuH, TeopeMa fkobu.

1. Beenenune

Jns onpenesneHUsi YCTOHUHMBOCTH COCTOSIHUSI PaBHOBECUS] JHMHAMHUYECKHUX CH-
CTeM B KPUTHUECKHUX TOUKAX HUCIOJb3YIOTCS reOMeTpUYeCKHe MEeTOMbl UCC/IeJOBAHHUS
[1,3,6]. B paGoTe npuBoautcsi MeTon (hOPMHUPOBAHUS TAKOTO METPHUUECKOTO TeH30-
pa fkobOu n/1s KOHCEpPBAaTUBHOM AMHAMMYECKOH CHUCTEMBI, UTO YPaBHEHUS ABHUKEHHS
IUHAMHUUYECKOH CUCTeMbl COBNAJAIOT C YPABHEHUAMHU AJS [e0le3UUeCKUX TPAeKTOPUH
B PUMaHOBOM IIPOCTPAHCTBE C 3TUM TE€H30POM.

Merton pacrnpocTpaHéH Ha CUCTeMbl yIpaBJ/eHHS NHHAMHYeCKHMH O0BbeKTaMH,
3aJaBaeMble cUCcTeMOH nuddepeHIIMaNbHbIX YpaBHEeHUH nepBoro nopsinka. [Ipu atom
(hopMHUpOBaHHE YNPABJAKILAX BO3LEHCTBUA NPUBOAUT K HU3MEHEHHUIO reoMeTpuye-
CKHUX XapaKTepUCTHK CHCTEMBI, YTO MO3BOJISIET I€PEBOAUTb CHCTEMY M3 COCTOSIHHUS
HeyCTOMYUBOrO PaBHOBECHSI B COCTOSIHUE YCTOMUYMBOIO PaBHOBECHS.

CocTosiHHe HEYCTOHUHBOro (YCTOMYMBOTO) PABHOBECHSI OINpeNeJsieTCsi MeTOIOM
onpenesieHUs] UHIEKCOB HEBBIPOXKIEHHOH KpUTHUeCKOH TOuku (pyHkuuu Mopca, B
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KayecTBe KOTOPOHM HCIOJ/b3yeTcsl MOTeHLHa/lbHasg (PyHKLHUS NMHAMHYECKOH CHCTe-
Mbl [4]. B cay4ae cucTembl ynpaBjeHHs] JUHAMMYeCKHM OOBEKTOM I0Ka3aHO, UTO
MHIeKChl (DyHKUHMH Mopca MOryT ObITb NPUBENEHBl K 3HAaYeHHUSIM, COOTBETCTBYIOLIUM
COCTOSIHHIO YCTOHUHMBOTO PaBHOBECHS] AHMHAMHUECKOHW CHUCTEMBI.

[TorenunanbHas pyHKLMS IMHAMHUYECKOH CUCTEMbl C YYETOM CUTHAJIOB CHCTEMBI
yIpaBJ/eHust (OPMUPYeTCsi METOLOM MOCTPOEHHs orepaTtopa romoronuu [2,7,8].

2. HccaenoBaHue COCTOSIHUS pPaBHOBeCHS KOHCEpPBATHUBHOM
AUHAMUYECKON CUCTEMBbI

I/ISBQCTHO, YTO YpaBHEHHsA NBHUKEHHUA ILI/IHaMI/ILIeCKOIjI CHUCTEMBI MOTYT OBLITH II0-

JIydeHBl C HCIMOJIb30BaHHEM BapHalMoHHOTO ucuucyeHus [3]. CornacHo MpUHIHUIY

HauMeHbIlero AeHUCTBUS [aMUJIbTOHA NBHMIXKEHHUS CHUCTEMbl ONpele/sIoTCs TPAeKTo-
pUsAMH B (pa30BOM IPOCTPAHCTBE, YAOBJ/ETBOPAIOLIUMH YCJIOBHIO:

t1

s [Laad—o 1)

to

rjle ¢ — KOOPAMHATE CUCTEMbI B KOH(UTIyPaLlMOHHOM MPOCTPaHCTBe Q: q € () € R™.
PaccmoTpuM sarpaHxuas B (opMme:

1 i .
L:éaij(q)qu—V(q);z,j:1,...,n, (2)
rie a;; (q) — TeH30p, ONpeleNsIOMHMA «KMHETHUECKYIO» SHEPruio sa;; (q) ¢ ¢,

V (q) — moTteHuHanbHast QYHKLHKS JarpaHKuaHa.

BosmoxkHO s Takoe KOH(OpPMHOe NpeoGpa3oBaHHe TeH30pa a;; (q), 4TO HO-
BBIF T€H30p yuHTbIBas Obl moTeHIuan V (q)? OTBeT Ha 3TOT BOMpoC AaéT Teopema
Akobu [6].

Teopema 1 (S1kobu). [Jas KorcepsamusHot OurHamuueckol cucmemol ¢ NOAHOL
aHepeueti E u aacpanscuarnom (2) moxucHo Hailmu KoHgopmHoe omobpascerue
MEmpuU1ecKkoco men3opa:

9ij (a) = exp (¢ (q)) - aij, (3)

ede pynkyus ¢ (q) =In[2(EF —V (q))] makas, umo eeodesuueckue 8 pumaro8om
npocmpancmee ¢ MempuuecKum meH3opom g;; — ecmov mpaeKkmopuu Ouxamuue-
cKou cucmembt.

B npunoxenuu | nokasaHo, 4To MOXXHO C()OPMHUPOBATb MeTPUUECKUH TEH30D:
g = (gz'j) y Gij (Q) =2 [E -V (Q)] Q5 (Q) (4)

pY Ha/JWuMK (DYHKIHOHAJBHOM 3aBHUCHMOCTH TeH30pa a;; = a;; (q). Takum obpa-
30M, YUYE€T MOTEHIMaNbHOH SHEPIHH MOXKeT OBIThb peasM30BaH KOH(DOPMHBIM Mpeos-
pas3oBaHHEM MeTpuyecKoro TeHsopa. [Ipu 3Tom, Mcnonb3ys NPUHUMI HAaWMEHbLIEro
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IeHCTBUS FaMI/IJIbTOHa, [I0JIY4UM YpaBHEHUA OBUKEHUSA JIUHAMHUUeCKOH CHCTeMBl B

BUJIE:
) m m J 2j -k ik _
+a — — = +a"— =0. 5

[loctaBuMm 3amauy HaxoxaeHUs] TakoW QpyHKUMHK JlarpaHka /5 KOHCEPBATHBHON
OVUHAMHAYECKOH CHCTeMBbl, Olpefe/sieMold cUcTeMOd AU(depeHLHa bHbIX YPaBHEHUH
nepeoro nopsiika: q = f(q);q € R*;f(-) € R* , uro ara cucrema nuddepeH-
IMaJbHbIX ypaBHEHUH TNPUBOOMUTCS K IMHAMHUYECKHM YpaBHEHHsSIM B Qopme (D).
Coopmupyem cuctemy anddepeHLNaNbHBIX yPaBHEHUH BTOPOro Topsitka audde-
pPEeHLMPOBaHUEM (] N0 BPEeMEHH:

q= |8 @)pq| £(a) = F(a) = O (WD), (6)

TaK KaK CHCTeMa KOHCepBaTHBHasl, B mpaBoi yacTh (10) mpucyTCTBYeT TOJBKO MO-
TeHUHUaJbHBIH BekTop [D]. Haiiném ckassipHylo moteHuuasnbHywo ¢yHkuuwo V (q)
(dopMHUpoBaHHeM orepatopa romotonuu [7-9]:

1

T
Vi) =~ [a'F () dr (7
0
[TycTb 3amaHa cuctema c JarpaHxkuaHoMm (2); Toyka qo € () — eCTb TOYKa pas-
% _ " .
HOBeCHSsI JlarpaHxKHaHa, ecau [3] : 3 (qo) = 0. Touka qq siBJsIETCS TOUKOH YCTOM-
UMBOTO PAaBHOBECHS, €CJU (y — JOKaJbHbIH MaKCUMyM IMOTEHLHAJNbHOH (PYHKIHUU
V ¥ UHIEKC HEeBBIPOXKIEHHOM KPUTHUECKOHW TOUKHM (PyHKUMH V', paccMaTpUBaeMOH
B KadecTBe ¢yHKuuu Mopca, ind (Hy (qo)) = 0 ; ecan ind (Hy (qo)) > 0, To qo
SIBJIsIeTCS TOUKOU HeyCTOHUMBOro paBHoBecus (cM. [Ipunoxenue 2).
[Tpumep 1: PaccMoTpuM nHHaMHUYECKyIO CUCTEMY:

1 = Wqo;
G2 = Wq;.

[Tpumenss nuddepeHLrpoBaHUE 110 BPEMEHH, TONYUHM:

G1 = w2Q1 = —8V/6q1;
Go = wiqp = =0V [0gs.

Haiiném ckansipHyto noTeHUHUa bHYI0 (PYHKIHUIO (OPMHPOBAHHEM OIepaTopa TOMO-
. .2 2 _ 2 5 .
tonuu [7-9]: V (q1,q2) = w® (—q7 — ¢5). MeTpudeckunii TeH3op SIkoO6H MMeeT BUI:

9i; (a) = 2[E 4+ w? (¢ + 43)] 0ij;
ds? =2 [E + w? (¢} + ¢3)] (dg} + dg3) .

(9)

YpaBHeHust nBukKeHHsT (8) cooTBeTCTBYHOT cooTHoueHusiM (5). [loTeHuuanbHas
¢yukuus V (qi, q2), paccMaTpuBaeMasi B KauecTBe (pyHKUHH Mopca, UMeeT HHIEKC
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HEBBIPOXKIEHHOH KpuTHueckKod Toukd ind (Hy (qg)) = —2, TO eCTb CHCTEMa Haxo-
JUTCS] B HEYCTOHUMBOM COCTOSIHHM paBHOBecHsl. [

[lokaxem, uTo ¢opMHpoBaHHE YMPABJASAIOUIUMX BO3AEHUCTBUA Ha [OHHaAMUUe-
CKYI0 CHCTEMY IPHBOIUT K KOH(GOPMHOMY OTOOpaKeHHIO METPHUECKOTO TeH30pa

Jij (Q> = 6¢(q)gij (Q)

3. HccnenmoBaHue COCTOSIHMSI PABHOBECHUS CHCTEMbI
yhnpaBjieHUs HeJUHEHHbIM JUHAMUYECKUM O0bEKTOM

PaccmoTpuM cucTeMy yrpaB/eHHs TJIAAKOH HEJMHEHHOH IMHAMHUYECKOH CH-
CTeMOH ¢ 0OpaTHOH CBSI3bI0 MO COCTOSIHHMIO, 3afaHHYI0 KaHOHHUECKHMH COOT-
HoweHussMu: q = f(q,u), rne q € RN® — BeKTOp COCTOSHHS CHUCTEMBI;
u € RN — BeKTOp YNPaBJASUMX CHUCHAJOB CHUCTEMbI, MaTpuuHasi (QyHKIHs
£, ) {f ()| R x R™ — R}, [LuddepeHunpys KaHOHHUECKHE COOTHOLIEHHUS, IO~
JIYUUM:

4= [&f (q)/aq] fla)+ [af (q)/au} a=Vul(a)y, (10)

Ecau cyuiecTByeT (hyHKIMOHATbHAS 3aBUCHMOCTb u = u (q), TO:

i = |00 (yg| (@) + [P0y | (0 @ypy) a =P (@) = Vul@yyg, (1)

rae MoTeHLHUabHY0 (QYHKUHIO V, (q) MOXKHO MOJYYHTb METOAOM (HDOPMHUPOBAHHS
1

oneparopa romoronuu [7-9]: V, (q) = — [ q"F, (Aq) - d\.
0

[Tpumep 2: PaccmoTpuM yrnpaBieHUe TUHAMUYECKOH CHCTEMOH:

41 = wqa +u1 (q) ; (12)
G2 = wq1 + uz (q) .
[Ipu ynpaBasomux curHanax: u; = +kqo; us = —kqy , U3 (12) moayuum:
G = (W2 - kz) q = —0V /Oq; (13)
(jg = (w2 — k?2) Q2 = —8V/8qQ

[Tpu orcytctBuu ympaBjeHus (k = 0) meTpuueckuil TeHzop HkoOH HUMeeT BHI
(9); npu hopMHUpOBAaHUH YTIPABJSIOUIMX CUTHAJMOB U, Uy METPUUECKUH TeH30p HKoOu
UMeeT BU/L:

Gij (a) = 2[E + (W — k) (¢ + ¢3)] 05
ds® = 2[E + (w* — k?) (¢ + 3)] (dg; + dg3),

TO €CTb MeTPUYeCKHH TeH30p §;; (q) MoxeT OBITb IOJAyuYeH H3 MeTpHue-
cKoro TeH3opa g;; (q) KOH(MOPMHBIM oToGpaxenneMm §i; (q) = e?@g;; (q), rae
¢ (q) = In[-2k” (¢f + 3)].

YpaBHenust nBukeHHs1 (13) COOTBETCTBYIOT COOTHOILIEHHIO (D) MPU MOTEHLIHAb-
HOU (DYHKLHH:

(14)

Vg, ) = (W2 - kQ) (—Q% - Qg) . (15)
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[TorenuunanbHas ¢pynkuus (15), paccmaTtpuBaemas B KauecTBe (pyHKIMM Mopca,
MMeeT UHIEKC HeBbIPOXKIEHHOW KPUTHUYECKOH TOUKH:

0; if k? > w?
ind (H = 7 7
(Hy (0)) =2; if k? < w?

U A7 obecrevyeHnst YCTOMYHMBOCTH COCTOSIHUSI PABHOBECHS HEOOXOAMMO BBIMOJHHTh
TpeboBaHue: k > w > 0. [J

4. PopmupoBaHHNe COCTOSHUSA YCTOMUYMBOrO paBHOBeCHUS
JIMHEMHOUN CHCTeMbl yIpaBJeHUs

PaccMoTpuM JMHelHYI0 cucTeMy yIpaBJ/eHHs ¢ 00paTHOH CBSI3bIO M0 COCTOSIHHUIO,
3a/1aHHYI0 KAHOHWYeCKHMH COOTHOLIEHHUSIMHU:

x = Ax + Bu;u = —Kx, (16)

rie x € R™ — BEKTOp COCTOSHUS CHUCTEMBI; U € R"™ — BEKTOp YNpPaBJSIOLUINX
curHanoB cucteme;; A € ™" B € ™™ K € 1™ ". IuddepeHuupys 3TH COOT-
HOLLIEHHS, TIOJYYHUM:

%= (A —-BK)*x. (17)
JLast 3TOH cHCTeMBl METOIOM (POPMHUPOBAHHS OlepaTopa FOMOTOMHH [7-9] MoxHO
HaUTH TaKylO MOTEHIHANbHYIO (YHKIHIO:

1

1
Vi(x)=— /XT (A —BK)’\x - d\ = —§XT (A — BK)’x, (18)
0
uto cooTHoteHHe (13) MoxkeT GBITH TMepenucaHo B BHIE: X = —8V/8X.
JliHaMHUYeCcKHe COOTHOLIEHHSI X = —8V/3X. MOTYT OBbITh MOJyUeHbl U3 ypaBHe-
HUA (D) MpUMeHeHHeM MeTpHuecKoro TeHsopa fkoou:
9ij (X) = [2E + XT (A — :BI()2 X} 51] (19)
Vicriosib3oBaHue moTeHuHa bHoi dyHKun V (x) = —3x’ (A — BK)’x B Kaue-

cTBe (pyHKUMM Mopca no3BossieT onpenesuTb AOCTAaTOUYHbIE YCJIOBHS YCTOHYUBOCTH
. . 2

COCTOSIHHSI PABHOBECHS JIMHEHHON CUCTeMbl ynpaBJjeHus: ind (XT (A — BK) X) = 0.

[Tpumep 3: PaccmoTpuMm JMHEHHYIO CHCTeMy yIpaBJjeHHs C MaTpUllaMU:

0 1 10 0
A= B = c K= . Torpa nmpu k& < 1 cucrema
10 0 1 —k
HAXONUTCSI B HEYCTOHUYMBOM COCTOSIHWHM paBHOBecHsi; Hampumep, npu k = 0 B
KPUTHUECKOH Touke xo = 0: 2V (x) = —x7 — z2; ind (Hy (x¢)) = —2. Torma mpu

k > 0 cucreMa HaxOIWUTCS B YCTOHMYMBOM COCTOSIHUM PaBHOBECHSI, HAlpUMep, MpU
k = 2 B KpuTHYecko#l Touke xg = 0: 2V (x) = 32% + 322, ind (Hy (x0)) = 0. [lpu
u3MeHeHUH mnapametrpa k or 0 mo 2 merpuyeckuil TeH3op fHKoOU H3MeHsieTCsl OT
gii (x) = 2E + 23 + 23], 10 gi; (x) = [2E — 3x% — 323]; i = 1,2, ¥ MHIEKC KPUTHUe-
cko#t Toukd ind (Hy (x¢)) ot —2 mo 0. O
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5. 3akamuenue

PaccMoTpeH mMeTon onpeneseHHs yCTOUUUBOCTH COCTOSIHUS PABHOBECHUS] IMHAMMU-
YeCKHX CHUCTEM B KPUTHYECKHX TOYKAX Ha OCHOBe MCIIOJb30BAHHS TeOMeTPHUUECKHUX
MeTonOB HccsaenoBaHus. [IpuBoputcss MeTon (OPMHUPOBAHHS TAKOTO MeETPHUYECKO-
ro TeHsopa fkobu AJs KOHCEPBATUBHOW NHHAMHUYECKOW CHCTEMBl, YTO YypPaBHEHUS
NBUXKEHUS NHUHAMUUeCKOW CUCTEMbl COBMNANAIOT C YPAaBHEHUSMH [JIl Te0le3NYECKUX
TPaeKTOPUH B PUMAaHOBOM IIPOCTPAHCTBE C 3THUM TeH30poM. MeTox pacmpoctpa-
HEH Ha CHUCTeMbl yIpaBJ/eHHS AMHAMMYECKMMH 0ObeKTaMH, 3aJaBaeMble CHCTEMOH
nuddepeHINaNbHBIX ypaBHEHUH mMepBoro nopsinka. PopmupoBaHue yMpaB/IsSIOLINX
BO3JEHUCTBUS TNPUBOAUT K HM3MEHEHHIO TeOMeTPUYECKUX XapaKTePUCTHUK CHUCTEMBHI,
4TO TO3BOJISIET TEePEeBOAUTb CUCTEMY H3 COCTOSIHUSI HEeyCTOWYHMBOIO PaBHOBECHS B
COCTOSIHHUE YCTOWYMBOTO PaBHOBECHS.

CocTosiHMe YCTOHUHMBOTO PaBHOBECHUS] TUHAMHUYECKOH CHCTEMBl OTpefiesieTcs Me-
TOOM OIpefieJIeHUs] UHIEKCOB HEeBBIPOXKAEHHON KPUTHUECKOH TOUKH QyHKUHUH Mop-
ca, B KayecTBe KOTOPOH MCNOJb3yeTCs NMOTeHLHa bHAA PYHKUUS TUHAMHUYECKOH CH-
cTeMbl. B ciydae cucteMmbl yrnpaBiaeHUsI IMHAMUUECKUM OOBEKTOM HHAEKCH (DYHK-
uuu Mopca MoOryT ObITh NpHUBeNEHbl K 3HaYeHWUSIM, COOTBETCTBYIOILHM COCTOSIHHUIO
YCTOUUHUBOTO PAaBHOBECHUS NUHAMUYECKOM CHCTEMBI.

IIpunoxenue 1. BoiBoa ypaBHeHUs IBUIKEHUS
JUHAMHUYECKOW CHUCTEMBI

[TokaxeMm, 4YTo MOXHO C(OPMHPOBATb MeTpHYECKMH TeH30p g = (g;;) Ta-
KOH, 4YTO Yy4YéT MOTeHUHaJbHOH 3HEPruHh MoxKeT ObITb peasii30BaH KOH(OPM-
HBbIM NpeoOpa3zoBaHUEM MeTPHYEeCKOro TeH30pa MpPH HaJWYUHU (PYHKIUOHAJbHOU 3a-
BUCHMOCTH TeH30pa a;; = a;; (q). Mcrmosmb3ys NpHHLMI HaWMeHbIIEro AeHCTBHUS
[amMunbTOHA, MOJNYyUYUM YypaBHEHUS] [ABHXKEHHS JHHAMHUYECKOH CHUCTEMbI, HCXO-
15 W3 3HAHUA MeTpPUUecKoro TeH3opa g. PaccMoTpuM KOHCepBaTHUBHYIO [HHa-
MHUYeCKyI0 CHcTeMy ¢ JarpamxkuaHoM: L = ia;(q)¢'¢’ —V (q) =T (q,q) — V (q)
U HHTErpajoM [BHUXKEHUS — ToJHOH »3Heprueit: E=T+V. B stom cay-
Yae TaMWJbTOHOB BapUaLMOHHBIM TPUHLHMI CBOAMUTCS K MPUHIUIY HaUMeHb-

to
wero pedcteus Monepriou: 5f2Tdt =0, Tak kak L =27 — FE. Penapamer-
t1

pusyem Bpems ¢t =1t (7) Tak, 4tobel [6]: a; (q) <8qi/a7_) <8qk/a7_) =1, oTKy-
to t1 T1

pa: dr = +/2W (q)dt, u: § [ (2T)dt =6 [ ay (q) ¢*¢"dt = 6 [ \/2W (q)dT = 0, rae
to 70

t1
BenuunHa W (q) = F —V (q) npuHHMaeT Te »Xe 3HAUeHHUs, 4TO M KHHeTHUe-

ckasi 9sHepruss 1, HO He COHEpPXUT CKOpPOCTed B CBOEM BblpakeHuu. [lox-

craasis dr = /2W (q)dt = \/aydg'dg® B Bapmaumwo § [ /2W (q)dr, nonyuum
70

BbIpaxK€HHUEe, KOTOpO€ HE€ 3aBHUCUT OT BpPEeMEHH I[apaMeTpu3alluu TpaeKTOpI/IIjII

qi
6 [ \/2W (q) axdg'dg® = 0, rie WHTErpupoBaHHMe MPOBOAWTCS MO KPUBOH, COENH-
q0
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HslOllel JBe (UKCHUPOBAHHBIE KOHEUHble TOYKH: (g M ;. 1akMM 00pa3oM, IBH-
XKeHHs!, MoJyueHHble W3 TpUHUMNA [aMHIbTOHA, YIOBNETBOPSIOT BapHALlUOHHOMY
yeaosuo 0 =4 [ (2T)dt =6 [ \/gij¢'¢?dt = 6 [ ds. PaccmotpuMm cucteMy ¢ MeT-
pudeckuM TeH3opoM fAko6u: ¢;;(q) = 2W (q)a;; (q), KOTOpEIE fBJSETCS KOH-
(opMHBIM OTOOpaKEHHEM METPUUECKOr0 TeH30pa a;; () U 3MeMEeHTOM NJHMHBI LYTH
ds* = gijdq'dq’ = 2W a;;¢'¢'dt* = 4W?dt?, cneposaresbHo, ds = 2Wdt.

KpuBass 7 : R — M HasbiBaeTcsi Teofe3WUeCcKOi, €cJd BEKTOpPHOE TOJIe,
ompefesisieMOe KacaTesNbHBIM BEKTOPOM g, [apajjieJbHO CaMOH KpPHUBOH, TO
ectb [1, 3]: V4% =0, rme V,, KoBapuaHTHas MPOM3BOAHAS AaCCOLHUUpYe-
Masi C ¢;;. B JIOKaJbHBIX KOOpAMHATaX YpaBHEHHe Teofe3WuecKod KpuBoH [I,

dQQi/d82+F§kdqj/deqk/d8:O, rie Iy — koapduuuents Kpucroddens:
iy = 5™ (%9mlpgs + O9mfpgx —O9ifpm) +(97) = (g) ™. C yserom werpuree-

cKoro Tenszopa IKo6u gy (q) = 2W (q) ap (q) , u: 2k = 21y %4k _9q,, OV 57 » IOy UHM:

Oq’ oqJ
¢ d d'\ 1 e oV
A2 ds \ds ) aws \? a:qq
- dg? dg* 1 . Oagm, 10aj,\ .. g 1 oV 1 0V
re L7 m mo_ J kY
*ds ds  aw2 < d¢f  20¢m AW g a7 e ag"

¥ TUHAaMUYeCKHe YpaBHEHHS MOTYT ObITh MpeacTaBJeHbl B Bume (cM. (D)):

; Oakm 1 aajk ik ik ov
7 m n_ R — .
q +a <an 2 9™ qq +a OgF

Ilpunoxkenue 2. @Pyukuusa Mopca [4]

[Iyctb M — m-MmHoroo6pasue u f: M — R — raagkas QyHK-
uus, onpenenénHas Ha M. Touka qg sABJAAeTCH KPUTHUECKOH  TOUKOM
f, ecan of (qO)/aqi =0;Vi=1,...,n, 1O OTHOWEHUIO K JOKaJbHOH CH-
creme koopauHatr (CK — q,... ,qn) B OKPecTHOCTH (g. Martpuua

Hy (qo) = (8 f/aqlgq (q0)> e RV, j = .,n — reccuaH (QYHKUMH f B
KPUTHUECKOH TOuKe ¢o. KpuTHyeckas Touka sBJsieTCS HEBBIPOXKAEHHOH, eC/H
det [Hf (qo)] # 0; pyukuusa f : M — R sasasercsa ¢yHxkuneir Mopca, ecnu no6as
KpUTHUECKasi Touka HeBbIpoxkIeHa. MoxkHO BbIOpaTh Takyw JokajdbHyio CK B
OKPECTHOCTH HEBBIPOXKIEHHOU ¢, uTo mpencrasieHue f B stod CK Oymer umers
BUL: f=—¢f — - — @3+ ¢34+ -+ ¢4+ f(Qo), TOe o COOTBETCTBYeT Hauay
KoopauHat. MHaekc HeBBIpOXKIEHHOH KpuTHueckod Toukd ind (H (qp)) = A paBeH
YHC/y OTPHIATEeNbHBIX JHArOHaJbHBIX 3/1€MEHTOB reccuana Hj (qg) mocse auaro-
Ha/au3auuu. BekTopHoe mose X Ha KOOpAMHATHOH okpecTHOCTH U MHoroo6pasus

M onucbiBaercs: popmysnon X = fla/@ql +--- +§na/3qn, rae &y, ..., &y — (QYHKUHUH,
onpenenénnsle B CK U. Ilpu BbiGOpe §; = af/a%;i = 1,...,n nmony4uMm rpanu-

eHTHOe BEeKTOpHOoe moJjie (PyHKUMH f: X; = (af/c?ql) a/f)ql + et (af/aqn> 5/8%,
I'panuenTHoe BekTopHOe mose (GYHKUMHM Mopca B TOYKe  # ¢y HMMeeT BHI:
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Xy = —2(]16%1 - = 2(])\% + 2¢x+1
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Abstract. The paper introduces geometric methods for determining stability of the
equilibrium state of dynamical systems at the critical points. The methods are ex-
tended on dynamic object control systems described by a system of differential equa-
tions of the first order. Conditioning of control signals for the control system changes
the geometric characteristics of the system, and it allows to transfer the system
from a state of unstable equilibrium to a state of stable equilibrium. Stability of the
equilibrium is determined by finding the indices of a non-degenerate critical point of
the Morse function that is, in our case, the potential function of the dynamic system.

Keywords: control system of dynamic object, stability of equilibrium state of dynamic
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Abstract. [t is known that a consistent description of point-wise particles
requires that we add extra physical dimensions to the usual four dimensions
of space-time. The need for such dimensions is based on not-very-intuitive
complex mathematics. It is therefore desirable to try to come up with a
simpler geometric explanation for this phenomenon. In this paper, we provide
a simple geometric explanation of why extra physical dimensions are needed.
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1. Need for Extra Physical Dimensions: Reminder

Problems with the usual 4-dimensional space-time models. In relativistic
physics, elementary particles are points in space; see, e.g., [1]. Point-wise charac-
ter of elementary particles makes many physical quantities infinite. For example,
the energy density p(z) of the electric field E(z) is known to be proportional to

|E(x)|2, and the electric field of a point-wise particle decreases with the distance
= 1

r to the particle according to the Coulomb law |E(x)| ~ 3 Thus, the energy

density p(x) is proportional to |E(z)|? ~ —.

The overall energy is equal to the integral [ p(z)dz and is, thus, proportional

1
to the integral [ — dx. In polar coordinates, after integrating over angular coordi-
r

o2 > 1
I:/ W4T dr:27r-/ —zdr.
0 r o T

This integral is equal to

nates, we get

Similar physically meaningless infinities appear when we compute other quantities
related to a point particle [1].
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Comment. The above computations use a non-quantum approximation, but similar
infinities appear when we take into account quantum effects as well.

Current solution. It turns out that infinities can be avoided if we assume that the
space-time has extra dimensions beyond the four usual ones. For example, string
theory shows that we can get a consistent physical theory if we assume that the
space-time is 10-dimensional; see, e.g., [4].

Remaining challenge. A problem with this solution is that it is heavily mathe-
matical, there is no simple intuitive geometric explanation of why extra dimensions
are needed.

Comment. 1t should be mentioned that:

e while there is no clear geometric explanation of why extra dimensions are
needed,

e there are simple geometric explanations of why namely 10 is a good dimen-
sion; see, e.g., [5].

What we do in this paper. In this paper, we provide a possible geometric
explanation of why extra space-time dimensions are needed.

2. Analysis of the Problem and the Resulting Explanation
of Extra Physical Dimension(s)
Natural idea: discrete space-time. The infinities are caused by integration

to r = 0. Thus, one possible way to avoid infinities is to assume that spatial
coordinates — and other quantities — are discrete. This idea is ubiquitous in physics

[1]:

e an electric charge cannot take any possible value, it must be proportional to
some constant;

e quantum physics started with Planck’s hypothesis that energy of light of a
given wavelength cannot take any possible value, it must be proportional to
some constant (dependent on this frequency), etc.

Resulting description of space-time. Let us apply the discreteness idea to vari-
ables that describe space-time geometry, namely,

e to the space-time coordinates x4, ..., z,, and

e to the components g;; of the metric tensor that describes the proper time
s(x,z’) between two points z = (z1,...,2,) and &’ = (z},..., ) as follows:

n

S, 2) =D gy (@ —af) - (¢ — ). (1)

i=1 j=1
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For space-time coordinates, discreteness means that all the coordinates must
be integer multiples of some fixed quantum ¢,, i.e., that for every point = and for
each coordinate 7, we must have z; = X, - ¢, for some integer X;. Similarly, for
the components of the metric tensor g;;, discreteness means that there exists some
fixed quantum ¢, for which, for each component g;;, we have g;; = G;; - q, for some
integer Gi;.

Under these two discreteness assumptions, the formula (1) that describes the
square s?(x, 2') of the proper time between the points z = (X - ¢, ..., X, - ¢) and
= (X! ¢ ..., X} q.) takes the form

s*(z,2') = SA(X, X') - ¢ - g, (2)
where we denoted
/ def u = /! /
S?(X, X)) = ZZGij'<Xi_Xi)'<XJ_Xj)' (3)
i=1 j=1

Empirical fact: there are light-like particles. It is a known physical fact that:

e in addition to usual particles like electrons and protons that travel with speeds
smaller than the speed of light, and for which, therefore, s*(z,2') > 0 for
every two points x # 2’ on the particle’s trajectory,

e there also exist “light-like” particles like photons that always travel with the
speed of light and for which s(z,2’) = 0 for every two points z # 2’ on the
particle’s trajectory.

In the continuous space-time, the possibility of light-like particles is math-
ematically trivial. In the continuous space-time, when each coordinate z; can
take any real value, it is always possible to find pairs of points x # 2’ for which
s*(z,2’) = 0 — provided, of course, that the matrix g,; is not positive or negative
definite, i.e., provided that:

e there exist pairs (z, ') with s*(z, ') > 0, and

e there exist pairs (x,2') with s*(z,2) < 0.

In discrete space-time, the existence of light-like particles is automatically
guaranteed only if we have extra physical dimensions. In the discrete space-
time model (2)-(3), however, it is not always true that if a quadratic form (3)
with integer coellicients G;; attains both positive and negative values, there exist
integer values X; — X for which this form is equal to 0.

Such a general statement is true if and only if we have at least five variables,
i.e., if and only if n > 5. This result was proven by A. Meyer in 1884 [6] and is
known as Meyer’s Theorem; see, e.g., [1,7,8].
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Resulting explanation. Thus, to make sure that a discrete space-time is always
consistent with the existence of light-like particles, we must assume that the
dimension of space-time is at least five.

This explain the need for at least one extra physical dimension — in addition to
the usual four dimensions of space-time.
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AnHoramus. V3BecTHo, UTO NOC/ef0BaTe/IbHOE OMUCAHWE TOYEUHBIX UacTHUL Tpebyer,
4TOObl Mbl 100aBHJ/IH JONOJHUTEIbHbBIE (DU3HUECKHE Pa3MePHOCTH K OObIYHBIM YeThIPEM
U3MepeHUsIM NPOCTpPaHCTBa-BpeMeHHU. HeobxomumocTh 106aBeHHS TaKUX pasMepHO-
CTel OCHOBAaHA Ha He OUeHb MHTYHTUBHOH CJ0XKHOH MaTeMartuke. [ToaTomy KesatesbHO
npuayMath 6osiee NPOCTble FeoMeTpUYecKHe 00BbIACHEHHS 9TOMy (eHOMeHy. B nanHOH
paboTe Mbl [IpefOCTaBJ/IsIeM IPOCTOE reoMeTpUUYecKoe oObsICHEHHEe TOro, oyeMy AOMOJ-
HUTeJ/bHble (DH3HUeCKHe Pa3MePHOCTH HeOOXOLHUMBI.

KatoueBble cjoBa: [0NOJHUTE/bHbBE (DU3HUECKHE Pa3MEPHOCTH, AHUCKPETHOCTb (U-
3UYECKOTO MpPOCTPAHCTBA-BPeMeHH, reoMeTpuueckoe oObsicHeHHe, TeopeMa Meliepa o

KBaJpaTUYHBIX (hOopMax.
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Abstract. In the general case, complex non-linear partial differential equations
of General Relativity are very hard to solve. Thus, to solve the corresponding
physical problems, usually appropriate approximations are used. The first
approximation to General Relativity is, of course, Newton’s theory of gravita-
tion. Newton’s theory is applicable when the gravitational field is weak and
when all velocities are much smaller than the speed of light. Most existing
approximations allow higher velocities, but still limit us to weak gravitational
fields. In this paper, he consider the possibility of a different approximation,
in which strong fields are allowed but velocities are required to be small. We
derive the corresponding equations and speculate on their possible physical
consequences.
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1. Formulation of the Problem

Need for approximations to General Relativity. Since its discovery in 1915 and
its first experimental confirmation in 1919, General Relativity has been consistently
confirmed by more and more accurate experiments [1,6,10,11]. However, its non-
linear differential equations are very difficult to solve in the general case. As a
result, most observable physical consequences — starting from Einstein’s own —
were obtained by using appropriate approximations to General Relativity.

In many cases, when a new problem appeared which could not be easily solved
by using the existing approximation, a solution was found when a new approxima-
tion was developed. Since General Relativity still has many problems which have
not yet been fully analyzed, a reasonable idea is to come up with new approxi-
mations, with the hope that these approximations will help us to analyze these
problems.

It is desirable to come up with physics-motivated approximations. Some-
times, purely mathematical and/or computational approximation ideas are very
helpful. However, the experience of physicists shows that, in general, physics-
motivated approximation are usually much more successful [1]. From this view-
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point, it is desirable to come up with new physics-motivated approximation to
General Relativity.

Which approximations are known. General Relativity is, in its essence, the
theory of gravitational interactions. From this viewpoint, it is an extension of the
original Newton’s theory of gravitation. In this sense, the Newton’s theory is the
first approximation to General Relativity.

Newton’s theory adequately describes gravitational effects when the following
two conditions are satisfied:

e the gravitational field ¢ is weak and

e all the velocities v are much smaller than the speed of light ¢: v < c.

In the vicinity of the Solar system, the gravitational field is weak, but there are
objects — such a light — which travel with the speed which is equal to the speed
of light. As a result, while the Newtonian theory of gravitation provides a very
accurate description of the movement of celestial bodies, it is not so adequate in
describing the gravitational effects on the objects whose velocities are comparable
with the speed of light. For example, the Newtonian estimate of the Sun’s gravita-
tional effect on the trajectory of light is twice smaller than what General Relativity
predicts, and the observational confirmation of this effect in 1919 was the first of
many successes of this theory.

From this viewpoint, it has been reasonable to look for a next approximation in
which we take into account that the velocities may be comparable with the speed
of light. Such a post-Newtonian approximation was indeed developed. This effort
was started by Einstein himself. This approximation was later supplemented by
taking into account not only terms which are linear in terms of the (weak) gravity

field (as Newton’s theory does), but also terms which are quadratic in terms of
this field [6, 10, 11].

Possibility of an alternative approximation: what we do in this paper. New-
ton’s theory holds under the two above assumptions: that the field is weak and
that the velocities are small. Current approximations largely describe what happens
when we do not make the second assumption, while keeping the first assumption
largely intact.

From the physical viewpoint, it is also natural to try to analyze what will hap-
pen if we do not make the first assumption (about weak fields), while keeping the
second one (that velocities are small) intact. In this paper, we show what approxi-
mation we get when we try to come up with such a small-velocity approximation.

Comment. Some of the results presented in this paper first appeared in the technical
report [8].
2. Analysis of the Problem

To come up with a physics-motivated approximation, let us recall the physics
behind these equations. To come with a physics-motivated approximation, let us
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start not directly with the equations of General Relativity, but first with the physics
behind these equations.

Einstein himself came up with the equations of General Relativity from physical
ideas like equivalence principle, but he used these ideas more as a heuristic, he
did not show how these ideas lead exactly to his equations and not to any other
equations; such derivations only appeared much later (see, e.g., [2,3]).

Historically the first physics-motivated derivation of Einstein’s equation was
obtained by Gupta [4,5] (see also [7]) based on a slightly different idea. Specif-
ically, Gupta used another idea behind General Relativity: that the source of the
gravitational field g;; is the tofal energy density, including both:

e the energy of the other fields, and
e the energy of the gravitational field itsell.

The fact that a gravitational field generated by other bodies and fields itself becomes
a source of gravity explains the highly non-linear character of Einstein’s equations.
This idea is what we will use to come up with our small-velocities approximation.

Comment. It should be mentioned that while this idea can be traced back to
Einstein himself, it was only in 1954, after the first Gupta’s paper, that it was
proven that this idea explains the exact equations of General Relativity.

How to describe a small-velocities approximation: a general reminder. In
General Relativity, gravitation is described by the metric tensor g¢;;, so that the
proper times ds between the space-time points 2% and 2 + dx® has the form ds? =
>3 gij - dat - da?. Here, da® = dt is the difference in time, and dz* = v, - dt for

ig
a=1,2,3, where v, is the a-th component of the velocity v. Thus,

dSdet2' (900+2290a'va+zzgab'Ua'vb) .
a a b

In the small-velocities approximation, when v, < ¢, we can ignore terms propor-
tional to these small velocities, and thus, consider only the goo component of the
gravitational field [1, 10].

So, in this approximation, gravity at each space-time point is described by a
single scalar ggo. In other words, gravity is described by a single scalar field. For
simplicity, let us denote this field by ¢.

A general description of physical fields in a small-velocity approximation is
well known in classical field theory [1,9]. Such theories are usually formulated in
terms of the corresponding minimum action principle S = [ Ldzx — min, where
the corresponding Lagrangian has the form L = L(p, v, -¢.), Where, as usual, ¢,

0
denotes the partial derivative a—(p and it is implicitly assumed that we sum over

a
3

repeated indices, so that, e.g., v, -, means Y v, Y,.

a=1
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In particular, the original Newton’s theory corresponds to the Lagrangian

1
L=k-p-o=5 ¢a Pa

where p is the overall energy density of all the other fields, and £ is the parameter
in the differential equations that describe Newton’s theory:

Vip=—k-p. (1)

Comment. This small-velocity approximation is what is usually called a non-
relativistic approximation in field theory, but we will try to avoid this term, since
its use of the word “relativistic" (meaning here related to Special Relativity) may
be confusing in this text, where relativity means General Relativity.

How to derive equations and energy density from the Lagrangian: a brief
reminder. Minimization principle means that the (variational) derivative off the

L
Lagrangian L with respect to the field ¢ should be equal to O: g— =0. Itis
¥

known [1,9] that this leads to the following partial differential equation:

oL 0 oL
% B 0z, <890,a) =0 @)

The energy density of a field with Lagrangian L is described by the formula

oL
— L4 . 3
pL Teag,. (3)

Now, we are ready to formulate our main idea in precise terms. We want to
describe a field whose source includes both the outside energy density p and the
energy density py of the field itself, i.e., a field for which

Vio=—k-p—k-pr. (4)
Substituting the expression (3) into the formula (4), we get

oL } (5)

Vio=—k-p—k- {—Lﬂo,a— .
0,

So, we are looking for a Lagrangian L for which the f[ield equations (2) are
equivalent to the equation ().
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3. Deriving the Approximate Lagrangian

Let us fix a reasonable class of Lagrangians. To solve our problem, let us
consider the following natural generalization of the above Newtonian Lagrangian,
namely, a Lagrangian of the type

L:a~p-a(gp)—%~b(<ﬂ)‘<ﬂ,a'90,a (6)

for appropriate functions a(¢) and b(y).

What our idea means for a Lagrangian of this type. Substituting the expres-
sion (6) into the field equations (2), we conclude that

1

5 b Do Pat Oa(b - <p,a) =0, (6)

k-d-p—

where o’ and ¥/, as usual, denote the derivatives, and 0, denotes partial derivative
relative to z,.
Diflerentiating the product b - ¢ ,, we get

1
k'a’-P—5'b/'%w,aer’w,a'90,a+b~V290=0, (7)

i.e., equivalently, that

a 1 v
v2¢:_k'3'p+§'3'¢,a'gp,a~ (8)

On the other hand, substituting the expression (6) into the formula (5), we get
1
VQ@:—k-p—k;2-a-p—5-k-b-gp,awp’a—l—k-b-go,awqa,

ie.,
1
v2¢:_k(1_ka)-p+§kb¢7agp,a (9)

The equations (8) and (9) should be equivalent. Thus, comparing the equations
(8) and (9), we conclude that
b/
= k. 1
2 k-b (10)

and
a/

Finding the dependence b(y). The equation (10) has the form

db
dyo

=k-b.
b
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Moving all the terms related to b to one side and all terms related to ¢ to the other
side, we get

db
Integrating both sides, we get
—=k-p+C,
o) .
blp) = ———.
) =—r—7 5

When k£ — 0, we should get the Newtonian Lagrangian, with b = 1. Thus, C = —1,
and the above formula takes the form

(i) = ———. (12)

Finding the dependence a(p). Substituting this expression into the formula (11),
we conclude that

@-(1—k- )=1—-Fk-a

dp b= '
Moving terms containing a and da to one side and terms containing ¢ and dy to
the other side, we conclude that

da  dp
l—k-a 1—k-¢

Multiplying both sides by —k, we get

dl—k-a) d(1—Fk-o)

l—k-a  1—k-¢ '

so integration leads to
In(l—k-a)=In(1 —k-¢) +c,
ie., to
l—k-a=C-(1—k-¢).
When k£ — 0, we should get the Newtonian term a(p) = ¢. Thus, we conclude
that C=1. So, 1 —k-a=1—k -y, and thus,

a(p) = ¢. (13)

The resulting Lagrangian. Substituting the expressions (12) and (13) into the
formula (6), we get the following Lagrangian
1 Pa Pa
L=k-p-po——. .=~ "= 14
P T (14)
This is the Lagrangian that we propose as the desired small-velocities approxima-
tion to General Relativity.
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4. Analyzing the Approximate Lagrangian: First Attempts

What we do in this section. Our main objective is to provide the desired
approximation, so that other researchers will analyze this approximation and be
able to use it to solve physical problems.

In this section, we start this analysis by considering the simplest possible case
of an empty-space solution.

Taking into account that most of the Universe is practically empty. It is well
known that, just like most of the Solar system is practically empty — most of the
mass is concentrated in a few practically point-wise celestial bodies — same way
the Universe is mostly practically empty.

In the areas where p = 0, the above Lagrangian has a simplified form

1 Pa - Pa
=__ .t 7 15
2 1—Fk-gp (15)

Deriving the resulting solution. The Lagrangian (15) can be simplified if we find
a function ®(p) for which

1
P'(p) = ————. 16
For this function, the Lagrangian (15) takes the Newtonian form
1
L= 5 O, P, (17)
Integrating the formula (16), we conclude that
2
@(@):—E. 1—k-p+ec (18)

k
When k& — 0, we should have ® ~ ¢. In this limit, we have /1 —k-px1— = -,

2
so (18) takes the form

2 k 2
<I>~—E'(1—§'30)+C——E+g0+c,

2
and the requirement that ® tend to ¢ implies that ¢ = T Thus, that the formula
(18) take the form

@:%-(1— 1—k-¢). (19)

oL
For the Lagrangian (17), the variational equations 5o 0 take the usual
¥

Newtonian form
V2 = 0.
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From Newton’s theory, we know the general solution to this equation:
m.
o=k 20

where m; is the mass of the j-th body and r; is the distance to this body.
From (19), we conclude that

k
1-\1-k-p=--0
2 5 )
hence
1-%- —1—E-®
90_ 2 )
k 2 k2
1— =(1-=-®) =1—-Fk- &4 — - ®*
k-p ( 5 ) k + 1 ,
and thus, y

Conclusion: the resulting solution. The resulting solution has the form (21),
where ® has the form (20), i.e., the form

@szT—j—%(ZT—j) . (22)

J

An unexpected consequence: repulsion replaces attraction when the gravita-
tional field becomes very strong. For a gravitational field generated by a single
body of mass m, this formula takes the form

m k2 m?
=k ————. 2
v r 4 r? (23)
The resulting force is then equal to
dy m  k* m?
F=2"Y_—_}._ 42 . = 24
dr 72 * 2 (24)

k - 1
At a distance r = Tm when the Newtonian field attains a very large value Y the

force (24) turns into 0, an for smaller r (i.e., for stronger fields), the force changes
sign, i.e., gravitation becomes a repulsion force instead of the usual attraction
force.

In physical terms, such a strong field corresponds to a very small-size object of
a dis-proportionally huge mass — an object that, according to General Relativity,
is most probably a black hole [10].
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Texacckuit ynusepcuret B dsib [laco, CIIIA

AnHoTammsa. B o6uiem ciydae, MosyddTh pellleHHe CJA0XKHBIX HeJUHEHHBIX nU(depen-
L[MaJIbHBIX YPaBHEHUH OOILIEH TEOPHH OTHOCHTEJNBHOCTH O4YeHb TpynaHo. IloaTomy mus
pellleHHs] COOTBETCTBYIOIIMX (hU3HYECKUX NMPO6JIeM 0OBIYHO UCIIOIb3YOTCS MOAXOASIIINE
npubsankeHusi. [lepebiM NpubIKEHHH 00N TEOPUHU OTHOCHTEJNBHOCTH SIBJISIETCS, KO-
HeuHo, Teopust TaroteHusi HoiotoHna. Teopuss HeloToHa mprumeHnMa, Korna rpaBUTaly-
OHHOE TOoJIe SIBJISIeTCS CJabbIM M KOTa BCe CKOPOCTH MHOTO MeHbllle CKOPOCTH CBeTa.
BosbminHeTBO cyliecTByOLNX NpUOMHKEHUH 103BoJseT paboTaTh Ha GoJsiee BBICOKHX
CKOPOCTSIX, HO MO-TIPEXKHEMY OTPaHHYMBAIOT HAC B CJaObIX IPABUTALMOHHBLIX MOJAX. B
JaHHO# paboTe paccMaTpUBAeTCsl BO3MOXKHOCTb IMOJYYEeHHs PA3JMYHBIX allpoOKCHMa-
L[HUH, KOTOpble paspelleHbl B CHUJIbHBIX MOJSIX, HO CKOPOCTH JOJIKHBI ObITh HeGoJblINe.
Mbl BbIBeleM COOTBETCTBYIOLIHE YpaBHEHHS W O0OCYIMM HMX BO3MOXHBIE (pU3HUECKHE
HUHTEPIIPEeTALNH.

KuroueBbie cioBa: o61iasi TeOpusi OTHOCHUTENBHOCTH, Caydad HeOOJBbILIOH CKOPOCTH,
PUOJIHIKEHHE.
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KpacHosipcKUil MHCTUTYT »KeJie3Hof0poXKHOTrO TpaHcnopta — duaunan UPTYIIC,

r. Kpachnosipck, Poccus

AHHOTaUg. AKTya/bHOCTh pellleHus MPOGJeMbl CHUMXKEHHSI YPOBHS 3arpsi3HEHHS aT-
Moccepsl IPOMBILIJIEHHOTO TOPOfia ONpenesieTcs, BO-NepBbIX, Ha3peBllel HeoOXOoUMO-
CTbIO pelllaTb paccMaTpuBaeMylo 3afady — B KpacHosipcke y»kKe BO3SHHK TEPMHUH «PeKHM
yépHoro He6a» KaK XapaKTepHUCTHKa pexxuMa HeOlaronpUsiTHbIX YCJOBHUH, BO-BTOPBIX,
€€ HeJ0CTAaTOYHOU PeLIEHHOCTBIO B HACTOSILIee BPeMsl, B-TPeTbUX, NOTEHLHAJbHON BO3-
MOKHOCTbIO €€ pelleHusi. O6beKTOM Hcc/IefL0BaHUs sBaseTcs aTMocdepa ropona Kpac-
HOSIpCKa, TpeAMeT HCCJEeNOBaHUS — YJIWYHO-IOPOXKHAs CeTb, MPOMBILIJIEHHBIE Mpe-
NPUATHS, 00BEKTbl MH(PACTPYKTYPHl Kese3HONOpOoxKHOro TpaHcnoprta. Llean paborhl
— BbIpaboTKa peKOMeHAaLUMi [J/51 CHUXKeHHs YPOBHSl 3arpsisHeHHs aTMocdeprl ropoia
KpacHosipcka 1 co3gaHue MexaHU3Ma WX peasu3alyu. B cBs3W ¢ nmocTaB/eHHOH Lesbio
BO3HHMKAIOT 33[a4H: OlleHKa yPOBHS BBIOPOCOB TPAHCIIOPTa HA YJWYHO-TOPOKHOU CETH,
NPOMBILIJIEHHBIX NPeAnpusTHil. K MeTomam pellleHHs TOCTaBJeHHBIX 3a4ad OTHOCST-
CSl: CO3[aHHe KCIEPTHOH CHUCTEeMBl, B KOTOPOH oOmpefesieHbl Takue 0a3bl 3HaHWH, Kak
XUMHYeCKHe BellleCTBa U pa3jduHble COeANHEHHS C ONHCaHHeM HX CBOHCTB, XapaKTepH-
CTHKa FOPOACKOH 3aCTPOMKH, YIUYHO-IOPOXKHON CETH, TPAHCIOPTHBIX IOTOKOB, APYTUX
(haKTOpOB; MOCTAHOBKA MaTeMaTH4eCKOH MOJeJsH, OMHUCBIBAIOIIEH 3MHCCHIO BBIOPOCOB
U Tocsenyloliee eé pelleHHe. ABTOpaMH MOJydeH OIUH K3 Pe3yJbTaTOB — BEISICHEHHE

IPUYMH PE3KOr0 YBeJUYeHHUS] 3HaueHHUH BHIOPOCOB.
KunroueBble c/ioBa: JKcrnepTHbE CHCTEMBI, YJIHUHO-A0POXKHAS CeTh, SMHUCCHUS TPaHC-

MOPTHOTO MOTOKA, PEXXHUM YEPHOro H€6a, MaTeMaThu4deCckass MoAeJb MacCCoIllepeHoca.

DxcneptHble cucteMbl (DC) MPUMEHSIOTCS B PA3JIMYHBIX 00JIACTAX Ues0BeYeCKOH
nestesbHOCTH. DC MOryT ObITh pa3padoTaHbl C pacuéToM Ha mpolecc o0ydyeHHs, T.K.
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OHHU yXe COoflep:KaT HeoOXOAHWMBble 3HAHHS U CIOCOOHBI OOBSICHUTDH TPOLECC CBOETO
paccyxpeHusi. Kpome Toro, n10/KHbB ObITb BKJIOUEHBbl 3HAHHUS O METOAAX 00y4eHHs
U BO3MOXKHOM T[OBeleHHH TmoJb3oBatesss. PeasnbHble DC comepKart 60Jblloe
KOJIMUECTBO JIOTIOJHUTENbHBIX OJIOKOB, CMEUU(HUHBIX AJS KaXKAOW IpeaMeTHON
obnactu. [1aBHBIM CTPYKTYypHBIM oTindveM DC OT BCeX IPYruX THIIOB MPOTrpamMm
IB/IsleTCs HaJMyde 0asbl 3HAHWU W, KaK CJEACTBHE, CIOCOOHOCTb K OOyUeHHIO U
camooOyyennto. OHa npeaHasHaueHa [AJisi XpPaHEHUS MCXOAHBIX M IPOMEXKYTOUHBIX
IAHHBIX pellaeMOM B TeKyIIMH MoMeHT 3anmauu. PyHkuuoHaspHas cxema IC
nokasaHa Ha puc. 1

Monwbsosatens

e VlHTeJ'Il'IeKTyaﬂbeIIA s
UHTepdenc
: Cnucrema
; Cncrema Bbnox
JKcneprt &
P : obuieHuna obyueHun o6bAcHeHuA
3
VVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVVV 53 wabop
VVVVVVVVVVVV Wntepnperatop npasmn BbIBOAA
S )
Bnok Bbnok BbiBOAA Cucrema
aHanusa peweHnn € ynpasneHuna b3

Puc. 1. ®yHKuHOHaNbHASA CXeMa SKCIIEPTHOH CUCTEMBI

B pexxume npuoGperenusi 3HaHWH obuieHHe ¢ DC OCyIIeCTBASET IKCIEPT yepes
MOCPEAHNYECTBO HHXKEHepa 3HAHWH. DKCIEPT ONUCBIBAET MPEeIMETHYIO 00/acTb B
BUJle COBOKYMHOCTH JaHHbIX W MpaBuJ. JlaHHble onpenesitoT 06beKThl, UX XapaKTe-
PUCTHKH W 3HAU€HHSsl, CYLIECTBYOLIKe B 00acTh dKcnepTrsbl. [IpaBuna onpenensior
CrocoObl MaHUINYJHPOBAHUS AAHHBIMH, XapaKTepHble NJs NAHHOH NpeaMeTHOH 00-
Jactu. PaccMoTpuM ajieMeHTBl 6a3bl 3HAHHWU 3KCIIEPTHOH CHUCTEMbI KOJOTMYECKOro
MOHHUTOpUHTa BO3AylHOW cpenbl . KpacHosipcka. [Ipoekt «2Kusoit KpacHosipck»
no3BoJisieT HabJI0AaTh OOCTAHOBKY Ha FOPOACKHX JOPOrax Kak B pexKHUMe peajibHoro
BpeMeHM, TaK ¥ B 3anucu (puc.2). Ha caiiTe Bemércs Kpyr/iocyTo4yHasi TpaHCJs-
LIMS C BUJEOKaMep, YCTAHOBJEHHBIX Ha KJIOUEBBIX MarucTpassix U INepeKpécTkax
ropoza. DTO MO3BOJIsSIET OMEPATUBHO ONpeNessTb YJIHIBl C TOBBIILEHHON 3arpy»KeH-
HOCTbIO, KOJIMUECTBEHHBIE OLEHKHW TPAHCIOPTHOTO MOTOKA BO BCEM TOpOIE H, CO-
OTBETCTBEHHO, OLIEHMBATb CTeNeHb 3KOJOrMUECKOro HebJaronoJyyrsi ero paioHOB
(http://live. krsn.ru).

PacnpocTpaHeHne BpelHBIX BellleCTB B TOPOACKOH aTMocepe MpeAcTaB/seT Co-
6ol CJI0XKHYIO 3afady, TaK KaK 3aBUCHT OT OYeHb OOJBLIOTO YHC/Ia MapaMeTpPOB:
MEeTeOpOJIOTHYECKOTO peKUMa, pesbeda, HaMUuHs BOAHBIX OOBEKTOB MU OTKPBITBIX
MPOCTPAHCTB, MJOTHOCTH U XapakTepa 3acTpodkHu U T.n. IIpu pacuére paccerBaHUs
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Puc. 2. Tlpumep TpaHCIOPTHOTO NMOTOKA

BBIOPOCOB OT aBTOTPAHCIOPTAa W OMNpefiesleHUs] KOHLUEHTPALUHWHU TOKCHUYHBIX BeEIleCTB
Ha Pa3JIMYHOM YAAJEeHHH OT IIPOe3Ked YacTH MCIOJ/b3yeTCs MOAeJ]b HOPMaJbHOIO
pacripezesieHus: npumeceil B atmocdepe. [l aBTOMOOU/IbHBIX A0POT, NPeACTAaBJSA0-
IHUX cOOOH NIMHEHHBIH UCTOYHUK BBIOPOCOB, paclpefiesieHHe paccMaTpUBAIOT TOJBKO
B HallpaBJ/IeHUH MepleHAUKY/ISIPHOM ocu aoporu. Ecau BeTep ayeT co ckopocTbio V
MOJ YIVIOM ¢ K OCH TPaccChl, TO BbIpaxkeHHe /i1 ONpelesieHUs KOHLEHTPAaLUH i-T0
BellleCTBa B BO3JyXe OoNpefesseTcs Mo (opmyJe

11
Ci = L + F’
V271V sin ¢

roe 2MiH — MOIIHOCTb 3MHCCHH, I/(M.C); 0 — cTaHIapTHOe OTKJOHeHHe [aycco-
BOrO pacCeMBaHHsl, 3aBUCsLIee OT PACCTOSIHUS OT OCH JAOPOTH, M; V' — CKOpPOCTb
BeTpa, M/c; ¢ — yroJ MexJay HampaBjeHHeM BeTpa M ocbio Tpacchl (mpu ¢ < 30°,
sing = 0,5); F — (oHoBasi KOHLEHTpalUs 3arpssHeHus Bosnyxa, r/m>. JlaHHbie
M0 HaNpaBJEHHIO U CKOPOCTH BeTpa OepyTcsi ¢ METEOCTaHIUH, PACMOJOKEHHOH B
[lenTpanbHoMm patioHe KpacHosipcka. Heob6xonumasi meteoposioruueckasi uHpopma-
L1MS1 [IOCTYyTaeT B pexKMMe peasbHOro BpeMeHHU M JoCTynHa Ha calte KpacHosipckoro
otnenenns Pocrunpomera http://meteo.krasnoyarsk.ru. Ha puc. 3. npen-
CTaBJ/IEHbl METEOPOJIOTHUECKHE MapaMeTphl, 3a(hUKCHPOBaHHbIE BO BpeMsl [IPOBeNeHHs
Ha6J/II0leHUH 32 TPAHCIOPTHBIM MOTOKOM M B3ATHS MPOO BO3AyXa Ha TOCTY.

DKcIepTHasi 4yacTh MCXONHBIX NAaHHBIX MOXKET OBITh MOJy4YeHa B pe3ysbTaTe CO-
OTBETCTBYMOIIeH 006pabOTKH CTaTUCTHUECKHWX AAHHBIX, B YACTHOCTH, MO METOMAHMKE,
U3JI0XKEHHOH HHKe. B KauecTBe 3sneMeHTa 6a3bl 3HAHUH pacCMOTpeHa BePOSTHOCT-
Hasi MaTpulia Tepexofia COCTOSIHUH YpOBHS KOHLEHTPaLUWH BpeqHBIX BbIOPOCOB B
okpyxatoiyto cpeny. B r. KpacHosipcke KOHTpPOJIb COCTOSIHUSI aTMOC(EpHOro BO3-
JIyXa OCYILECTBJSETCS TEPPUTOPHAIbHBIM LIEHTPOM MO MOHUTOPHHTY 3arpsisHEHHS



42 O.B. AamaeB u ap. CosnaHue 5KCIEPTHOH CHCTEMbI TPAHCIOPTHOTO...
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Puc. 3. lanHble MeTeoposioruueckod craHuuu LlentpasnbHoro paiiona r. Kpacnosipcka

okpyxatouieit cpenbl. HabsoneHnuss BenyTcss B CTALMOHAPHBIX MYHKTaX, PacroJo-
JKEHHBIX B pa3HbIX AIMHHHUCTPATHBHBIX paloHax ropopa. Ha puc. 4 npuBeneHbl
OH Obln BbIOpaH A
aHaJM3a 3KOJIOTHYeCKOH 6e30MacHOCTH BO3MYIIHOTO MPOCTPAHCTBA rOPOfia, TaK KakK
IBJIsleTCS TOKCMYHBIM ra3oMm. Ha opraHusm uejioBeKa OH NEHCTBYeT KaK OCTpPbIH
pasnpaxkutesb. IIHOKCHA a30Ta OTHOCHUTCS KO BTOPOMY KJIACCy OTACHOCTH U €ro
MaKcuMasibHas pasosas BeauuuHa [1JK cocrasaser 0,085 mr/m® (JlIpegenbHo no-
nyctuMble KoHueHTpauuu (ITJ1K) 3arpsisHsiolux BeliecTs B aTMOC(HEPHOM BO3IyXe
HacenéHHbix MecT: [H 2.1.6.695-98. — M.: PoccuiicKuil perucTp mMOTeHIHATbHO
OMacHbIX XMMHYeCKHX W Ouosorndeckux BemiectB Munsngpasa Poccuu, 2000»).

exxeHenenbHble 3HaueHus [IJIK mo nuokcumy azora NOs.
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BoiBoabl

CreneHb 0CTOBEPHOCTH MOJYUYEHHBIX Pe3y/bTaTOB OLEHHBaeTCs MO OOLlenpH-
3HAHHBIM KPUTEPHUSIM — COBMAJEHHIO TEOPETHYECKUX U SKCIIePUMEHTaNbHBIX pe3y/ib-
TaTOB, B JAHHOM CJlyuae HalJeHHOe YUCJEHHO paccerBaHHe BPEIHBIX BEIeCTB XOPO-
IO KOppeJUpYeT ¢ pacrpeneseHreM 3MHUCCHU OT TPAHCIOPTHBIX MOTOKOB B T'OPOJE.
PesynbTaThl Hcc/e10BaHUS CPABHUBANNUCh C aBTOPCKUMHU paboTaMU IPYrUX YUEHBIX,
TMOCBSILLIEHHBIMU Npo6JsieMaM 3arpsi3HeHUs] B CXOXKHX I'e0JIOTHYeCKHUX W KJauMaTHhye-
CKHX YCJIOBHSIX, a TaKKe NPOBEPEHHBIMH MPAKTUKOHW HAayYHBIMH HCCJEI0BaHUAMU
IJIsT HOBBIX CTPOSIILMXCS 0OBEeKTOB BHYTPH ropoxaa. HoBu3Ha mosyueHHBIX pe3y/ib-
TaTOB 3aKJ/I0YaeTcsl B COYETAHHWH y4é€Ta TPAHCIOPTHBIX MOTOKOB, OCHOBAHHOTrO Ha
pPacCMOTPEHHH CJyuyalHbIX MPOLECCOB, U pelleHUH AU(QepeHLHaNbHbIX YpaBHEHUH
mepeHoca BellleCTB Ha Tepputopuu ropona. HoBoe 3HaHHe (HayYHOCTh Pe3y/bTaTOB)
OmpefiesisieTCsl B pe3yJsbTaTe HCIOJb30BAaHUS IKCIEPTHOH CHCTEMbl B KauecTBe HH-
CTpPyMeHTa /51 BbIPaOOTKM PEKOMEHAALMH MO0 yAY4IIeHHI0 KayecTBa OKpyKalolleh
cpenbl Meramosinca. B paborax npyrux aBTOpOB, paboTaIIUX C JaHHOH mpobJe-
MOH, B TOoM yuc/ae U B KpacHosipcke, naHHOe coyeTaHHe MOYTH He paccMaTpUBa-
eTCsl, COOTBETCTBEHHO, aBTOPbl He MMEIOT BO3MOXKHOCTH MOJEJUPOBATh OTHAEJbHbIE
KpUTHYeCKHe HeO/NaronpusiTHble $IBJEHUS, TeM CaMblM, He H3ydaloT CHoCo0bl MX
npenotepaileHus. [IpakTuueckas 3Ha4UMOCTb PaOOTHI OINpeaeNsieTCss BO3MOKHOCTbIO
yBeJMUeHUs TepUola BPeMeHHW M/ BO3HUKHOBEHHSI KPUTHUYECKUX HeOJsaronpusr-
HBIX YCJIOBHH C OfIHOW CTOPOHBI U, C JPYrOod CTOPOHBI, BO3MOXKHOCTbIO yMeHbLIEHUS
MPOAOJIKHUTEJNbHOCTH BPEMEHHOIO MepHofa CYLIEeCTBOBAHUS peKUMa HebJaronpusT-
HBIX YCJOBHUU. YKa3aHHble 3(¢eKThl oOecrneurnBalOTCs pa3pabOTaHHBIM MPOrpamMM-
HBIM obecrieueHHeM, COOTBETCTBYIOLIMMU 6a3aMU 3HAHUH, MaTeMaTUYeCKUMH MOJe-
JISMU ¥ UX pelleHHUsIMU MPU Pa3JIMUHBIX OMpeeSIoMX napamMmeTpax. PekomeHanmu
M0 U3MEHEHUI0 peKUMa padoThbl NMPEeANPUATHH, NBUKEHHUS U UHTEHCHBHOCTH TpPaHC-
MOPTHBIX MOTOKOB MO3BOJAT MOJYUHUTb KeJaeMbli NpakTHYecKHH 3P eKT, a Takke
CBfI3aHa C HMCIMOJb30BAHHWEM B IKCIEPTHOH CHCTeMe pelleHWi HecTalUOHapHOH Ma-
TeMaTHUeCKOH MOJeJIU MPH PasJHUHBbIX NapameTpax.
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Abstract. The problem of reducing the level of atmosphere pollution of an industrial
city should be solved nowadays as over the last years the problem has significantly
worsened and even spawned such terms as "mode of the black sky" while opportunities
for solving it do exist. The object of current research is the atmosphere of the city
of Krasnoyarsk. The subjects of the research are the road network, the industrial
enterprises and the objects of railway transport infrastructure. The paper purpose is
to develop recommendations for reducing pollution of Krasnoyarsk atmosphere and to
create a mechanism of their implementation. To fullfil the purpose one should assess
the level of emissions generated by transport on the road network and by industrial
enterprises. The assessment can be fulfilled via creation of an expert system in which
such knowledge bases as chemicals and their compounds with the description of their
properties, the characteristics of urban development, the road network, traffic streams
and other factors are defined as well as via defining and solving the mathematical
model of exhaust emissions.

Keywords: expert systems, road network, issue of a transport stream, mode of the
black sky, mathematical model of mass transfer.
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2Topomo, Kanana

AnHoramusa. PaccmaTpuBaercsi 3KCHepTHasi OUAarHOCTHYecKas cHCTeMa [Js
OTepaTHBHOTO NMPOTHO3a CeJIeBOH OMACHOCTH B HeM3ydeHHOM pakone. Mcnosbay-
eTcsl MaTeMaTHueckoe MOJeJNUPOBaHHUe, MO3BOJSAIOIIEe OLEHHBATh BO3MOXKHOCTb
cXona ceJist, OCHOBBIBASICb Ha OMOPHOH MOJEJH U NpaBUJax Mepexofa Ha HOBYIO
Mozesb. [IpuBoasiTcs npuMepsl pacyéra.

KaioueBble cioBa: ceieBoi [I0TOK, IMpeackKa3aHue, MaTeMaTU4eCKoe MOAEJIUPO-
BaHHe, 6830H8CHOCTI), MOHUTOPHHT.

BesonacHocTh 3KcmyaTaunu 0OBEKTOB SIBJSIETCS HEOTheMJIEMbIM TpeOOBaHHEM,
MpefbsiBASEMbBIM K COBpeMeHHOH MH(ppacTpykType. OHa, B 4aCTHOCTH, oOecreynBa-
eTCAd NMPOEKTUPOBAHHEM MEPONPUATHHA M KOHCTPYKLHH [0 MUX HMHXKEHEPHOW 3alluTe
OT BO3JEHCTBHS OMACHBIX NPUPOAHBIX M TPUPOAHO-TEXHOTEeHHBIX mpoueccoB. Ofn-
HUM M3 TaKHUX IPOLECCOB SIBJASETCS CeJib, MPEACTABJASIOUMUN coO0l Tpsi3eBOH WU
rpsi3eKaMeHHbIH MOTOK, COCTOSIIIMH M3 CMeCcH BOABl U OOJIOMKOB TOPHBIX IOPOL,
BHE3alHO BO3HUKAIOUIMK B OaccedHax HeOoJbIIMX TOpHBIX pek [3]. OmHako Ha
NAHHBIA MOMEHT OTCYTCTBYIOT BBIYMCJHUTENbHblE TEXHOJOTHH, YUHUTHIBAIOLIHE B3a-
UMOBJIMSIHHE W KOMIIJIEKCHBIH XapakTep pasjuyHbIX (paKTOPOB, MPUBOASLIUX K MX
BO3HUKHOBEHHIO W PA3BUTHIO, YTO HEe TI03BOJSET MPOrHO3UPOBATb MHOTHE CHUTY-
alllY, Bbi3biBaeMble HeOJIArONPUSATHBIM COUeTaHHUEM PAa3JUYHBIX KOMIIOHEHTOB, Ce-
PbE3HO 3aTPYAHSS UHXKEHEPHble U3bICKaHUS [/ NPOEKTHPOBAHHS, CTPOUTENbCTBA,
PEKOHCTPYKIUHH TPAHCIOPTHBIX COOPYKEHUU U 000CHOBaHHUS pasMelleHUs1 06 bEKTOB
TPAHCNOPTHOW UH(MPACTPYKTYPBl C YUETOM TPeOOBAHHUH TEXHHUYECKOW U COLLMAJIbHOU
6e3onacHOCTH. be3 amekBaTHBIX MaTeMaTHUYeCKHX MojeJsell mpobaeMaTHUHO U OCy-
11leCTBJIEHHe MOHHUTOPHUHIA TPAHCMOPTHBIX NPUPOAHO-TEXHUYECKUX CUCTEM BO BpeMs
UX HCII0JIb30BaHHUSl B FOPHOW MECTHOCTH, a TaK»Ke OlleHKa BO3MOXKHBIX MU3MeHeHHUM
o6cTaHOBKM B OymyuieM. B To e BpeMsi, corsiacHo, Hampumep, [4] H3MeHUHBOCTB
MeTeOopOJIOTHYeCKUX U CeHCMHUUEeCKHX NAaHHBIX HEOOXOAHMMO YYUTBIBATb C MOMOLIbBIO
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COOTBETCTBYIOLLMX PACYETOB, U MO3TOMY 3TH MOJAEJH BecbMa BOCTPeOOBaHBI, IO-
CKOJIbKY §IBJIEHHUS OKpy2KaiolleHd cpelbl HEPeAKO OTJIMYAIOTCS MHOTOMNJIAHOBOCTBIO U
B3aMMOEHCTBHEM pA3JUUHBIX NapaMeTpoB, MH(POPMALHUS O KOTOPBIX MOXKeT ObITb
BeCbMa HeOlpeaeeéHHOH.

B pa6ore [1] omucaHo mprMeHeHHEe ABYXYPOBHEBBIX MPOTHOCTHUECKHUX CHUCTEM,
UMUTHUPYIOLIUX paboTy TPYIIbl 3KCIEPTOB, A/ ONEPAaTUBHOTO TNpeicKa3aHHs ce-
Jged. Mcnosb3yorces naHHble 0 NOTPeOEHHBIX JbJAX, HAJWYUHU PLIXJIOTO MarepuaJa,
ocaJlKax, TeMmIepaTtype Bo3ayxa, OuonpenBecTHUKax. [IpuBoasiTcs Takxke COOTBeT-
CTBYIOLIME 3aBUCUMOCTH, MO3BOJISIIOLIME OLEHUBATh CEJIEBYI0 ONACHOCTb B OacceliHe
peku ['epxoxan-Cy.

K HenmocTtaTkam 3Toro moaxona cjenyeT OTHECTH HEOOXOAHWMOCTb MOCTPOEHHS
OTHEeJIbHBIX MPOrHOCTHUECKHUX 3aBUCUMOCTEH MJs KaxXKI0ro CejeBoro odyara, uto fo-
CTaTOYHO 3aTPATHO, MOCKOJIbKY 3TO CBS3aHO C pelIeHHeM CHCTeM TPaHCLEHAEeHTHBIX
ypaBHeHHUH. Kpome Toro, Hesb3sl HCKJ/IOYUTH CHUTYallMl0, KOr4a HUCXOAHBIX AaHHBIX
IJ151 TIOCTPOEHUs] MaTeMaTHYeCKUX MojeJsiell 3apoxKIeHHUs] U [BHUKEHHs ceJjied Hemlo-
CTAaTOYHO. DTO 0COOEHHO aKTyaJlbHO MPH aHaJM3e BJMSHUS BO3MOXKHBIX KJIHUMAaTH-
YeCKUX WJIM KOJOTMYECKUX U3MEHEHUH Ha CeJleBYI0 OMacHOCTb.

B sToM ciyuyae MOXKHO MCIOJ/1b30BaTh NMPUBEAEHHBIE BbIllle MPOTHOCTHYECKHE 3a-
BUCUMOCTH B KayecTBe OINOPHBIX, BBOAS NONpPaBouHble napaMmeTpbl. [IonoOHbIA noa-
xon onucaH B [2]. PaHee oH OBl yCHelIHO MPUMeHEH IJIs1 MOIEJNHUPOBAHHUS CPEACTB
CBSI3H.

KoppekTupyercsi BausiHHe yrja CKJoHA, 06bEMa PBIXJOro MaTepuasa v o6bEMa
norpe6€HHOro Jbaa. ATo ObLJIO BHIIOJHEHO C TOMOLIbIO MaTeMaTHUYecKOro W KOM-
bIOTEPHOT0 MOJEJUPOBAHHUS.

Kak nokaseiBaeT 3T0 MOJe/IUpPOBaHHUE, CXOM CeJsl NIPU yIJie CKJOHA MeHblle JH-
60 paBHoM 3,6° HepeaseH. CJjienoBaTesbHO, IJIsi MOAOOHBIX YYacTKOB HaxKe TpH
BBICOKOM TasitHUM TMOrpeO&HHBIX JIbJIOB M CUJbHBIX 0CafKaX cejeBas OMacHOCTb OT-
CYTCTBYyeT. B NpOTUBHOM cJjlyyae BJMSHHE YI/a CKJOHA YUYMUTBIBAETCS TaKxKe, Kak
TIPU OlleHKe ceJieBOH onacHocTH B 6acceiiHe ['epxoxan-Cy.

OO6béM cesisi TepecUUTHIBAETCS IO PopMmyJie

Vch V;
‘/sc: s Y |
! <VLT9 i Vi )

rae Vs — 00BEM ceJisl, 0)KMJAeMOro B 3aJaHHOM odare, V,, — 00BEM cessd, OXKH-
naemoro B ouare pekd [epxoxkaH-Cy npu aHanOTHUHBIX YCJOBUSX, V.. — 00bEM
pBIXJIOTO MaTepuasa, UMelollero pasmep yactul He 6osee 20 MM, B 3alaHHOM oOya-
re, Vi, — 00BbEM PBIXJIOrO MaTepuasa, HMEIoLLero pasmep yacTul He 6osee 20 M,
B cesieBoM oyare peku [epxoxan-Cy; V;. — 006béM morpe6EHHOro Jba B 3aJaHHOM
ouare, V;, — 00b&M morpe6€HHOro Jbja B cesneBoM ouare peku I'epxoxaH-Cy. Ecan
OTCYTCTBYIOT NOrpeO&HHBIE JIbJbl, TO CyMMa CPeAHeCYTOYHBbIX TeMIepaTyp ¢ MOMeH-
Ta rnepexoja CpelHeCYTOUHOH Temmnepatypoi yepe3 0° C U cpelHsis TeMeparypa 3a
nocsennre 10 nHell He MpUHUMAIOTCS BO BHUMaHHe. B 3TOM ciyyae He yYUTBIBAeTCs
TaKXKe BJIUSIHUE CeHCMUYECKOH HarpysKH.

B kauecTBe mprMepa MOKHO MPUBECTH OLEHKY CE€JIEBOH OMAaCHOCTH MO JAHHBIM
Ha 17.07.2000 npu o6béMe peixsoro matepuana B ogare 5000000 m3. B stom cay-
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yae 1o MPOTHO3y OXKUIAeTCs cXol cesel cpeaHero o6béma (10-100 Thic. M%), yro
BBIMJIIAUT MPaBAONOAOOHBIM, MMOCKOJbKY MPU aHAJOTHUHBIX YCJOBHUSIX HUMeJs MeCTO
CXOJ ceJil B paiioHe T. TbIpHbIay3 00BbEMOM HECKOJIBKO COTEH Thicsid KyOOMETPOB, HO
MOCKOJIbKY 00BbEM PBIXJION MOPOABI B PaCCMATPUBAEMOM Oyare Ha MOPSIOK MEHBIIE,
TO U 06bEM BO3HHUKIIETO B HEM CeJisi MOJKEeH ObITh CYLIECTBEHHO MEHbIIE.

Jlpyrum mpuMepoM SIBJSIETCS PacyéT 1O MPeAbIIYIIMM HCXOAHBIM NaHHBIM, HO
npu 06béMe phixjoro Matepuasna B ouare 50000 m®. B stom cayuae oxkumaercs
TOJIBKO CeJib MaJsloro 00béMa, 4To TaKKe JIOTHYHO.

OnucaHHBIA TOAXON TMO3BOJISIET OCYLIECTBJSATh ONEpPaTHUBHOE MPOTHO3MPOBAHHUE
ceslell B YCJIOBHSIX CHUJIbHOH HEONpeneNéHHOCTH. DTO 0COOEHHO BaXKHO B TeX CJayda-
IX, KOTJIa CeJIM B KAaKOM-J1M00 paloHe CXOASIT PeKO, OLeHKa UX 00bEéMa 3aTpyAHeHa,
HO OHM BCE-TaKH TEOPETHUECKH BO3MOXKHHBI.
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Abstract. The expert diagnostic system for operative prognosis of mud flow in un-
known area is considered. Mathematical modeling allowing to estimate the probability
of mud flow utilizing the base model and rules for converting to a new model is used.
Examples of analysis are given.
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2OMCKHIl Hay4HO-HCCIeI0BaTeNbCKHH HHCTHTYT NPHOOPOCTPOEHHS

AHHoTamusa. B paGote npencrasieH KpaTKUU 0030p M aHaNW3 MOAXONOB K Ma-
TEeMaTUYECKOMY MOIEJIUPOBAHHIO MHOTOJY4YeBOH cpelbl pacnpoCcTpaHeHUs pa-
nvoBonH YKB nuanasona, paccmaTpuBaeTcsl cxeMa peasiM3alUM CaydalHBIX
TPOLIECCOB, MOJEJUPYIOLIUX aAAWTUBHbIE U MYJbTHUIIMKATHBHBIE PagHONOMe-
XH.

KiroueBble ciaoBa: mMareMaTHyeCKHe MOIEJH panrokaHaJioB, 3JIEKTPOMArHMT-
Hbl€ BOJIHbI, CUT'HaJ ¢ MHOI'OJIY4€BbIM PaCIpoOCTPpaHEHUEM, ,U,OHJIepOBCKI/Iﬁ CIBHTI
YaCTOTbl, aAAUTUBHbIE U MYJIbTUIIJIMKATHBHbBIE TTOMEXH.

BBenenue

Ha npakTuke Ba)KHOH 00/1aCTbI0 MOIEJNHUPOBAHUS SBJSETCS MOJNyHATypHOE MOJIE-
JupoBaHue cpenctB nepenaud uHdopmaunu (CIIM) Ha crneunasu3upoBaHHBIX KOM-
mJieKcax Wid cteHaax. JJist co3naHusi MogoOHBIX KOMIIEKCOB HEOOXOAUMBI MaTeMa-
THYeCKHe MOJEJNH PaJMOKaHAJOB W MX peasu3alsi B UMUTATOPax KaHaJOB CBS3H,
¥ MMEHHO OHM B 3HAUUTEJBHOH CTENeHH ONpefessioT 3PPeKTUBHOCTb U TOCTOBEp-
HOCTb Pe3y/bTaTOB IMOJYHATYPHOrO MOJAEJIHPOBAHHUS.

OcHoBHOe Tpe6GoBaHHe K BbIOOPY W OOOCHOBAHHWIO MaTeMaTHYeCKOW MOMEeIH —
3TO BeJIMUMHA allPUOPHOU MOTPELTHOCTH MOJEeJHPOBaHHUs, BOSHUKAOIIAS BCJIEICTBHE
HeaJleKBAaTHOCTH peajiu3yeMOd MaTeMaTHUeCKOH MOJesM peaslbHOMYy KaHaJsly CBSI3H.

B HacTosiliee BpeMsi CyLIeCTBYIOT pPa3/U4YHble METOAbl MOJEJHUPOBAHHUS PaJHOKa-
HaJsoB (HampuMmep, (pU3HUECKOe MOAEIUPOBAHHE, METO/ 3alHCAHHOTO KaHaJja, MeTOJ
(bYHKIHOHAJbHOTO Momobus u apyrue) [1-9].

MareMaTHUeCKUM MOJEJHPOBAHHEM PaJHOKAHAJOB 3aHHUMAJHCh MHOTHE H3BeCT-
Hele yuyénnole: B.A. Beenmenckuit, [1.J1. Knosckuii, B.B. Mapkos, A.I'. Camoiisios,
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[0.C. Ulunakos, P. Bello, R. Smele, I. Hanzo, B. Sklar u mHorue npyrue.

B COOTBETCTBUM C MOJIOXKEHHSIMH TEOPHHM PacIpOCTPaHEHUs] PalHOBOJH, 3JeK-
TPOMAarHWTHbIE BOJIHBI Ha BXOMe MPUEMHUKA TPEACTABJSIOT COOOH CyMeprno3UIHI0
MHOKECTBA BOJIH, NMPUXOISALIMX OT aHTEHHBI NepefaTyHKa Mo KpaTdyauiiemy MyTH U
NPUOBIBAIOIIMX CO BCEX NPYTHMX HaINpaBJeHWH H3-3a OTPaKeHWH, MUPpPaKIHUH, pac-
CesTHUH, BO3HUKAIOUIUX MPHU B3aUMOJEHCTBUU C PAa3JUYHBIMH O0OBEKTAMU B OKpYKa-
foreM npoctpaHcTBe. [Ipu 3TOM B MCKaxKEHHOM (MPUHSITOM) CHUTHaJje TMOSIBJSIOTCS
WHIMBUIYaJbHO Pa3JUudUMble UMIYJIbCH. DTO 3(PPEKT MHOTONYUEBOr0 pacmpocTpa-
HeHusl. FIMeHHO MO3TOMY pacmpocTpaHeHHe CHUTHaJsa MPUOIMKEHHO CUUTAIOT MHOTO-
JIY4EBBIM ¥ MOIENHPYIOT IPUHUMAeMblil CUTHAJ KaK CyMMYy MPHHUMAaeMbIX CUT'HAJIOB.

Takum 06pa3oM, CUTHa/J B MPUEMHON aHTEHHE CONEPXKHT CyMMY BOJIH C pas3Jidu-
HBIMH 3aJepKKaMHy, aMIutyaamMu u (aszamu. Cyneprosuuusi 3TUX BOJH MPUBOAUT
K U3MEHEeHHIO aMIIUTYAbl U (ha3bl TPUHUMAEMOT0 CUTHAJA.

[TomuMo 3TOro, pasjuuHble KOMIOHEHTHl CHTHAJa MOTYT HUCIBITHIBATh JIOTJIEPOB-
CKHH CIBUT YaCTOThl PAa3JIMUHON BEJMUHHBI, UTO OOYCJOBJIEHO JBHXKEHHEM IMOABHXK-
HOU CTaHUMHU UJHU OTpaxKawllnX 00bekToB. Jlaxke HeOoJbllIKe TlepeMelleHHsT Ha pac-
CTOSIHHUS, COU3MEPHUMBIE C JJIMHOH BOJIHBI NEPe1aBaeMOr0 CHUTHaJa, MOTYT BbI3bIBaTh
CYlLIeCTBEHHble H3MEHEHUs MapaMeTPOB MPUHUMAeMOro CUrHaJja. PasjinyHble pexu-
Mbl Tlepeau MO3BOJISIOT MOJYYUTh KOMIPOMHCC MEXIY YPOBHEM BOCIPHUMUYHBOCTH
K MeXXCUMBOJIbHOH HHTepP(hEPEHIIHH U NOTIEPOBCKOMY CABHTY YaCTOTHI.

COBOKYTHOCTb BCEX MHOTOUHCJIEHHBIX 00CTOSTENbCTB MPUBOAUT K TOMY, UTO H3-
MEHEeHHs MapaMeTpoB TNPUXOASIIUX PAIHOBOIH CAYYaHHBI U HHTep(hepeHLHOHHAs
KapTHHA MOCTOSIHHO MeHSIeTCsl, TO eCThb SIBJIsSIeTCsl HecTallMoHapHoi. Ha mpakTuke,
IJsl YTIPOLIEeHHsT MaTeMaTHUECKUX PAcuéToB, Ha ONpelesEéHHBbIX BPEMEHHBIX HHTep-
BaJiaxX MPOLECChl 3aMUpaHuil (MCKaXKeHHUE) CUTHaJ/a MoJaralT JOKaJabHO CTallMOHap-
HBIMH.

[Tpu MomeMpoBaHHWH HM3MEHUYHMBOCTH HATPSIXKEHHOCTH MOJSI CUTHAJMa B paavoKa-
HaJjle YUHUTBHIBAIOT MOTEPU B TPAKTe, KOTOPblE XapPaKTEPHU3YIOTCS KaK 3aBUCHUMOCTH
MajieHusl cpefHeld MOIIHOCTH CHUTHAJa OT PACCTOSTHUS MeXMIY MepelaTYuKOM U TMPU-
E€MHMKOM U BBHIJIEJSIOT CJeNyIollne BUAbl 3aMUPAHUH (MCKaXeHUH):

— ObicTpble (MHTep(EepPeHLMOHHBIE) 3aMUPaHKUsl — 3TO 3aMHPaHHsl, CKOPOCTb KO-
TOPBIX MEHSIETCSl Ha PACCTOSTHUM MOPSiiKa AJUHBI BOJIHBI, UTO 00YCJIOBJIEHO B TEPBYIO
oyepenb MU3MeHEHHUSIMH (a3 Pa3/JHUUHBIX KOMIIOHEHTOB CHrHaJja (M APYyrux napaMer-
pOB CHTHaJsia BO BPEMEHHU), BbI3BAHHBIX ABHKEHHEM a0OHEHTa ¥ MHOTOJIyUeBbIM pac-
MPOCTpPaHEHHEM PaJHOBOJIH;

— MeJJIeHHble 3aMHPaHUS — 3TO HUCKaXKeHWsl CUTHaJia, KOTOpPble MPOUCXOAST Ha
paccTostHUAX OOJIbIIOH TMPOTSKEHHOCTH, TPEXKe BCEro, 3a CUET U3MEHEHHUS] YPOBHS
MOTepb M3-3a 3aTeHEHHUs] OKPYKaWIIMMH 0ObeKTaMU (3TH H3MEHEeHHs BbI3bIBAIOTCS
00beKTaMH, TaKMMH KakK 3[IaHHsl, XOJMbl, NepeBbs W T.N., OKa3bIBAIOUIUMHCS Ha
MyTH CUTHAaJja U OTPaHUUYMBAIOIIUMU MPSIMYI0 BHUIUMOCTb MEXIy MepelaTunkoM H
MPUEMHHUKOM), MeJJeHHble 3aMUPAHHsI CUTHaja MOXHO MHTEPIPETHPOBATh KaK H3-
MeHeHHs] MeIuaHbl (CpPeIHero ypoBHS) CJy4aHHOro mpolecca OBICTPBIX 3aMHUpaHU,
00yc/IoBJIeHHbIE U3MEHEHHSIMH CBOMCTB KaHaJIOB PACMPOCTPAHEHHUS MPH IJUTENbHBIX
ceaHcax CBfI3H;

— CeJIEKTHBHO-4acTOTHbIe 3aMHUpaHusi [4];
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— CeJIEKTUBHO-BPeMeHHble 3amupaHus [4].

Jnsi MoneiMpoBaHusl OBICTPHIX 3aMHUPAHHUU HCIOJb3YIOT Pa3/UyHble CJAydyalHbIE
TMpOoILEeCChl, MapaMeTPbl KOTOPbIX, KaK yKas3aHo Bbillle, BhiOupatoT [14-20] B 3aBH-
CHUMOCTH OT XapakTepa TPacChl MeXAYy MCTOYHUKOM pafHOCHUTHANa U MPUEMHUKOM,
a TakXXe OT B3aUMHOIO pAacCIOJIO}KEeHHsl NepefaTiyuKa U NpUEMHHUKA. Tak (yHKLHUU
pacrpesiesieHUs cay4alHOro npouecca BbIOMPaOTCs COOTBETCTBYIOILUM 00pa3oM st
pPa3NMYHBIX BHEIIHUX ycJoBUU. Hanpumep, ycjoBrus MOTYT ObITb TaKHMHU:

— TepelaTurK U NMPUEMHHUK HaXoAATCHd B MPSIMOH PagUOBUIMMOCTH, U NOMOJHHU-
TeJbHBIX OTPaXKEHHBIX CUTHAJIOB HET;

— MepefaTyUK U MPUEMHUK HAXOAATCS B MPSIMOH PaJiHOBHUAMMOCTH, U €CTb OT-
paxKEHHBIE CUTHAJBI,

— NPUEMHHUK HaXOAUTCS BHE 30HBI MPSAMOH pagHOBHAMMOCTH OT MepeaaTurKa.

[Tomexu (LIymMbl €CTECTBEHHOT'O M HCKYCCTBEHHOTO IMPOMCXOXKIEHHS), KOTOPBIE
HaKJa[blBAIOTCA Ha MNepefaBaeMblid pafiMOCHTHAJ, NPUHATO NOAPA3Ne/ATh Ha allu-
TUBHbIE U MYJbTUIJIUKATUBHbIE.

B Hacrosiiiee BpeMsi Ha NMpakTHKE 32 OCHOBY MaTeMaTHUeCKUX Mojesed pasJuy-
HBIX 3aMUpaHUil O6epyT MHOromnapaMeTpuyeckve MoJe/Hd, B KOTOPbIX aiAUTHBHbIE U
MYJbTUIJIMKATUBHBIE TTOMEXH (POPMUPYIOTCH KaK CaAydalHble MPOLECChl ¢ 3aJaHHbI-
MU CTaTHCTHYECKHUMH XapaKTepucTHKaMu. Yacto ucnosbaytores (cm. [17]) usBecrt-
Hble (DYHKUUH pacnpenesenus Penes, Paiica (06001IEHHOE pesieeBCKoe pacrpenelie-
HUe), 6UMOJIaJIbHOe, YCeUuéHHO-HOPMAaJIbHOE, YCeYéHHOe OMHOCTOPOHHEE HOpMaJbHOe
pacmnpenesenue, pacrnpenesneHve Hakaramu (m-pacmpenesenue), jorapu(MHUecKH
HOpMaJibHOe pacrpenesieHle, KOMOUHALMUS peJeeBCKOro U JOrapu(pMHUUecKu HOp-
MaJIbHOTO pacrpenesneHuil 3amupanuil curHaioB (Marvin K.Simon, Mohamed-Slim
Alouini, [11]).

M3BectHa monenb MenseHHbix 3amupanuil (Fankun JIIT., Jlanun A.H., Camoii-
qgoB A.T., [12]), B KOTOpO# MJOTHOCTb pacrpenesieHHusi MelHaHbl CJy4ailHOrO MPo-
ecca uMeeT BUJ

(Inz —m)?
#6 202
zo/2m ’
rhe o,m — MaTeMaTHYeCcKoe OXHJaHHWe U nucrepcus Iné.

C MopenupoBaHUEM OBICTPBIX 3aMHUPaHHWH MOXKHO O3HAKOMHUThCS B padote [1]
BoakoBa A.H., rne pacrnpoctpaHeHHe CHUrHaJja MPUOJUKEHHO CUUTAETCS MHOTOJY-
YeBbIM, U NMPUHHUMAEMbIll CUTHAJ MOAEJNUPYETCS KaK CyMMa NMPUHHMAeMbIX CUTHAJIOB
U MOMeX:

w(z) =

N k(t)

s(t) = Z A;(O)u(t —t;) cos[(w— Q) (E—t;) + @i (8) +0(t—t;)] +n(t) + Z & () +p(t).

i=1 =1

3neck 0603HAYEHO:

N — 4ucso Jayded pacnpoCcTpaHeHHUs;

u(t),0(t) — mapameTpbl MepenaBaeMoro CHUrHala;

A;(t) — monynb Ko3(h(UIHeHTa Mepefadu i-ro Jyua,

t; — 3ajepKKa i-ro jyda (Oymem cuMTaThb €€ MOCTOSHHOM);
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();— IOMJNEPOBCKUH CIBUT ¢-T'O JIyua;

W — YacToTa HeCcyulux KoJieOaHuH;

@i(t) — caBur mo (ase i-ro Jayua;

&, — UMIYJbCHbIE TIOMEXH,;

k(t) — 4MCJI0 UMIYNbCHBIX MOMEX &;;

p(t) — CTaHUHOHHbIE IOMEXH;

n(t) — Genblil WyM.

B pa6ore [3] npod. Xasana B.JI. njsi MomeivpoBaHusi KaHaJsa OMUCAH aJrOPUTM
(bopMHpOBaHHUS IByXMepHOro, B oOIIeM c/aydae, CeMHUIapaMeTPHUUEcKoro (MaToKu-
NaHUsl IBYX KBaApaTypHBIX MPOLECCOB, UX OUCIEPCHUH, KO3(P(HULHEHTH aBTOKOp-
pensuuu U Ko3(h(UIHEHT B3aHMHOH KOpPPEJSIIMM 3THX MPOLIECCOB) HOPMaJbHOTO
MapKOBCKOTO CJIy4aHHOTo Tporecca. DTOT aJrOPUTM MOXKET ObITb HCTOJb30BaH /IS
MoJIy4yeHHs LIMPOKOTro Kpyra 3aKOHOB 3aMHpaHHUH CUrHaJa, B TOM 4YHUCJe, 4acTo (PU-
3UYECKHM peasiM3yIOLIMXCS B MPUPOAE M LIMPOKO HCIOJb3yeMbIX HCCJ/EN0BATENAMU
peJsieeBCKOro, palCOBCKOrO M OJIHOCTOPOHHET0 YCEUE€HHOI0 HOPMaJbHOTO.

PaccMoTpeHHBI anroput™ (POPMHUPOBAHHUS IBYXMEPHOIO MapKOBCKOIO HOPMaJib-
HOTO Ipolecca MoxKeT ObITb MOJIOXKEH B OCHOBY NporpamMM (pOpMHPOBAHUS Pa3JIUy-
HBIX 3aKOHOB 3aMHMpaHUU CUTHAaJa U CTAHLHMOHHBIX MOMEX.

Bce (eHoMeHosOrMUeCcKHe MaTeMaTHUUeCKHe MOJEeJNH IHUCKPETHOrO KaHaJja CBfl-
3u (TO ecThb peasiu30BaHHble HA MpPENCTABJIEHHH KaHajla KaK «4epHOTo SIIHUKa» C
HEeU3BECTHOH BHYTpeHHel CTPYKTYpOH M M3BECTHBIMM CTATHCTHUYECKHMH CBOHCTBA-
MU BBIXOAHBIX NAHHBIX) COBEPIIEHHO He OTPa)KaloT (HHU3UKH Tpolecca, MPOTeKaro-
ILIero B Cpejie pacrnpoCcTpaHeHUsl, U UMUTHUPYIOT pe3dy/bTaT Ha Beixoge KC, ocHOBBI-
BasiCh JIMIIb HA CTAaTHUCTHUYECKUX XapaKTepPUCTHUKAX (PU3NUYECKUX MPOLECCOB. IDTUM,
no MHeHuto XasaHa B.JI., oO6bsicHseTcs HefOCTAaTOUHAsi aJeKBAaTHOCTb TAKOro pona
MoJeJsiell peasibHbIM KaHaJ/jaM CBSI3M BO MHOTHX CJydasiX, KOTJla CHUTyallUsl OTJH4a-
ercs or wratHod. Hanpumep, KB KC orinuaercs MHoroo6pasueM ycnoBHH pac-
NPOCTPAHEHHUS] CHTHAJa U Ha/JIM4YMeM pa3JM4yHOro poja aaAuTUBHBIX nomeX. Kiac-
CU(ULHPOBATh BCE BO3MOXKHbIE CUTYallMM, KOTOPble BO3HUKAIOT HA NPAKTHKE IPH
NPOBEIeHUU BBIUMC/AUTE/bHBIX KCIIEPUMEHTOB, C TOMOILbI0 (PeHOMEHOJOrMYeCKUX
Mojilesiel He mpefcTaBJsieTcss Bo3MoXKHbIM. [Toatomy Xaszan B.JI. mpensoxuna cBoto
UMUTALlMOHHO-aHAJUTHUECKYI0 MoJeb MHorosydeBoro auckpetHoro KC ¢ 3amupa-
HUSIMH ¥ CTaHLHOHHBIMH ToMexaMH (cM. [3]).

[IpencraBssier uHTepec MOAXOMA K MOAEJUPOBAHUIO PA3JUUYHBIX BUJOB 3aMUpPAHUH
peasn30BaHHBIN B nucceprauuMoHHOM pabote By Ban Illona [4] (mox pykoBomcTBOM
A.T. Camoiinoa). B pa6ore By Ban IlloHa BbiGpaHa Momesib IJisi HMUTALKUK Pagdo-
KaHaJ/a B BHMJ€ MHOTOOTBOAHOW JINHUHM 3aJlePKKHU CHUTHAJA C yIpaBJjeHueM Kod(hdu-
LIMeHTaMU Tepefayd B OTBOAAX [0 3aKOHAM 3aMHUpPAaHUH CHUTHajla U MOCJAEAYIOLIHM
CYMMHPOBaHHEM MOJEJHUPYEMBIX TaK Jyued pacrnpocTpaHeHusi. Kanan monenupyercs
C UMMTalMel ObICTPBIX, MeIJIEHHBIX U YaCTOTHO-CeJNeKTUBHBIX 3aMmupaHui. [IpenJo-
’KeHa CTPYKTypHas cxeMa Il MOCTPOEHUS LUMPOKONOJOCHOIO UMHUTATOPa OBICTPBIX
M MeJJIEHHBIX 3aMHpaHHil CHUrHaja (C y4€TOM CeJIeKTHBHO-YACTOTHBIX 3aMHUpPaHHUH).
[Ipensioxxena ¢pyHKUMS paclpefieseHUs] KaK CyNeprno3ulUsl 3aKOHOB pacrpeneseHus
OBICTPBIX U MeJJIEHHBIX 3aMHpaHUH.

B ynomsiHyThIX Bbile pa6orax [1-4] Mbl BHIUM pasHble MOAXOBI K MOMIEJH-
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poBaHHIO KaHaJoB cBs3u. [lonpobHyto 6Gubauorpaduio U CyliecTBYIOLINE MOAXOMbI
K MOJEJHUPOBAHHIO PaJUOKaHaJOB U pa3pab0TKe MX HMHUTATOPOB MOXKHO HAWTH B
pa6orax [1-20]. OcHoBHOU npo6/ieMOd MpH BbIOOPE MaTeMaTHUECKOH MOIENH U eé
MPaKTUUECKOH peann3aldd B HMHUTATOpax paguoOKaHaJ/OB, fIBJSETCS ONepaTHUBHOE
yrpaBjeHHe napameTpaMu (OpPMHUpPyeMbIX B HHUX CJydalHBbIX NPOLECCOB, HEOOXOAU-
MbIX /1T UMMTAllMM BCexX BUAOB 3aMupaHuil. [TosHoe pelieHue eé 3aTpyAHEHO TeM,
4TO NPHU MOJEJUPOBAHUH KaHAJOB TpeOyeTcs ynpaBjaeHHe NapaMeTpaMy MYJbTHILIM-
KaTHBHBIX MTOMeX A/ KaXK[0ro U3 MOAeNHPYeMBbIX Jyded, a TakKe — NapamMeTpaMHy
aIIUTUBHBIX NTOMEX.

M3BecTHble MOze/M KaHAJIOB CBSI3U He SIBJSIOTCS YHHBepPCaJbHBIMU M He OXBa-
THIBAIOT BCEX BO3MOXKHBIX BUIOB BO3JAEHCTBUI HA CUTHAJ, HOO KaxKAbld KOHKPETHBIH
KaHaJ paguocBs3u 00J/afaeT psiloM CBOHCTBEHHBIX €My OCOOeHHOCTeH.

MaremaTuueckas MOJeJb MPUHNUMAEMOro CMruaJaa

Ecnu BeliecTBeHHasi popma repenaBaeMoro CHrHaja (aMInTyaHO-(pa3oBasi MO-
NYJSIIHS) UMEeT BUJ
s(t) = u(t) cos(wt + 0(t)),

TO KOMIJIEKCHasi (hopMa 3alkCH CHrHaJsa onpeessiercss GopMmyaou
w(t) = u(t)e? @) = 4 (t)el!,

®yuxuus z(t) Ha3bIBaeTCsl KOMIJIEKCHOH orubarolel curHasa.

B nanHo# paboTe B KayecTBe 6a30BOH MaTeMaTH4eCKOH MOAENM AJis MPUHHMA-
eMoro curHansa w(t) (B KOMIJIEKCHOH (opme) Mbl BbIOpasH, OMH3KYI0 K MOLEJH B
pa6ore [1], caenyoLyo MOIeb:

() = VERT Y Vi | ot 4 e D) | it =00 5 n(0) 430 + )

3necb F/ — cpenHsisi MOLIHOCTb MepefaBaeMoro CUrHaJa;

Ki(f,d,g) — Ko3p(pULHEHT MOTePH MOIIHOCTH CHUTHAJa B TpakKTe (3aBHUCHUT OT
HecylleH 4yacTOThl, PACCTOSIHUSA MexXAy NMPUEMHHUKOM W MepefaTuHuKoM, reorpaguye-
CKOM CLIEHBI);

D1, P2, ..., PN — PeajM3ally 3HAYEHUH CJYYaWHOH BeJIMUMHBI pacnpeneséHHON 10
JIOT-HOPMaJIbHOMY 3aKOHY (MOIEJNHUPYIOT MelJIeHHble 3aMUPaHUs Jiyded B TPaKTe);

Wy, W, ..., Wy — Beca Jyded (MOAEJNHUPYIOT pacrpesesieHHe HEPIrHU NMPUHUMae-
MOT'0 CHTHaJIa 110 JiyuyaM);

N — KOJIMYeCcTBO Jiyded B KaHaJje (NpeasiaraeMblil [Mana3oH W3MeHeHUs oT 1 1o
20);

l; — BpeMeHHble 3a[epKKH B Jyuax;

K;(t) — cnyvafiHble TpolLiecchl eAMHUYHON CpelHed MOILIHOCTH C 3aaHHO#H Crek-
TPaJbHOH MJOTHOCTBIO (MOAETUPYIOT MOMJIEPOBCKHUH CABHI 4acTOThl B OTPAXKEHHBIX
Jyyax);
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Dy(t) = e@fimt+¥i)i — nerepMMHMpOBaHHblE CHIHAJbl eIHHMYHOH MTHOBEHHOR
MOIIHOCTH (MOIENHPYIOT NOMJIEPOBCKUH CHBUT B MPSIMBIX Jydax), 3hecb f; — [O-
MJIEPOBCKUHM CABUT U v; — HaudaJibHas ¢asa;

R; — xo3dduuuents Paiica (ompenessitoT pacrpelesieHre MOLUIHOCTH MeXIY
MPSIMOM U OTPAXKEHHOH YaCTAMHU JIyua);

n(t) — HOPMHUPOBaHHBIH GeJbli WyM (HOPMHPOBaHHE 3alaETCs MapaMeTpoM Mo-
nenu KaHana SNR — oTHollueHue CHUrHaJ/IIyM);

A(t) — MyaccOHOBCKHMH MOTOK peasM3alluil Ha MPOMEXKYTKax BpeMeHH (CBOEM
I/l KaXKIA0W peasiu3allii) CTallMOHAPHOTO CJAYYalHOro mpolecca ¢ 3aJaHHOH Cpel-
Hell sHepruel (MogesUpyeT UMIYJbCHBIE TOMEXH);

p(t) — crauMoHapHBIN MpolLlecc ¢ 3aJaHHOH CpelHel SHeprueil U aBTOKOppeJsi-
LIMOHHOH (DyHKIMeH (MopeaHpyeT CTaHLUHOHHbIE TIOMEXH).

DTa MoJeJsb, Ha Hall B3IV, C OAHOH CTOPOHBI ABJISIETCS AOCTATOYHO aleKBaTHOH
peaJsibHOCTH, a C APYTOH CTOPOHBI, BEIYUCAUTE/bHBIE NPOOJIEMBI AJ151 Hee MeHbllle YeM
Yy HUHTEerpaJibHbIX MOJEJIeH.

PaccmoTpuMm, mpexxne Bcero, KakuM 006pa3oM B NpefsIOKeHHOH MoJe/ I peasnsy-
I0TCA CJly4alHble TPOLECChl, MOAeNHpPYIOIIHe Oesbli 1yM, UMIYJ/JIbCHbIE U CTAHLIH-
OHHble paguornoMexH. [y 3Toro He06XOAMMBI NATUUKHU caydaiHbix unces (ICY).

1. Boi6op gaTumKa ciay4daiiHbIX YHCeJ
B kauecTBe naTuMka c/ay4adHBIX 4MceJ NpejJlaraetcs cjefyoulas MpoLenypa:
BbIOMpAas HaTypaJibHble B3aMMHO NPOCTble YMCJA N U M, NOC/eN0BaTesNbHbE «PaB-
HOMEpPHO pacripefie/IéHHble» MCEBAOCIyUYaliHble UHCIa Xy U3 OTpPe3Ka [a, b] moayuaem
no opmyse
(b —a)((mo + km)mod n)

Tp=a+ , k=1,2,..,
n—1

rle my — Haua/JbHOe COCTOsIHMe naTyuka. OTMeTHM, 4TO JI0OOH MOAENUPYIOLIUH
paBHOMepHOe Ha oTpeske pacnpefesneHve JCHU — 3To meTepMHHHUpPOBaHHAas mMocJe-
JI0BATeJbHOCTh, U €ro «C/JAy4alHOCTb» 3aKJ/0UaeTcsl B TOM, YTO 3Ta [0CJAe0BaTe Nb-
HOCTb «T€OPeTHYeCKH» PAaBHOMEpHO paclpefiesieHa Ha 9TOM OTpe3Ke: 4acToTa MOsiB-
JIEHHs YJIeHOB I10CJIeI0BATE/bHOCTH B IPOU3BOJIBHO BBIOPAHHOM MHTepBaJjle CTPEMHUT-
csl K JUIMHe UHTepBaJa, IeJE€HHOH Ha AJIMHY UCXOAHOrO oTpe3ka. PeanbHO 106HThCSA
3TOr0 MO MOHSITHBIM NPUYMHAM HEBO3MOXKHO, I09TOMY PaBHOMEPHOE paclipefelsieHre
3aMeHsIIOT Ha OJIM3KOoe K HeMy AHCKPeTHOe paclpejie/leHHe, Kak B IpejJaraeMoM
JCUY. Beibop mapameTpoB n U m OUKTYeTCs, B UaCTHOCTH, MPOTHO3UPYEMbIM 00BE-
MOM BBIOOPKH, TaK KaK FeHepHpyeMasl [0CJIel0BaTe/bHOCTb IePUOAUYHA, U HE00XO-
JUMO MUMeTbh JOCTAaTOYHO OOJBLION MEpHUOA AJsl FapaHTHH OJHU30CTH paclpeneseHus
TOJIy4YeHHOH MO0CJ/el0BaTeNbHOCTH K MOfe/JMpyeMoMy paBHOMepHOMY. EcTecTBeHHO,
MMEIOTCSl U JIpyTHe aJrOpUTMbl MOJNyUeHHs] PABHOMEPHO paclpefeéHHBIX T0Cc/e10-
BaTesJbHOCTEH, HO J000e ycj0XKHeHHe TpedyeT XOTb KaKOro-tTo pasdymHoro o6oc-
HOBaHUS creLU(UKOH 3agaud. J[aTuMKM ¢ pasMUHBIMU HAyaJbHBIMU COCTOSIHHUSIMU
MOXKHO CYMTaTh HeKoppeJupoBaHHbIMU. bosee nompo6nas unpopmauus no JCH
conepxkutest, Hanpumep, B (M. . Knyr: MckycerBo nporpammupoBanus, [13]).



o4 I0.D. CrpyroB u ap. CroxacTuieckoe MOAEJHPOBAHHE...

2. Peanusanusa 6enoro myma (BIIT)
[Tyctb A — (UKCHPOBaHHBIH MPOMEXYTOK BPEMEHH, ¢ — HEKOTOpasi KOHCTaHTa,
2¢((mo + km)mod n)

T =—Cc+ k=12, ...,
n—1

— JICY. Torga nocJienoBaTeJbHOCTh
p
w, = VA E T
k=1

HMHUTHDYeT Gesbii IYM C HYJIeBHIM CPeHHM M JMCIepcHel o) = §c2pA. OTmetuM,
YTO YKa3aHHbIE CPeJHee U AUCIEePCUS ABJAIOTCA aCUMITOTHYECKHMH XapaKTePUCTH-
KaMM [IPU HEOTPAaHUUEHHOM BO3pacTaHUU 00bEMa BBIOOPKH.

3. Peanusanus agguTUBHON MMIYJIbCHOM COCTaBJISIIOMIEN paguoONOMeXH

B cooTBeTCcTBUM C BBIOPAHHOH MOIENBIO [JISi BEILIECTBEHHOTO CHrHaja s(t) hM-
NyJbCHAsl COCTaBJSOILIAs aAJMTUBHOW pagUoONoOMeXH IpelacTaBJseT coO0H myacco-
HOBCKHH MOTOK peasiM3aliil Ha MPOMeXKYTKaX BPeMeHH (CBOEM JJIsl KaXKIOH peasiu-
3alMu) AAuHBl d = [A CTallMOHApHOTO CJAY4YaHHOTro Mpolecca co cpeaHel sHepruel
E. B nepsom npubavKeHUU MpelJaraeTcs AJs UMHTAUMWKA TAaKUX CJAydalHbIX Mpo-
11eCCOB MCI0/b30BaTh OTPE3KH AJMHBI [ peann3auuy 6esoro myMa ¢ COOTBETCTBYIO-
el cpenHed sHepruei. s UMUTAUMK TaKOTO CJAy4aHHOTro Mpollecca pacCMOTPUM
nBa HekoppeaupoBaHHbix JICY u3 otpeska [—1,1] : x,(cl) U x,(f). duKcUpyeM KOHCTaH-
Ty 7 < n u 0003HauMM A = . Hucsio A OyneM MHTEPNPeTHPOBATb KaK BepPOSTHOCTD
TOrO, YTO UMIYJbC BO3HUKHET Ha CJeYIHOLleM 32 TeKYLIUM MPOMeXyTKe BpeMeHU
IUTHHBL A.

[IycTh natumk x,(:) MOpoXKAaeT OeJibld HIyM

p
U}p =V SEA Z .CU](CI),
k=1

2 2
a JaT4MK x,(g) MOpOXKJaeT MOC/e0BaTeJbHOCTb O, rae 0, = 1, ecau |:p,(€)| <A wu

0, = 0, ecain ]x,(f)] > ). Torzna noc/aenoBaTesbHOCTb UMITYJbCHBIX MTOMeX (DOPMHUPYET-
Csl CJeNYIOUIUM aJropuTMOM: ecau f; = 1, TO B MOCJeN0BaTeNbHOCTb UMITYJbCHBIX
TOMeX BCTaBJISIeTCS OTPE30K psila YHCes Wk, ..., Wkt;—1. B MPOTUBHOM cjydae Io-
JlaraeM, 4TO COOTBETCTBYIOIIMH 4JieH B MOCJAEN0BATEJbHOCTH HWMIYJbCHBIX MOMEX
paseH O.

Yro Kacaercsi cocTaBJsiolleil n(t) MOLeNN CUTHAJA, TO UCHOJNb3YeTCsl MOLEJb C
COOTBETCTBYIOLIMMH XapaKTEePUCTHKAMH U3 MyHKTa 2.

4. Peanu3anus cTallMOHAPHOTrO Mpolecca ¢ 3aJaHHOM CIEeKTPaJbHOUN
IIJIOTHOCThIO

PaccMoTpuM cTauuoHapHBIH caydaiiHbeii npouecce £(t), MOMyCKAIOUIMH CJIenyo-
l[ee CreKTpasbHOe Tpe/CTaBIeHNe

= [ " M\ dn(N),

o0
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rae 7(\) — cTaHOAPTHBIA GeJbli MIyM.
O6Gosznaunm S(\) = |o(N)]2.
Torma koppensionHast GyHKIHS Tpoliecca

R(t) = / h IS (N)dA

[e.o]

1, TakKUM o0pasoM, (hyHKUHUsI S(A) sBAsSETCsS CMEKTpabHOM MIOTHOCTBIO Mpolecca
£(t). YkaszaHHOe CleKTpaJsibHOe TMpelcTaBJeHHe MO03BOJISeT peasn3oBaTh LUPPOBOH
NONJepPOBCKUH (PUabTp. [ledcTBUTENBHO, 3afaBasi CTyNeHYaTyH amnlpoKCUMAalUIo
CeKTpa/JibHOU MJOTHOCTH W moJsarasi e€ paBHOW () BHe HEKOTOPOH MOJIOCHI YacTOT,
MBI TIOJIYYUM TIpeACTaBaeHHe npolecca &(t) B BUIe KOHEUHO JMHeHHOH KOMOUHALMN
KOMITJIEKCHBIX 9KCIIOHEHT CO CJy4YalHBIMU KO3 (ULHEHTAMH, IPEACTABJ/SAIHUMHU CO-
60l HeKOppeJUpPOBaHHbIEe CAy4YalHble BEJHUYUHBI C HYJEBBIM CPeJHHUM WU OUCIEepPCH-
SIMM, PaBHBIMM 3HAUeHHUSIM CIEKTPaJbHOH IJIOTHOCTH Ha HEKOTOPOM CeTKe 4acToT
(IJ1s1 cydast TayccoBOTO LIyMa 3TH CjaydyaiiHble BeJHUMHBI HOPMaJbHO pacrpepese-
Hbl). TakuM 06pa3om, OOCTaTOYHO peasd3oBaTh HAOOp MPHUPALEHHH CTAHAAPTHOTO
6eJs10ro 1yMa, MnocJie Yero BelYMCAEeHHe 3HAUeHHs MpoLecca CBOAUTCH K HEKOTOPOMY
(3aBUCsIIEMY OT TOYHOCTHM ANMPOKCHMALHUH CIEKTPaJbHOH MJIOTHOCTH IpoLecca)
YUCJY ONepalMui CJA0XKEHHS U YMHOXKEHHS KOMIIJIEKCHBIX 4HUCeJ.

5. Peannsauusa agguTUBHON CTAHLMOHHON paaMoIOMeXH

CTaHUMOHHblE panuonomMexu p(t) c/efyeT MOIEJHUPOBATb KakK CTAaLMHOHAPHbBIH
mpolecc ¢ 3afaHHOH aBTOKoppessuuoHHOH (yHkuueid R(¢). Ecau anmpoxcumupo-
BaTh 3Ty (PYHKLHIO TPUTOHOMETPUUECKHUM MHOTOUYJIEHOM

S
jwit
Re gfke]" ,
k=1

TO COOTBETCTBYIOLUIMH MpOLlecC MOXKHO NPUOJHKEHHO peann30BaTh Kak CTaLHOHAp-
HBIA MIPOLECC C IUCKPETHBIM CIEKTPOM:

s
E Jwit

CIDke k,
k=1

rne ¢y, k =1,..., 5, — HeKOppeJHpOBaHHbIe CJydyaliHble BeJUYHUHBl C HYJNEBbIM CpeJl-
HUM U aucnepcusimu Dy = fr,k=1,...s.

B cooTBeTcTBUU ¢ 3TUMU 3aMeUYaHHUSMHU, OCYILIECTBUB MPeIBapUTEbHO BEIOOp Ua-
CTOT W1, Wa, ..., Ws U3 CONEPIKATENbHBIX COOOPaKeHHH (Hanpumep, U3BeCTHOH UHDOP-
MallM{ 0 YHCJie U YacToTax Mepelaud «MellaloluX» CTaHIMH) fajnee I/ MOAETHPO-
BaHUS CAydalHbIX KO3(P(HULUHUEHTOB UCMOJAb3yeM AaTuuK u3 m. 1. Bo3amoxkHO Takxke
NpeaBapyUTeNbHO OCYLIECTBJAATh CJAy4alHbIH BEIOOD 4acTOT M3 3aJaHHOIO AHanas3oHa
¢ nomotbio JICY, He KOppesMPOBAHHOTO C UCIOJAb3YeMBbIM /151 KO3((DULIUEHTOB.
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6. Peanu3anus MyJbTUIJIMKATUBHBIX paguonomMex

6.1. MonmeaupoBaHue cay4yaidHbIX nmpoueccos K;(t). JonaepoBckoe
CMellleHhe YaCTOThI

JlucKkpeTHBle peasd3allvd CaydalHbIX nporeccoB K;(t) GopMuUpyHOTCS ¢ MOMO-
1110 IOTIJIEPOBCKOrO (PUJIbTPA U3 AUCKPETHBIX peasu3aluil CTaHAaPTHOrO KOMIJIEKC-
Horo Gesioro mwyma. C momoliibio GUIbTpa y caydaiiHbeiX mpoueccoB K;(t) dopmu-
PYIOT HYXHYIO CHeKTpajbHyw MmiaoTHOCTb S(f) (Momynb mpeo6paszoBanusi Pypbe
aBTOKOPPEJISIIIMOHHON (PYHKIIMH). B pekomeHnanusix BcTpedarorcs 4 OCHOBHBIX THIA
CIeKTpaJibHOH MJIOTHOCTH: CHeKTpaJjbHas MJIOTHOCTb JlxKelKca

S(f): 7|f|<fd7

31ech fy — MakCHUMaJibHOe J0IJepoBCcKoe cMelleHHe. PaBHOMepHas

ﬂﬁ=§%¢ﬂ§h,

rayccoBa
f2
S(f) = —e 207,
oV 2w
furayccona
(B (f— fo)?
S(f) : < 20 4 & o 23

= e
Cy+Cs | o427 o9V 2T

[Tpoduab 3aaepKKH MOLIHOCTH U IOTJIEPOBCKUM CIIEKTP MOXKHO MOJYUHUTh MYyTEM
30HAMPOBAHUS LIMPOKOIOJOCHOIO KaHaJja.

6.2. MoneaupoBaHue NMoTepb MOUIHOCTH PAAUOBOJIH NIPU PACNIPOCTPAaHEHUU

Jlns pacuéra GroarkeTa KaHasa CB3M HEOOXOAUMO 3HATh MOTEPU MOLLHOCTH IMPH
pacrnpocTpaHeHHH curHagsa. Popmysna noTepb NMpU PaclpoCTPaHEHHH B CBOOOLHOM
MPOCTPAHCTBE C KO3 (DULIMEHTAMH yCUIeHHUs TPUEMHON U Nepenatolell auTeHHbl G i
U G COOTBETCTBEHHO, PACIOJNOKEHHbIX Ha PaCCTOSIHUM 7 MeTPOB APYT OT ApYyTa,
onucbiBaeTcs 1o (opmysne Ppunca [21]:

Pr A\ 2
R GrGr (2
Py T R(zm)’

rae r — PacCTOsSiHUE B MeTpax MexAy MNepefarolled U NPUHHUMAIOLLIEH aHTEeHHOH,
Pr — MOIIHOCTb Tepenarollell aHTeHHBl Ha paccTosiHuM 7, B dBm,

Pr — MouIHOCTb, IpUHUMaeMast aHTeHHOH B dBm,

G — KO3(ppULHEHT yCUJIeHHs Nepealollell aHTeHHBbI,

GRr — KO3(p(ULHEHT YCUJEeHUs NPUHUMAIOLLEH aHTEHHH,

A — IJIMHA BOJIHBI B MeTpax.
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W13 nanHoi (opMyJibl MOXKHO MOJYYUTh BbipaXkeHHe [JIs1 OTePb TMPU pacripocTpa-
HeHuu B dB:

C

P 2 \?
L =101g -2 = 101g Gr+101g Gr+101g ( = ) = 10-1g Gr+10-lg Gr+20-1g
P 4y Ay f

T

3Has1, 4to 20 - lg= = 147,56 d B,
L=10-1gGr+10-1gGr—20-1g f — 20 -1gr + 147,56 dB.

JlaHHas Mone/b sBJseTCS 3TAJOHHOH INPHU aHa/NHW3€e PACIPOCTPaHEHWUS PaaHUOBOJIH
Ha pas3/JM4HBIX Tpaccax. B paMkax 3TOH Mopesd HepPrusi CUrHaja 3aBUCUT TOJIBKO
OT PaCCTOSIHHS MeXXIy NepelaTuYMKoM M NMPUEMHHUKOM MU yOblBaeT oOpaTHO NpoOIop-
LIMOHAJIbHO KBajpaTy pacctossHus. [Ipy Hanmvuuu npensTCTBUE Tpacca pasiensieTcs
Ha paccTOsiHWEe MPSAMOH BHUAMMOCTH dy — pacCTOsiHUe 0 TepBOro MPensiTCTBUS U
d = r—dy — paccTosiHMe He NPSMOH BUAMMOCTH, IPHU 3TOM (POpMyJia OTepb NPUMET
BUJL:

L=10-1gGr+10-1gGr —20-1g f — 20 - lgdo + 10 - 1g(do/d)™ + 147,56 dB,

rae n — ToKasartesb creneHH, 3,5 < n < 5,[22], 3aBUCAIIMHA OT yCJOBHE pacrpo-
CTpaHeHHs.

[Torepu momnHoctd B dB mogpo6Ho onucansl B [18—19]. Hanpuwmep, B [18] na-
érca ¢dopMmysna AJS OCHOBHBIX MOTepb B Aelubesnax, 3aBUcCALlasi OT (PUIUYECKUX
CBOMCTB TPacCCHI.

B [19] noTepu mpenctaBneHbl B Buae Tabmul. [ljsi UCmoab30BaHUSI TpebyeTcs
nepeBoj TabJHUL B 3J€KTPOHHBIH BUA U MHTEPNOJSALMS M0 PACCTOSHUIO U YaCTOTe.

6.3. MopeaupoBaHue MeaJeHHbIX 3aMHpPaHUA

MensieHHble 3aMUpPaHHs MOAENHPYIOTCS C TOMOLIBIO HOPMHUPOBKH CJyUalHBIX
npoueccoB. HopMmupoBka onpenensiercss 3agaHueM cpenHeil sHepruu Jgyded. Cpen-
HAIST HEPrus Jyded onpenesseTcss CpedHed >Heprued nepenaBaeMoro Curhana L,
K03((HULHUEHTOM MOTEPH B TpakTe Ky, pacrnpeesieHHeM SHEPrUU CUTHAJA 110 JydaMm
wy, Wy, ..., wy (Beca Jayued: wy + we + ... + wy = 1, w; > 0) U peanuzanUsiMu 3Ha-
ueHuit (&1, &, ..., &) CAyJalHON BeJIMUMHBL £, pacnpenesiéHHON 110 JIOTHOPMaJbHOMY
3aKOHY.

7. MopeaupoBaHie BpeMeHHBIX 3aJepXkKeK CHUrHaJja B Jydax
(uHTepHOAALIMSA)

O6wuii noaxon 3akJjauaeTcs B IPUMEHEHHH CllellManbHbIX (PUIbTPOB K IUCKpeT-
HOMY CHTHaJsly, TakKuxX Kak ¢uabTpel KoTenbHukoBa, ®appoy u apyrux. @uastp Ko-
TeJbHUKOBA JA&T Hau/y4yllihe pe3y/abTaThl 10 TOYHOCTH BOCCTAHOBJIEHHS BpeMeHHbIX
CIIBUTOB CHUTHaJIa, HO JOCTAaTOYHO 3aTpaTeH M0 BPeMeHU BBIYMUCJEHHH. AJbTepHATH-
Bod (pusbTpy KoTesbHUKOBA SIBJASAIOTCS JHHEHHBIH UK QuabTp Pappoy (mosuHOMU-
aJbHBIH 3-r0 mopsinka). JlaHHble QUIABTPBI AAIOT MEHBIIYI0 TOYHOCTb BOCCTAHOBJIE-
HHUSl CHTHa/la Ha 4yacToTax O/MM3KHUX K yactoTe HalkBUCTa, HO AAOT 3HAYUTEJbHOE
NPEUMYILECTBO M0 CKOPOCTH BbIYUCJIEHHH. [/ CpaBHEHHsI TOYHOCTH U CKOPOCTH
BBIYMCJIEHUH ObLJ NPOBEAEH YHCJIEHHBIH 3KCIIEPUMEHT.
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McXonHBIMM JaHHBIMU [1Jis TIPOBEAEHHs IKCIIEPUMEHTa SIBJSJIUChH: IIAr IUCKpe-
TH3alUK curHaja T', KOJUYeCTBO OTCYETOB CHUrHasa N, mapaMeTp OKHa B (PUJIbTPE
KorenbuukoBa L (2L + 1— mHUpuHa OKHA IJis1 CBEPTKH) M COOTBETCTBYIOIIME OT-
cuétnl z(kT),k = 1,2,..., N curHasnoB Buna z(t) = sin(2w ft + ), f = fi, fo, oy fin-
YacTtoThl f; 3aaBajuCh KOJHUUECTBOM OTCUETOB Ny Ha OIHH MEPHOM, T.e.

1
Ji= [T—} ‘

15 BpeMeHHOro cinBura dt, He PaBHOTO LI€JIOMY UMCJY LIAroB NUCKPeTU3aluH,
BBIUMCJIEHBl 3HAYEHUs] CUTHAJNOB B MOMeHTHl BpeMeHu m1 — dt,m = 1,2,..., N. Bul-
YUCJIEHUA HpOBOILI/I.HI/ICb C ITIOMOIILbIO CJIeIIYIOH_LI/IX (1)I/IJ]prOBI KOTe.HbHI/IKOBa, JIHHeﬁ-
HOIr'o U (Dappoy I[JIH KaxXa0ro qZ)I/IJIpra U Ka}KILOﬁ YaCTOThBI BBIUUCJIAJHUCH cpeaHee
a6C0.H}OTHOQ OTKJIOHEeHHEe OT TOYHBIX 3Ha‘~IeHI/Iﬁ U BpeMH BBIUUCJIEHU A (CM. pI/IC. 1)
a5 mpoBeneHUs1 3KClepUMEHTa MPOTPAMMHO peasM30BaHbl U ONTUMU3UPOBAHBI IO

CKOpPOCTH BbITNIOJIHEHUS YKa3aHHble Bblllle (DUJBTPHI.
3ajaHbl cjaenylolye NapaMeTpbl SKCIepUMeHTa:

T=5-10% N =128;dt = 1,6T; L = 32.

®Puabtp KoTenbHukoBa
[Tycts z, = x(nT). Ilo Teopeme KorembHukoBa

> dt : dt
x(mT — dt) = ;xnsinc (m—n— T) znzsznsinc (m—n— T) :

rae
p=max(m — L,1),s = min(m + L, N),

sin 7t

sinc(t) = L t#0.
T

Jlns yckopenusi pabotel pazpaboTaH ajropuTM, CyTb KOTOPOro B TOM, UTO 3Ha-
ueHHUs] PYHKUUH sinc Bbluncasioress He N (2L + 1), a Toabko 2L + 1 pa3. Ho u ato
3aHMMaeT 3 BPeMeHH PaGOTHl alrOpHTMa.

JIuHelHbIN DUIABTP

x(mT —dt) = (1 = r)Tm—n + rTm—n_1,

dt

rpe n ur — neJjaad "u ILpO6HaH HacTH 4Hucja = .

Puastp Pappoy 3-ro nopsaaka

ror r3 2
x(mT — dt) = (E — 6) Tm—n—2 + <—5 + 5 + ’f’) xm—n—l“’

+ T—s—rz—l—i—i—l x + _r_3+ﬁ_t x
2 2 men 6 2 3) b
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Marematuyeckue CTPYKTYpbl H MofeaupobaHue. 2015. Ne 2(34) 61

rie n U r — ueJsas U JpoOHas 4acTH 4yucaa %.

BolicTpbiit aJTOPUTM BBIUHCJIEHHUS MOKHO Ha#TH 311eCh:
http://www.dsplib.ru/content/farrow/farrow.html.

[To pesysnbraTam sKcrneprMeHTa MOXKHO CHeJaTb CJeNyIOLIHe BbIBOIHI.

Bpems uHTepnossuuu ¢ nomouibto ¢puabtpa KortesbHrukosa B 14 pas 6osblie uem
BpeMs UHTePHOJSLUUN ¢ noMoulbio ¢puabrpa Pappoy U B 27 pa3 6oJblle UeM BpeMsi
MHTEPIONSLNN C MOMOLIbIO JUHEHHOro puabTpa (oueHka s N=128).

B Toxke Bpem$ [/ NOCTHKEHHSI NOCTATOUHOH TOUHOCTH BOCCTAHOBJIEHHUS CIIBUTa
CUTHaJ/a MO BPEMEHM 4YacTOTa OTCUETOB CHUTHAJMA /s JIUHEHHOro (PUAbTPa HOJKHA
O6biThb B 7,0 pas OGosble, a ans ¢uabrpa Pappoy B 3,5 pasa OoJiblle 4eM IJis
¢unprpa KortenbHukoBa. OnTUMa/bHBIM, MO HalleMy MHEHHIO, SIBJASeTCS (DUIBTP
®dappoy.

B Communications System Toolbox B Matlab peanuzoBanbl MHOTHE Mopeax
KaHaJIOB B BHJIe CUCTEMHBIX 00bEeKTOB 0e3 MpefoCTaBeHHS KOIOB.

[Tpumepsl cranmapTHeix Momesnell kaHanoB B Communications Systems Toolbox
13 ITU-R HF u u3 ITU-R 3G moxHo Haiitu B [14-15].

[IpoBenéHHbIH aHaIU3 TO3BOMSET BBIAEJUTD CJeYIOLIMe OCHOBHbIE TPOrPaMMHbBIE
mMonyau (QyHKIHH):

1. [naBHbI# Mopynb. 3agaHue napameTpoB. Creuudpukauus npopuas TPakTa,
BXOJIHOT'O CHTHa/Ja U ceaHca MoneaupoBaHus. PopMHUpoBaHHE BHIXOAHOTO CHUTHAJA.
['padpuueckoe npencrasieHre npeoOpa3oBaHUsl KOMIJIEKCHOH orubarolledl curuana B
KaHaJjle BO BpeMeHHOH M 4acTOTHOH 00./1acTsX.

2. ['enepatopsl cayyalHbIX BeJquurnH. PopMHUpoBaHue 3HaYeHWH paBHOMEPHO pac-
npefeséHHON CaAy4alHOH BeqWYuHBl. POpMHUpPOBaHHE KOMILJIEKCHOTO 6esoro Imyma.
®opMupoBaHHe 3HAYEHWH JOTHOPMAJbHOH C/ay4alHOH BesuunHbl. PopMupoBaHHe
AIAUTUBHBIX MOMEX.

3. @uabtpsl. JlonnepoBcKUH (UABTP.

4. Mopnynb UHTeproJsiLHK WU feuuMaurd. MoaenrpoBaHue BpeMeHHbIX CIBHUIOB
JAMCKpeTHOro curHasa. VMi3aMeHeHHe 4acTOTB OCUETOB (MOHANOOUTCS IJs YCKOPEHHS
paboThl Moze U, UTOObl He (POPMHUPOBATH OYeHb MHOI'O OTCUETOB 06€JIOr0 IIyMa).

5. Monynb opmupoBanus Ko3h(ULHEHTa OTEPb B TPaKTe.

6. Monynb TecTHpOBaHUS KaHaJja.

3akiaroyeHue. {15 NpoBepKH NPaBUJIbHOCTH OCHOBHBIX aJTOPUTMOB MPOrpaMM-
HO peasii30BaH IMPOTOTHUN Mojeau KaHaja. [IpoBeneHo cpaBHeHHe pabOThl HALIMX
aJTOPUTMOB ¢ ajroputMamu, peaiusoBaHHbiMA B MATLAB. Ycranossena anekBar-
HOCTb peasiu3alMu JAOMJEPOBCKOTO (PUJIbTPA M BPEMEHHBIX CIABHUIOB JUCKPETHOIO
curHana. Ha puc. 2 npuBeieHbl CpaBHUTEJbHbIE I'PAPUKH.
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STOCHASTIC SIMULATION OF THE RADIO CHANNEL WITH ADDITIVE
AND MULTIPLICATIVE LINE NOISES. IMPLEMENTATION SCHEME
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Abstract. The article deals gives an overview and analysis of existing approaches to
mathematical simulation of the multipath environment of radio wave propagation at
VHF band. In particular, implementation of the random processes describing additive
and multiplicative line noises is discussed in more detail.

Keywords: simulation of the radio channel, radio wave, multipath environment of the
radio wave propagation, Doppler shift, additive and multiplicative line noises.
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'"HMucturyT matemaruxu um. C.JI. Co6onesa CO PAH
2OMCcKHil roCyapCTBeHHbIH HHCTHTYT cepBHCca
3CubupCKHUil TOCYNapCTBEHHBIH YHUBEPCUTET (DU3UUECKOH KYJbTYphl H CIOPTa

4TeppuropranbHeil GOHI 0653aTeNLHOT0 MeIMLMHCKOr0 cTpaxoBaHus OMCKOH 06/1acTH

AHHoTauus. AprepuasbHasi THIEPTEH3Hs sIBJseTCs GOJBIIOH TMPoGJaeMol 06-
mectBa. AHannM3 HaydyHOH WH(OpMaUK Mo npobjeMe MOKasaj, YTO OCHOBHBIM
HHCTPYMEHTOM HCCJIEIOBAHUH SIBJISIETCS MaTeMaTHuecKasi CTaTHCTHKA. ABTOpBI
MpefJiaraloT UCMoJb30BaTh KOTHUTUBHOE Mofie/iupoBanue. Llesib paboTel — mpu-
MeHeHHe 3KCIePTHLIX 3HaHUH /151 NOCTPOEHHS U aHa/M3a KOTHUTHUBHBIX MOJe-
Jiell B BUJle B3BelLeHHbIX OPUEHTHPOBAHHbIX I'PaoB KaK CyOBEeKTHBHbBIX 00pa3oB
npo6Jemel. Pemtensl cienyiomune 3anaun. [locTpoeHsl cyObeKTHBHBIE TYTH pas-
MBILIJIEHUH CMELMaNUCTOB O BO3MOXKHBIX IPUYMHHO-CJIEICTBEHHBIX CBA3X MEX-
oy o6bekTaMu MpoOieMHOM 06JaCTH B BUAE KOTHUTHUBHBIX KapT WJH B3BelleH-
HbIX OpPHEHTHPOBaHHBIX rpa¢oB. [IpoBenéH KOMIBIOTEPHBIH 3KCIEPUMEHT IJIsl
BepH(HKaLMU aBTOPCKUX KOTHUTHBHBIX Mofesell nmyTém HaOJIofeHHUsl 3a pac-
NpoCTpaHeHHeM BO3MYILIEHHH, BBOAUMBIX B pasJjiMyHble BeplIHHb rpada. Ana-
JIU3NPYIOTCS (PYHKLHOHAJbHBIE COCTOSIHUSL CTYyIEHTOB-CIIOPTCMEHOB U HECTIOPTC-
MEHOB ISl yTOUHEHHSs 3HAaUeHUH (akTopa «(phu3ndyecKkas aKTHBHOCTb».

KuaroueBbie cioBa: runepreHsus, (puandeckas akKTHBHOCTb, KOTHUTHBHAs MO-
Jiesb, SKCIIePTH3a, KOMIbIOTEPHbIH 3KCIEepPUMEHT, B3BelleHHbIH OpHeHTHPOBAaH-
HBIN rpad.
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Beenenue

OcHoBHas ujest MOCTPOEHUS] KOTHUTUBHBIX MoJeJiell COCTOUT B TOM, 4TOObI pop-
MaJIM30BaTh Halle CyObeKTHBHOE MpeACTaB/eHHe O PeajbHOCTH MYyTEM MOCTPOEHUS
HOBBIX CyObeKTUBHBIX 00pa3oB. [l 3TOro HeoOXOOHWMO BbIAEJUTH NpobJieMy, cxe-
MaTHYeCKH TMPeNCTaBUTb MHPOPMALUI O HEH, a 3aTeM MPOBECTH €€ KOTHUTHUBHBIH
aHaJ/IM3 Ha OCHOBE OMbITa, 3HAHWH U UHTYULHMU HUCCJIe0BaTes.

[lenb paboTbl — MpUMeHEHHe 3KCMepPTHBIX 3HAHWH AJs MOCTPOEHUS W aHaJU-
3a KOTHUTHUBHBIX MoOJeJsel, WJIIOCTPUPYIOLIUX BJHUSIHUE CYLIECTBEHHBIX (aKTOPOB
Cpelbl XKH3HENEATeJbHOCTH HA Pa3BUTHE CUTYalUH, CBSI3aHHBIX C IMOBBILIEHHEM ap-
TepraJsbHOro nasjeHus (AJl) y desoBeka.

Buosornyeckre 00BEKTHl HCCAENOBATb CJAOXKHO B CBA3H C TeM, YTO OHHU
XapaKTepusyloTcss OOMbLIMM KOJHMYEeCTBOM [OKasaTeJsiel, OMUCBIBAIOLIUX (DHU3HUKO-
XUMHUeCKHe CBOMCTBA BHYTPEHHEH cpellbl OpraHU3Ma uesioBeka U (hu3nuueckue CBOM-
CTBa, TPOSIBASIONINECS MNP B3aUMOAEHCTBUH C BHellHeH cpenod. OnrtumasbHOe
(hyHKLIMOHAJ/JbHOE COCTOSIHUE OpraHu3Ma CBSI3aHO C YCTOWYMBBIMH HOPMAaTHBHBIMU
roKasaTessiMU BHYTpPeHHeH cpefibl. DTO COCTOSIHHE MOXKET HapylIaTbCsl, a COOTBET-
CTBYIOILIME NI0Ka3aTe/ XapaKTepu30BaTh OTKJIOHEHHE OT HOPMbI B CTOPOHY yBeJuye-
HUS UM yMeHblueHUd. [lon BAussHUEM MeIUMKaMeHTOB HJIM CAMOMNPOU3BOJbHO, B CBSl-
31 C HaJMuMeM CBOHCTBA TOMEOCTa3a Yy UeJIOBEKa, MOKa3aTesad MOT'YT BO3BPALLAThCS
K HOPMAaTHBHBIM 3HaueHUsIM. ApTepuasibHOe AaBJieHHe, HAlpUMep, U3MEHseTCs MpH
NeHCTBUM CJeNyIOUMX OCHOBHBIX (DaKTOPOB: CTpecc, TMIOAUHAMUS, aHTPOIOMETPH-
yecKHe XapaKTePUCTUKH (M3ObITOUHBIH BEC) U .

CBfi3b 3HauU€HWH apTepuasbHOH THIEPTEH3UM C NPYrHMMH TOKa3aTessiMH Opra-
HM3Ma OMHUCaHAa MHOTHMH KakK 3apyOeKHbIMH, TaK MU POCCHHUCKHMHU HCCJeN0BaTEs-
MU. Perynsiuus aprepua/ibHOrO AaBJeHUs] IPH CTPECCOBBIX CHUTYyallUsiX MpHBedeHa B
padotax M.C. l'aBpusioBoit 1 B.A. IlloBuna [1, 2]. Biusinve BpeiHBIX NPHUBBHIYEK
(TabaxkokypeHHUs, ynoTpe6JIeHHs aJKOroJ/si) HAa H3MeHeHHe apTepHasbHOTO AaBJEHHUS
onucano B cratbsix A.M. CuactnuBenko u H.A. Aramxansina [3, 4]. [locTpoeHue
(haKTOpPHBIX MojeJiell U aHa/lu3 KOppessILHOHHONW 3aBUCHMOCTH OMOXUMHUYECKHUX T10-
KasaTeJsled MpU apTepuasnbHOM rUmnepTeH3un oTpaxkéH B paborax B.B. losnbranuua n
A .W. Jlo6aueBa [5, 6].

B cratesx 3apy6exHbix uccaenopatesed Bum Ju Lee, Jong Yeol Kim, Sakurai
M., Miura K., Takamura T., Ota T., Ishizaki M. u np. ycraHoBjeHb B3auMo-
CBSI3W MEeXJy apTephasbHOH rurepTeH3ned U aHTPONOMETPUUECKUMHM, T'eHAEPHBIMU
M APYTMMH MOKasaTessiMU C MPUMeHeHHeM MaTeMaTH4yeCcKo# cTaTHCTHKH [7, 8, 9].
Yuénsle Sim J.J., Shi J., Kovesdy C.P., Kalantar-Zadeh K., Jacobsen S.J. npoBesu
CTaTUCTHUECKHE HCCJEN0BAHUS U IMOCTPOUJU perpecCHOHHble MOIENH CO CTpaTH-
(brKaluued MNalueHTOB-TUIIEPTOHUKOB C HajJndyueM 3a00JeBaHUSI CaxapHbld auabeT
1 6e3 Hero. A TakXke — B pa3Ju4HbIX Bo3pacTHeIX rpymmnax [10]. Asroper Cai
G., Zhang B. u np. uccienoBasu CBsi3b TeHETHUECKUX OTKJOHEHHH y TMAllMEHTOB C
3a60J1eBa€MOCTbIO0 TMIIEPTOHUEH B Pa3JHUHBIX 3THUUeCKUX mnonynasuusx [11, 12]. B
CJeNYIOIMX CTaThAX MOKa3aHbl CBSI3W MeXKIY BereTapuaHCKHUM PaLlHOHOM MUTaHHS,
caxapHbIM THabeTOM M PaCIpPOCTPAHEHHOCTBIO apTepualibHON runepreHsuu [13, 14].
B pab6ore Yang F. u ap. aBTopoB Hcc/aenyroTcs (pakTopbl prUcka 3a00JieBaeMOCTH
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TUNIEPTOHUEH Cpeld KUTAHCKOro HaceseHHsl, TaKHe KaK KypeHWe, HU3KHUH ypOBeHb
(dosneBol KUCJOTH U Ap. [15].

B cratbe Toyama M., Watanabe S. npuBeneHbl pe3y/abTaTbl UCCJAENOBAHUH 3a-
BUCUMOCTH MexX1y 3a00/1eBaeMOCTbIO TMIIepPTOHHEH W Maccoél Tesa. BeisgBjeHO, 4TO
YTPEeHHsIsl TUIIEPTOHHUSL Y TYUHBIX MAlMEHTOB BhIIIE, YeM Y He Ty4yHbIX [16]. YcTaHoB-
JIeHO, 4To yp6aHHU3alus crocoOCTBYeT yBeNUYeHUI0 3a00/1eBaeMOCTH TUIEePTOHHEH.
AHanu3 n1aHHBIX CBUIETEJbCTBYET O TOM, YTO HealeKBaTHasi HHPPACTPYKTypa 3apa-
BOOXPaHEHHS MOXKeT BBICTYIATh B KauecTBe Oapbepa [JIs ONTUMAaJbHOTO YIpaBJeHUs
3abosieBaeMOCTbio TunepToHueit [17]. MccnenoBanach 3aBUCUMOCTb 3a60/1€Ba€MOCTH
THIIEPTOHHEH OT BpeMeHM roga u Bo3pacta [18]. ABTopbl apryMeHTHPYIOT HEOOXO-
JUMOCTb TOCTpPOeHHUsl 6a3bl AAaHHBIX W BCECTOPOHHErO aHaJ/u3a AaHHBIX O GOJbHBIX
THIIePTOHHEH, TaK KaK 3TO 3abosieBaHHe CTajo nmpodaemoi obiiectsa [19].

O630p crartelt o npo6seMe MokasaJs, YTO OCHOBHOH HMHCTPYMEHT HCCJieloBaTe el
— MaTeMaTHuecKas CTaTHCTHKA. ABTOpaMH NpHMeHeHa KOTHHUTHBHAS METOHOJIOTHS.
[lepBbiil 3Tan uccaenoBaHuit — hopMUpoBaHUe NPOOJEMHOrO MOJs1, KOTOPOe COCTOUT
M3 COBOKYMHOCTH B3aUMOBJIHSIOLIMX (PAKTOPOB U CBA3ell MexX1y HUMHU. KorHUTHBHOE
oTtobparkeHue MPoOJEMHOTO IM0Js OCYIIEeCTB/SETCS B BUAe KOTHUTHBHOH KapThl UJH
B3BeILIEHHOTO opueHTHpoBaHHOro rpadha G = (V, E), rane V — MHOXKECTBO BepIIHH
(6asucHbIx daktopoB), V; € V,i=1,2,...,k; E — MHOXecTBO HIyT, Beca KOTOPbIX
MIOKa3bIBAIOT CHJY B3aMMOBJIMAHMA Oa3UCHBIX (DAKTOPOB, €¢;; € K, 1,5 = 1,2,...,n.
Caenyroliuil War UccaefioBaHUsl — MOCTPOEHHEe KOTHUTHBHOHM MoJe/au AJs MpoBe-
IeHHUsT UMHTAaLHOHHOTO 3KcrepuMeHTa. KornutusHas momenb ¢ = (G, X, F), rue
G = (V,E) — opueHTHpOBaHHBIH rpad; X — MHOXKECTBO MapaMeTpoB BeplIMH V/,
X={X"},i=1,2.. .k X =2 g=1,2 ... n 2’ — napamerp Bepunubi
Vi, ecin g = 1, 1O xéi) =x; X 'V — R, R — MHOXeCTBO BellleCTBEHHbIX
uncen; F' = F(X,E) = F(x;,xj,e;;) — OyHKUHOHaJ NpeoOpa3soBaHUs AYT, CTaBs-
LKA B COOTBETCTBHE KaXK[0H Iyre 3HaK, BeCOBOH KOA(DMUUHEHT w;; UK PYHKIHIO
f(xi,xj,ei;) = fi;. [lapamerpel KorHUTHBHOH Monenu z;(t), t = 1,...,n 3aBHUCAT OT
BpeMeHH. Ec/iM B MOMeHT BpeMeHH ¢ — 1 B BepLIMHY NOCTYNaJ UMIYJAbC p; € P, To
nepexol MOJAENH U3 COCTOSIHUS ¢ — 1 B ¢ OCYLIECTBJISAJCS 0 MPABUIY:

k—1

i) = wia(t) + ) fla,zje)p;(t = 1),

j=1

MPU M3BECTHBIX HauaJbHBIX 3HaueHusx [20].

1. IlocTpoeHue KOTHUTUBHBIX KapT

B Hamux uccienoBaHusx 6asucHble (HaKTOPbI MPOGJEMHOTO MOJISI Pas3ieseHbl Ha
1esieBOH (hakTop — «apTepHasibHasi THIEPTEH3UsI» W ypaBJsiolire (GakTopsl (CM.
Tabs. 1).

Jlasiee MpOBOAUTCS IKCMEPTH3a, KOTOpast MpHU3BaHa OTBETUTb Ha BOMPOC, KaKHe
M3MEHEeHHs] B 3HAUEHMSIX YIPABJSIOMIUX (AKTOPOB HEOOXOTUMO MPOM3BECTH, UTO-
Obl apTepualibHOe NaBJeHHe Yy YeJIOBEKA CHHXKAJOCh J0 HOPMATHBHBIX BEJUUHH. B
Mpolecce SKCIePTH3bl BbISIBJEHDI CJAEAYIOIINE CYXKAEHHS CMEHaJUCTOB U BEJHUHNHBI
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Ta6auua 1. basucHele hakTophl (MOKa3aTesH)

O603Hauenue | Hazpanue Bun Enununsl nsmepenus
A AprepuasibHas runepTeH3us | LieJeBOH MM.pPT.CT.
b Bpennele npuBeuku (Taba-
KOKypeHHe, yroTpebJeHne
AJIKOT0J151) YOPaBJISIOWKH | 6211
B OMOLMOHANBHOE COCTOSIHHE
r ®dusnyeckass aKTUBHOCTb
bl XpoHuyeckue 3a00/eBaHUA
E Crpecc

IKCTepTHBIX OeHOK. OB0CTpeHUs] «XPOHHUECKUX 3a060/1eBaHHI» MOT'YT YMEHbIIATh
«(pU3MYecKyr aKTHBHOCTb» desoBeka (-0,5). OTpuiaTesibHOe «3MOIHOHAIBHOE CO-
CTOSIHHE» UeJIOBeKa MPOBOLHUpYeT «BpenHble MpuBbIUKU» (-0,8). [Ipu cHUKeHUH «ap-
TepUaJbHOTO IaBJeHHUs» (0 HOPMATHBHBIX BEJHUHH) MOXKHO yBEJHYHMBATh N03HUPO-
BaHHYI0 (pru3ndeckyto Harpysky (-0,2). YMeHbllleHHe CTPECCOBBIX HAIPY30K MPUBOIUT
K CHHXKEHHIO «apTepHaJsibHOTO NaBJieHHsI» (0 HOpMaTHBHBIX BeauunH) (+0,5). YBe-
JIMYeHHe J03UPOBAHHON «(U3UUECKOH aKTHBHOCTH» CIIOCOOCTBYET HOPMaJsH3alUu
(cHUXeHHIO) «apTepuasbHOro aaBjeHusi» (-0,7) W YAYUIIEHHIO «3MOIHMOHAJBHOIO
coctosinusi» 4yesnoBeka (+0,5). TTooKUTeNbHBIE 5MOLMOHAIBHBIA (POH MPUBOAUT K
CHMKEHHIO «BpelHbIX NpuBblYek» (-0,8). «Pusnyeckass akTHBHOCTb» CHHXKAET CHUJTY
M YacTOTy PeLHUIUBOB «XpoHHWYecKUxX 3aboseBanuil» (-0,5) u np. B nammx wuccre-
JIOBaHHUSIX KOTHUTHBHbIE KapThl KaK MaTeMaTHUeCKHe CTPYKTYpPbl MOCTPOEHBI ABYMS
He3aBUCHMBIMU JKCrepTamMu (cM. puc. 1, 2).

KOrHUTHBHBIE KapThl HMMEIT CJedyllde pa3indus. Ha KOTHUTHBHOH Kap-
Te (K-2) orcytcrByeT nayra A («xpoHudeckue 3a0oseBaHHUSl» — «apTepHasbHOE
nasseHue»). [lomeHsitoch Hampassaenune nyru AE («aprepuanbHOe naBjeHHe» —
«ctpece»). Hyra I («xpoHndeckue 3abosieBaHUsl» — «(pHU3HUUECKas aKTHBHOCTb»)
crasa nByxcroponHei. [losiBunacy nyra EB («cTpecc» — «3MouMoOHaNIbHOE COCTOSI-
HUE» ).

Jlasiee MPOBOAMJICS KOMIIbIOTEPHBIH IKCIEPUMEHT, Pe3y/abTaThl KOTOPOrO MOMI-
TBEPXKAaJH UK ONMPOBEPrajyd HHTYHIIMIO SKCIIEPTOB, UCIONb30BAHHYIO TPH MOCTPOE-
HUU KOTHUTHBHBIX KapT KakK CyObeKTHUBHBIX Mojesel npobeMel. BsanMocBssu Mex-
Ny BepLIMHaMH rpada npeacTaB/sIOTC KOTHUTHBHOW MaTpULEH, B AYeUKH KOTOPOU
BBOASITCS BO3MYIeHUsl. PacrpocTpaHeHHe BO3MYILIEHHH Ha HECKOJBKUX IlIarax BbI-
qucJeHni HabJI01ai0Ch BU3yalbHO C MMOMOIIBIO TPOrpaMMHOro cpenctsa Excel.

2. Pe3yabTaThl KOMIOBIOTEPHOI'0 IKCIIEPUMEHTA

DKCIepUMeHTa bHble KPUBBIE, MOJyUeHHble C IPUMeHEHHeM KOTHUTHBHON KapThl
K-1, HMEIOT TEHAEHIMIO K MOCTOSIHHOMY yBeJMueHHI0 3HaueHuid (puc. 3). B uHcrTH-
TyTe npobseM ynpasienus PAH paspaGorano TeopeTHueckoe 0OOCHOBAaHHE 3TOTO
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+0,5

-0.5
, -0.,8
+0,5
-0.2

Puc. 1. KoruutuBHas KapTta mepeoro akcrepra (K-1)

Puc. 2. KoruutuBHas Kaprta BTOpPoro akcrepra (K-2)

SIBJIEHUS, HAa3bIBAEMOTO HMIYJbCHOH HeycToHunBoCcTbio [21]. Ilsis Toro 4TOGHEl OT
Hero M30aBUTbCS, HEOOXONUMO CTPYKTYypHOe MpeoOpa3oBaHHe KOTHUTHUBHOH MOJeNu
npoOJieMbl.
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Puc. 3. PesynbpTaTsl KOMIBIOTEPHOTO 3KCIEPUMEHTA C MCIOJIb30BAaHHEM KOTHHTHBHOH KapThl K-1
(ocp aberpec — mark BBUKUC/IEHHH, 0Chb OPAMHAT — 3HaYeHUs Oa3HUCHBIX (aKTOPOB)

[IpaBoMepHOCTb BHECEHHBIX M3MEHEHHH BTOPBIM KCIEPTOM B CTPYKTYPY KOTHH-
TUBHOH KapThl (K-1) mopTBepausach. DKCIepUMeHTa bHble KPHUBBIE, MOJyYeHHbBIE C
NprMeHeHHeM KOTHUTHBHOU KapThl K-2, MOKA3bIBAIOT H3MeHeHUs 3HaYeHUH (PakTopoB
Ha HayaJibHbIX LIarax BbIUKWCJAEHHH, a 3aTeM CTaOU/IM3alMI0 3HAUeHUH Ha orpefe-
JIEHHBIX ypoBHsAX (puc. 4, 5) [22]. Ha pucyHke 4 npuBeleHbl pe3y/bTaTbl KOMIbIO-
TEPHOT'0 SKCIEPUMEHTA, MPOBEIEHHOTO C UCTOJb30BAHUEM KOTHUTHUBHOM KapThl K-2,
MPU YCJOBUSAX YBesJHUeHUs (PAKTOPOB «(hHU3HUecKass aKTUBHOCTb» (KPECT), «CTPecc»
(KpyT) ¥ «BpelHble TPUBBIYKH» (KBaApaT) Ha MsATh YCJAOBHBIX enuHHUL. [leneBoi dak-
TOp «apTepuasibHOe JAaBJjeHHe» 0003HaueH pomOoM. MmnynbcHasi HeyCTOHUHMBOCTH
OTCYTCTBYET.

Puc. 4. PesyabTaTel KOMIIbIOTEPHOTO 3KCIIEPUMEHTA NPH yBeJIUYeHHH (aKTOpPOB
«(usnyeckast HarpysKa» (Kpect), «cTpecc» (Kpyr) ¥ «BpeiHble MPUBBIUKH» (KBaapar)

Ecau mpu mpeablaylinX YCJIOBUSIX YBEJHUHTb ellé U (PaKTop «3IMOLHUOHATLHOE
COCTOsIHME» (HacTpoeHHe CyObeKTa YJIYyYLIUI0Ch), TO Ha rpaduke BUIUM YMeHblIle-
HUe 3HaYeHHH 11eseBOro (hakTopa «apTepuasbHOe naBjeHHe» (pomb) (puc. 5).

Takum 06pa3oM, OIHHM W3 CYIIECTBEHHBIX YIPABJSIONUX (PAKTOPOB SIBJSETCS
(haKTOp «3MOLMOHANBHOE COCTOSTHHE» UeJIOBEKA.
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Puc. 5. PesynbTaTbl KOMIBIOTEPHOTO 3KCIEPUMEHTA MPH YBEJHUEHNH (hAaKTOPOB
«(pusnyecKast akTUBHOCTb» (KpecT), «CTpecc» (KpyT), «BpeQHble NPUBEIUKK» (KBaapaT)
«9MOLIMOHAJIBHOE COCTOsIHHE» (TPEyrobHUK)

3. ¥YnpaBagromuil ¢gakTop «pusnyecKkas akTUBHOCTb»

[TpoBeneHbl KCTIEPUMEHTBI MO OllEHKE (PYHKIIMOHAJBHOIO COCTOSIHHSI CTYIEHTOB
C pasHOH CTeleHbIO MOBCeIHEBHOH (u3nueckoil akTuBHOCTH. [lepBas rpynma —
CTYIeHTHI, npodeccrona bHo 3aHuMatolinecss U T-trexHonorusimy, BTOpas rpynna —
ctyneHTel CHOMPCKOrO rOCYIapCTBEHHOTO YHHBEpPCHTeTa (PU3UUECKOW KYJIbTYpbl U
CTOpTa, CHCTEMATHUECKH ToJydarlline (hU3udecKre HarpyskHy.

DKCMEepUMEHT MpPOBOAMJCH C MpUMeHeHHeM Tecta AmocoBa. AkangeMuk
H.M. AmocoB B KayecTBe TecCTa MpejJaraj OleHHBaTb H3MEHEeHHe YaCTOThl Cepiey-
Hbix cokpauleHndl (HCC) u o611ero caMo4yBCTBHS PH OOBIYHOM MOAbEME MELIKOM
Ha 4-# 3Tax 3naHus. PYHKIUOHANbHOE COCTOSIHHE B 3TOM CJy4ae OLIeHHUBAETCs
caenytomum obpasom: xopoiuee, ecaid YCC He npeseimaer 100-120 ynapos B Muny-
Ty, OTCYTCTBYIOT HENPHUSATHbIE OLLYIIEeHHS; YA0OBJIETBOPUTENbHOE, eCH HAbJMI0IaeTCs
JIETKasi OfbIILIKA; HEYIOBJETBOPUTEbHOE, €CJIH YyXKe Ha 3-M 3Taxe (UKCHpyeTCs
BelpaxkeHHast onpiiika, HCC 6osee 140 ynapoB B MHHYTY, OTMe4aeTcsi CJaboCTb.

[To naHHBIM TecTa MOCTPOEHBI HEUETKHE MHOXKECTBa «CTeleHb (PYHKLMOHAJNBHO-
ctu»: (1) mast cTyneHTOB-cOpTCMeHOB U (2) cTyneHTOB-HecrnopTcMeHoB. Ha puc. 6
och abcnuce — paznoctb YCC nocse v 10 mopgbéMa UCTIBITYEMbIX Ha 4 3Tax 31aHHUS.
Ocb opauHAT — cTeneHb BbIPAXKEHHOCTH HCCJENyeMOro CBOHCTBA.

CpaBHeHHe TPapHUKOB MMOKA3bIBAET, YTO CTEMEeHb (PYHKIIMOHANBHOCTH y CIIOPTCMeE-
HOB BbIllIe, UeM y HECTIOPTCMEHOB, T.K. M0Ka3aTeJad (PYHKLHOHAJBHOCTH TOCJ/e (hU3U-
4yeCcKOH Harpy3kM y HHX U3MeHSIOTCSl MeHbllle, YeM y HecrnopTcMeHoB. Ha puc. 7 a, 6
TMpeCcTaBJ/eHbl (ha30Bble TOPTPETH MOKa3aTesell pa3HOCTH apTepHasbHOIO AaBJEHHS
(ocb opauHat) U pasHoctd UCC (ock abenucec) mocse U 10 (PU3NYECKUX HATPY30K Y
CTYIEHTOB-HECTIOPTCMEHOB (2) U Yy CTYIEHTOB-CIOPTCMeHOB (6).

TosbKO mecATh MPOIEHTOB AaHHBIX, MPUHAANEKAIINX MHOXKeCTBY My, HAXOAATCS
B TOM »Ke HMHTepBaJje 3HaueHWH, YTO U JaHHble, NPUHAAJeXKalllue MHOXecTBy M.
Takum o6pasom, ocnabieHue MOBCeAHEBHOW (pU3UUECKOW aKTUBHOCTH BJIHSIET Ha
(PyHKILHMOHAJIbHBIE MTOKA3aTeJNH YeJoBeKa U CIOCOOCTBYET yMEHbIIEHHIO BBIHOCJNUBO-
CTH OpraHr3ma B LIeJIOM.
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Puc. 6. HeueTkre MHOKeCTBa «CTeleHb (DYHKLIHOHAJIBbHOCTH»
1 — crnoprcMeHOB, 2 — HeCHOpPTCMEHOB
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Puc. 7. ®a3oBbie mopTpeTH mokasarenell pyHKIHOHAJIbHOCTH
a) CTYIEeHTOB-HECIIOPTCMEHOB, 6) CTYIEHTOB-CIOPTCMEHOB
3akaroueHue

HpI/IMeHeHI/Ie KOTHUTHUBHOI'O MOAEJHPOBAHUSA TMO3BOJAECT CTPYKTYPUPOBATHL 3HA-
HHA O HpO6JIeMe C CY6"beKTI/IBHbIX HO3I/ILLI/II>1, CUCTEMATU3NPOBATb U Hp606pa3OBbIBaTb
HX B (pOpMy, y,[106Hy}0 IJis1 aHaJrh3a, OCYUleCTBJ/SAEMOT0O HAa OCHOBE HHAWBHUAYaJbHOTO
OIIBbITA, 3HaHUH U WHTYWUIHUHU ClIeHaJUCTA.
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Abstract. Arterial hypertension is a big problem of society. The analysis of scien-
tific knowledge on the problem shows that the main instrument of the researches is
mathematical statistics. The authors, in turn, suggest to use cognitive modeling. The
paper purpose is to apply expert knowledge for construction and analysis of cognitive
models described as weighed directed graphs that represent subjective images of the
problem. The following tasks are solved. Ways of experts reflections about possible
cause-and-effect relations between objects of the problem domain are modelled in
the form of cognitive maps or weighed directed graphs. A computer experiment for
verification of the author’s cognitive models is performed via monitoring distribution
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of perturbations introduced into various vertices of the graph. Functional states of
students, both athletes and non-athletes, are analyzed to specify the values of the
factor "physical activity".

Keywords: hypertension, physical activity, cognitive model, expertise, computer ex-
periment, weighed directed graph.
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Wuctutyt matematuku um. C.JI. Co6oneBa CO PAH

AnHortauus. [Ipencrasnena peannsanus pasindyHbIX MeTOLOB (paKTOPHOro Bpa-
LeHUs Ha 6a3e UHUCNEHHBIX METONOB HeJUHEHHOH ONTUMHU3ALUU C YCJIOBHSIMHU.
[IpyBeneHo cpaBHEHHe OPTOTOHAJNBHBIX W KOCOYTOJIbHBIX METOLOB BpAlleHHH.
JlokasaHo MpPeBOCXOACTBO KOCOYTOJbHBIX METOIOB BpAlleHUS Haj OPTOrOHa/Ib-
HBIMH.

KaioueBble cioBa: (GakTOpHBIH aHa/lu3, KBapTUMakc, BapHMakc, oOJMMaKc,
KBapTUMHUH, 0OJUMUH, GUHOPMAMUH.

Beenenue

OnHo#t u3 npobseM (haKTOPHOTO aHaAW3a sBJseTCs NpobseMa BpallleHHUs U HH-
TeprpeTaluu. Takhe MeTOAbl MOJyueHHs MepPBUYHOTO (HDaKTOPHOTrO pelleHHsl Kak
LeHTPOWIHBIH METOA, MeTOH TIVIaBHbIX (PAKTOPOB, METOJ MHWHHUMAaJ/bHBIX OCTAaTKOB
He I03BOJISIIOT IPOU3BOAWTbL HMHTEpPHpeTaluio (akTOpHOH CTpyKTyphl. Hanpumep,
LHEHTPOUAHBIA METOA W METOH IVIaBHBIX (PAKTOPOB HMEIOT BbICOKOHATPYXKEHHBIH HC-
XOIHBIMH T0Ka3aTeJsAMH MepBbIA (haKTOpP, BKIAYAIIIUHA B ce0s MakKCUMyM pasbpoca
3HaYeHUH NepeMeHHbIX, BbIUMCAseMbIX B NMPOEKL MK Ha MepBbld pakTop. Merton mMu-
HUMaJ/IbHBIX OCTAaTKOB HMMeeT HelpeacKasdyeMbld XapakTep, 3aBUCHMBIA OT HayaJb-
HOTO NMPUOJIMXKEHUS, YTO OOBSICHSIETCS ero KPUTepueM MHUHHUMHU3alUMU HEeBSI30K BOC-
CTaHaBJMBaeMOH M HCXOQHOH KoppessiLMOHHOH MmaTpuuel. [Ipobsiema QakTopHOro
BpallleHHsl CBSI3aHA C HEOJHO3HAYHOCTbIO (PaKTOPHBIX pelleHUH. B pamkax kputepus
MUHHMAaJIbHBIX OCTATKOB YAOBJIETBOPUTEJbHOE pelleHHe MOXeT MUMeTb Pa3JIHn4yHbIH
BU/I.

JIns BelIe/IeHUs] ONHO3HAYHOIO pelleHUs] MOT'yT UCIO/Nb30BaThCs PA3JIHYHbIE KPU-
Tepuu BpalleHusi. [lonydyaemoe B pe3y/bTaTe BpalleHHUs (PaKTOPHOE pelleHHe JOJIXK-
HO 00/1alaTb XOpOLUel WHTepHpeTHPYeMOCTbIO, CYTb KOTOPOTO 3aKJ/I0YaeTcsl B Of-
HO3HAUHOM OTHeCEeHHWe KaKIOW HCXOAHOW NepeMeHHOH JIMIIb K OLHOMY M3 (pakTo-
poB. Pesynbrupytomine hakTopel MOryT OBITh KaK OPTOTOHAJbHBI APYT APYTY, TaK U
KocoyrosbHbl. KocoyrosnbHoe BpaleHue NMPUBOAMT, KakK MPaBUJIO, K JydlleMy pas-
HECEeHHUIO MepeMeHHbIX Ha (paKToOpbl B CBSI3U ¢ O0Jblliell BO3MOXHOCTbIO BblOOpa
HarnpaBJ/eHHs] (PaKTOPHBIX OCEH M MOJYdYeHUs MPOCTOH (aKTOPHOH CTPYKTyphl [1],
KOTJ1a UCXOJHBbIe TlepeMeHHble MaKCHUMaJbHO MPUKATBl K (PAKTOPHBIM OCSIM.
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dakTOpHOE BpalleHHe OCYLIECTBJISETCS MOCPEACTBOM YMHOXKEHHS MEPBUYHOIO
(bakTOpHOro OTOOpakeHHWsi Ha MaTpuly MpeoOpasoBaHus. Marpuua, noJjydyeHHas
KaK [pOM3BeJeHHe TPaHCIIOHUPOBAHHOM MaTpHLbl NpeoOpa3oBaHHUA Ha caMy Mart-
puLy npeoOpa3oBaHUs, COOTBETCTBYeT MaTpUle KOppeasiuhid Mexay (pakTopaMH.
[losTomy Ha maTpuuy npeoOpa3oBaHUsl HAKJ/aAbIBAeTC KakK MUHUMYM OJHO Orpa-
HUUYEHHe, 3aKJ/loyallleecss B TOM, YTO AHAroHaJ/bHble 3JeMeHTbl MaTPHUIlbl MPOU3-
BeJIeHHsl, COOTBETCTBYIOLINE KOpPpeIsLUsAM MeX1y OLHUMH U TeMe ke (PaKTOpaMH,
NOJIKHBl PaBHATbCA 1, TOra Kak BHeAUAaroHaJ/bHble 3J€MeHTbl NOJ/KHBI ObITb IO
moay/to He Gosblie 1. Ecau mosydaioT opToroHasibHOe pelleHHe, TO KOppessiiuu
MeXJy Pa3JUUHBIMH (paKTOpaMu HOJKHBI paBHATbCS (. Martpuua npeo6pasoBaHusi
ornpenessieTcss B COOTBETCTBUH C ONpPeNeJEHHBIM KPUTEPHUEM OT 3JIeMEHTOB KOHEUHOMH
(hakTOpHOH CTPYKTYpbl. MUHUMHU3ALUSA UM MaKCUMHU3ALUs 3TOTO KPUTEPHUS MO3BO-
JileT HaWTH ONTUMAaJ/bHYIO MaTpULy NpeoOpa3soBaHHUsl, AOCTABJ/SIOIULYI0 MHHHUMYM
UJIA MaKCUMYM LeJieBOM (PYHKUHUU KPUTepHS.

B naHHOll paboTe ONTHMHU3aLMsl KPUTEPHs BpalleHUs] OCYLIECTBJASETCS Pas3Jiny-
HbIMU MeTOJaMH HeJMHEeHHOH ONTHUMH3aLMHU: MeTOol KOH(pUrypauui, Mmeton aedop-
MHUpyeMOro MHOTOrpaHHHUKa, MeTon Po3enbpoka u mMeton ciaydyaiiHoro noucka. Orpa-
HUYEHHS, HaKJ/aJblBaeMble Ha MaTpUILy peoOpa3oBaHUsl, YUUTHIBAIOTCH C MOMOLLBIO
MeTona WTpapHbIX PyHKUUH. B paboTe npuBOoAUTCS CpaBHEHHE Pa3/JMUHBIX METON0B
BpallleHHsl: KBAPTUMAKC, BapUMakKe, 00JUMaKC, KBAPTUMUH, 0OJUMUH, OUHOPMAaMHUH.
Hccnenyercss opuruHaibHbl KPUTEPUH UHTEPIPETHPYEMOCTH, €CTeCTBEHHBIM 00pa-
30M YYHUTBIBAIOUIMH HHTepNpeTALHOHHbIE CBOHCTBA Ile/]eBOH (PaKTOPHOH CTPYKTY-
pbl. Bce kpuTepuM BBIYMCJAIOTCS B [ABYX BapHaHTaX: C OFPAHUYEHUSIMH Ha OpPTO-
FOHAJIbHOCTb MaTpHlbl MpeoOpa3oBaHUss U 0e3 TAKOro OrpaHWyeHusi. TeM caMbiM
Takue HM3BEeCTHble OPTOTOHAJIbHble MeTOIbl KaK KBAapTHUMAaKC M BapUMaKC BBbIYMCJSA-
IOTCSl BIIEPBbIE KaK KOCOYTOJIbHble MEeTOAbl 0e3 JOMOJHUTENbHbIX OrPpaHUUEHHH Ha
OpPTOroHa/bHOCTh. Jl0Ka3biBaeTCsi MPEBOCXOACTBO KOCOYT'OJMbHBIX METOJ0B BpalLEHHS
HaJl OPTOrOHAJbHBIMH.

1. Maremarnueckad NnoCTaHOBKAa 3aJadu

Marpuna A < a;; — MaTpula NepBUUHOIO (PAaKTOPHOTO OTOOpPAKEHHUS pa3Mep-
mxg

HOCTH M X g BECOBBIX KO3((HLHEHTOB. [71e m — 4uc/a0 u3yyaeMblX NapaMeTpos, g
— 4ucJa0 00X (PaKTOPOB.
Bpalenue 3akso4aeTcs B ClaeAyIOled MaTPUYHOH Onepaluu:

V = AA,
V' < v;; — KocoyroJibHasi (hakTopHas CTPYKTYpa;
mxXg
A < \;; — MaTpulla BpalleHHs.
gxg

Martpuua kKoppeasiuui C’g?g Cij PA3MEPHOCTH g X g MeX]y KOHeUHBbIMH (paKTopa-

MU, KOTJla MCXOMHble NaHHble CTaHIAPTH3UPOBAHBI (IHUCIIEPCUU ME€PEMEHHbBIX PaBHBI
1, a cpennue 0) BbiuHcasieTcst Mo Gopmye:
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C = ATA.

ILJIH ManHU,bI BpaHLeHI/IH A JNOJIZKHbI BbITIOJIHATBCA COOTHOILEHHUA:
_ 2 __ L

Cii = i:1>\ij_1 (]—1,,g)

A TaK>Ke OI‘paHI/IquI/IH THUIlAa HepaBeHCTB:

g
|cij| = Z)\ki)\kj <L
k=1

Ecsu pesynbrupyloliee GakTopHoe pelleHHe AOJKHO ObITb OPTOrOHAJbHBIM, TO
OrpaHHUYeHUsl THIIA HEPABEHCTB, 3aMEHSIIOT OFPAHMUEHHSAMH C;j = > 5_, Akidgj = 0.

3anaya (pakTOPHOrO BpallleHHs COOTBETCTBYeT MAaKCUMH3ALUUH WJIW MHHUMM3a-
LIUM ONpeleIEHHOrO KpuTepusl K, Kak (yHKLHH OT 3JEeMeHTOB MaTPULbl Pe3yJbTH-
pyolerd GakTOPHOH CTPYKTYPHI:

K = f({vi;}) = f ({as;},{Ni;j}). [lockombky sements {a,;} 3amanel, To 3anaya
CBOLMTCS K HaxoxJeHHIO 3KcTpemyMa ¢yHkuuu K = f({)\;;}) oT He3aBHCHMBIX
nepeMeHHBbIX {);;} ¢ OrpaHHUYEHUSMHU:

i A =1m

2 1 Aridegl < 1w 35 Aideg = 0.

Takxke npepsaraetcss MCIOJb30BaTh CJelylollMe OFPaHUYEHHs] Ha BUJI pe3yJib-
TUpYIOleH (haKTOpPHOH CTPYKTypbl. OOLIHOCTH NMepeMeHHbIX KOHeYHOH (paKTOpHOH
CTPYKTYpPBl AOJKHBI ObITb He 0oJbllle OOLIHOCTEH MepeMeHHbIX MUCXOAHOH (DaKTop-
HOH CTPYKTYPpBl, @ TaKxKe He MEeHblIe ONpeeseHHOr0 Mopora 3Ha4YMMOCTH:

hi = \/ZZ:1 U?k < \/ZZ:1 azzk = hi w hi > p.

2. Kputepuu BpaueHus

KBapTtumakc

m

K = vap.
i=1 p=1
MakcuMH3alyst JaHHOrO KPUTEpUs] MPUBOAUT TEOPETHUECKH K MHHUMAaJjbHOH
CJIO’KHOCTH KaXJOT0 MCXOAHOro Mapamerpa paBHOH |, Korma MCXOOHBIM Mapamerp
BBIPaXKaeTcsi TOJbKO Yyepe3 onuH dakTop [2].
Bapumakc

g m 2 9 m 2 2
K=nd 32 (52) -2 (2%
: hi L~ K2
p=1 i=1 p=1 \i=1 *
Makcumusauus BapuMakce KpPUTEpPHUsl COOTBETCTBYeT MAaKCHMH3aUWW AMCIEPCHH
KBaJpaToB Harpy3ok (akTopoB. TeM caMbIM TeOopeTHUecKasl CJOXKHOCTb (pakTopa

yMeHbIIaeTcs, HAarpy3Ku ¢akropa 6iusku K O unn 1, u GpakTop MOKHO HAUIYUILIHUM
00pa3oM TNpOHHTeprnpeTHpoBaTh. HopMmanuzauus (akTOpHBIX HArpy30K B JaHHOM
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KPUTEPUH YCTPaHseT pa3juude MexXAy BKJagaMU OTAEJbHBIX MapaMeTpPOB MPOIOp-
LMOHAJBHOE UX OOLIHOCTSAM.
Oo6aumakc

S
(Zm sy 3p)

MakcumMusanus 1aHHOTO KPUTEPHsl COOTBETCTBYeT MAaKCHMHU3alLlUK JKcLecca Cy-
Ya¥HOH BeJHMUYHMHBI {, NPEACTaBJIeHHOH BBIOOPKOH v;; U —v;;. B pesysbrate MakcH-
MH3UPYeTCs 10Jis1 OOJbIIUX U MajleHbKUX (OJU3KUX K HYJH0) 3/1eMeHTOB (DaKTOPHO#H

CTPYKTYPHI.
KBapTumun

K =

Z Z VipVig-

p<g=1 =1

MunHuMHM3aLKUs JAHHOTO KPUTEpPHUs] COOTBETCTBYET HJee MPOCTOH (aKTOpHOH
CTPYKTYPHBI, KOra A5l (PUKCHPOBAHHOH Napel (haKTOpOB NepeMeHHble MaKCUMaJbHO
npubINKAIOTCH K OLHOMY U3 (PAKTOPOB.

O6aumMuH

p<q=1 | =1 hi hi i=1 hi i=1 hi

[Ipu v = 0 — 3T0 HOpMa/NKM30BaHHBIM KBAPTHUMHUH KPUTEPHUH,

npu v = 1 KpuTepuil HasblBaeTCs KOBAaPHMHUH,

npu v = 0.5 KpuTepuii HaspiBaeTCsi GUKBAPTHMUH.

MuHMMH3aLKS KOBADUMHUH-KPUTEPHUSI COOTBETCTBYET MUHUMHU3ALUH KOBapHUALUU
MeX1y KBaApaTaMM 3JIEeMeHTOB pa3/JM4YHbIX Nap (PaKTOPOB KOHEYHOH (aKTOPHOU
CTPYKTYphl. KOBapUMHUH-KPUTEPUI TeOpeTHUUECKH NaéT OPTOrOHAJbHOE pelleHHe.

BuHopmamuH

S () () (B (5
p<q=1 Li=1 hi hi i=1 h; i=1 hi

MuHuMHU3aLMs 1aHHOTO KpUTepusl OsM3Ka K pedy/jbTaTaM OMKBAapTHMHH pelle-
HUS.

Kpurepuii uHTepnpeTUpyeMOCTH

[losmyueHue uHTEprnpeTHpyeMoro (pakTOPHOIO peLIeHHUs CBSA3aHO C IMOJy4YeHHeM
MUHHMMAaJbHOH CJI0XKHOCTH HMCXOAHBIX NapaMeTpoB, KOrAa TOJbKO OfHA (paKTopHas
Harpyska nepeMmeHHo# Oauska K 1, torma kak ocranpHble 6su3kd K 0. Tloatomy
npensiaraeTcs CJeayOLHUA KPUTEPUH, HENMOCPEeACTBEHHO YUMTBHIBAIOLIMA 3TO CBOH-
CTBO.

K

DD o = vl

i=1 p=1
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rae v — MakcUMaJ/bHas 10 MOAYJ/I0 (PaKTOpHAs HArpyskKa i-od nepeMeHHOH (pak-
TOPHOH CTPYKTYPBHIL.

MakcuMu3auus JaHHOTO KPUTepHUsl NPUBOJUT K TOMY, YTO MakKCHMaJ/bHas (ak-
TOpHasi Harpy3Ka nepeMeHHOH npubauKaeTcs K 1, Torna Kak octanbHble K 0.

3. Mertoapl onTUMHU3ALNHA

OnTuMH3alUI0 KPUTepUsl BpallleHHs, KaK (PYHKUUH OT HE3aBUCHUMBIX TepeMeH-
HBIX MaTpHULbl BpallleHUs] C OTPaHHYEHHUSIMH, MpeaJaraeTcsi OCyleCTBAATh METOAOM
mrpadubix QyHkuui [3]. B KauecTBe MeTonoB 6€3yCJ0OBHOH ONTHUMH3ALHU METONA
wTpapHbIX (PYHKUHUH BBIOMPANNUCh CJEAYIOLIHe aJbTePHATHBHbIE METO/BL:

® MeTOZ KOH(UIrypauu#,

e MeTo 1eOPMUPYEMOr0 MHOTOIPAHHUKA,
e meton Posen6poka [4],

e MeTON CJAy4alHOTO MoucKa [5].

4. YUucneHHbIN IKCIIEPUMEHT

Merton mtpapHeIX (PyHKUHH ¢ BbIOOpOM MeTona 6e3yc/O0BHOH ONTHMHU3aLHUH, a
TakxKe ajganTalus 3ajgadd (paKTOPHOrO BpalleHWs U BbIOOP PassHMUHbIX KPUTepHeB
BpallleHUsi ObLIM peau30BaHbl B BUAe OTAe bHOH mporpammbl RFA (puc. 1, 2).
[TockosbKy HCIOJB30BAJUCh HerpafiveHTHble MeTOAbl ONTHMH3ALHUH, BCe KPUTEPHUU
MaKCUMH3aUUK OBLIM NPHUBENEHbl K KPUTEPUSM MUHHMMHU3ALUU C MOMOILbIO oOpallle-
Husl Kputepusi 1/K. Tem camblM HeJIMHEHHOCTb TPeoOPAa30BaHUSI KPUTEPHUS Cyllle-
CTBEHHO He M3MeHsJla paboTy aJrOPUTMOB MOMCKA 3KCTpPeMyMa, U 3Ha4eHHsl KpuTe-
pHeB Bcerja oCTaBaJMCh MOJOXKHUTEIbHBIMH.

F |

| £ RFA = | B )
File Settings
1 2 3 4 5 Al

1 [03460 04640 |[0.2360 [0.1530 |0.6020 B |—|—|

> (03270 05310 |0.2070 [0.1820 |0.5610

3 (02130 04180 01250 [-0.7110 |-0.0550

4 [01320 [0.2170 |-0.8090 |-0.1810 [0.3180 =

5 [0.0750 |0.2180 |0.7850 [0.2350 |-0.3640 1

6 (0.9370  [0.1870 02120 [0.0750 |-0.1460 T

7 (09200 01710 |-0.2280 |[0.0740 |-0.1430

g (09710 (01670 0.0110 [0.0210  |-0.0180

9 [0.9790 (01280 |0.0320 [0.0090  [-0.0120

10 [0.8540 03720 |0.1780 |-0.0650 |0.1070 ]

1108300 |0.3980 [0.1190 |-0.0700 |0.0610

12 [0.6600 |0.3720 [-0.1430 |0.1650 |-0.0260 =

m M| Refresh || Save | min: g Go!

n |5 [ Clear max:

Puc. 1. MuTepdetic nporpamMmel RFA.
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] -
|4 Settings |ﬂ|—J-§3-
significance: 92_5| |

max factors correlation:  [1.0 |

gamma eblimin; 1.0 |
penalty: |10.0 |

random DO: Tad

Puc. 2. Mnrepdetic nporpamMmbl RFA.

JlocTOBEpHOCTb pesy/bTaToB, MoJaydyaeMblx mporpammoil RFA, nmonteep:kaeHa Ha
KJIACCHUECKHX TPUMepax, TaKUX Kak 8 MOp(OJIOrHiecKHX napameTpoB, 24 McUxoJo-
THYeCKHX MapaMeTpa, 5 COLHUAaJbHO-3KOHOMHUECKHUX TapameTpoB [2], 12 mepemeHn-
HBIX KPOBSIHOTO naBJieHus [1].

CpaBHeHHe pe3ysnbTaToOB (PAKTOPHBIX CTPYKTYP AJist 15 mepeMeHHBIX apTepHaJb-
HOU THMEePTeH3MH HayasJbHOH CTalUM NMPeNCTaBJeHBl B CAEAYIOUIMX Tabauuax (Tad-
auue 1-4). B kadyecTBe MCXOAHBIX NapaMeTpoB OblIM B3ATH 15 GHOPHU3NYECKHX
nokasartesedd ajs 131 nuua ¢ aprepranbHON rUMepTeH3neld HauyalbHOU CTaguu:

1)
2)
3)
4)
5)
6)
7)
8)
9)
10)
11)
12)
13)
14)
15)

sec,

unoekc maccor mesa (MMT),

yacmoma Ovixanus (491),

ceemenmosideprole Helimpogursl (C),

aumepoyumot (J1),

KOHeuHO-cucmoauueckutl pasmep resozo seryoouka (KCP),
KOHeuHo-cucmoauyeckuti 06vem aesoeo serydouxka (KCO),
KOHeuro-0uacmoauteckutl pasmep reeoeo xeryoouka (K/P),
KOoHeuro-0uacmoauteckuti ob6vem aesoco serydouka (KHO),
yoapHoiil ob6vem (YO),

munymrolli 06vem cepdua (MOC),

obuyee nepugepuueckoe cocyoucmoe conpomusienue (OICC),
urndexc Xuavdebparnoma (MX),

ppakuus svibpoca resozo serydouka (DPB),

Gpakuus yxopouenus regoeo xcearyoouka (DY).

Kputepuit Bapumakc 6e3 orpaHHUYeHHH Ha OpPTOroHasJbHOCTb paBeH 147.1935.
Hns oproroHasnbHoro chaydas ero 3Hadenue 139.8764. Kputepu#i obnumaxc pnas
KocoyroJsibHOTO cayuasi paBer 0.0627.

Kputepuit nurepnpetnpyeMocTy AJs KocoyrospHoro cayuas paseH 40.0769.

Kputepuii obmumake njs ucxonHoro (aktopHoro peuieHusi paBeH 0.0436. Ilas
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Ta6auna 1. MicxonHoe dhakTopHoe pereHne (MeTON IMIaBHBIX (DaKTOPOB)

Fl1 F2

F3

F4

F5

Bec

0,346 |-0,464

0,236

0,153

0,602

UMT

0,327 |-0,531

0,207

0,182

0,561

qn

0,213 |-0,418

0,125

-0,711

-0,055

C

-0,132| 0,217

-0,809

-0,191

0,319

JI

0,075 |-0,218

0,785

0,235

-0,364

KCP

0,937 (-0,187

-0,212

0,075

-0,146

KCO

0,92 |-0,171

-0,228

0,074

-0,143

KIAP

0,971 0,167

0,011

0,021

-0,018

KI0

0,979 0,128

-0,032

0,009

-0,012

YO

0,854 0,372

0,178

-0,065

0,107

MOC

0,83 | 0,398

0,119

-0,07

0,061

OIICC

-0,66 |-0,372

-0,143

0,165

-0,026

UXx

-0,107| 0,412

-0,117

0,736

0,068

®B

-0,351/0,557

0,408

-0,244

0,261

Yy

-0,304 {0,467

0,419

-0,149

0,239

Tabauua 2. @akropHas cTPyKTypa BapuMakc (OPTOTOHAJbHBIE CJydai)

Fl F2 F3 F4 Fb5

Bec | 0,1349 (-0,0739| 0,0789 | -0,0699 |0,8613
HMT | 0,0842 |-0,1472| 0,0952 |-0,0701 |0,8584
qa | 0,086 |-0,0774| 0,0433 |-0,8493| 0,0873
C -0,07 | -0,052 |-0,9135| 0,0598 |-0,1075
JI 0,0117 | 0,0282 | 0,9229 | -0,0162 | 0,0647
KCP | 0,7393 |-0,6377| 0,0145 | -0,0933 | 0,151
KCO | 0,7295 |-0,6287 | -0,0047 | -0,0835 | 0,1379
KAP | 0,943 [-0,2564| 0,0485 | -0,0129 | 0,1191
KJ0 | 0,9316 [-0,2985| 0,0165 | -0,035 | 0,1329
YO |0,9465 | 0,0697 | 0,0524 | -0,0015 | 0,1075
MOC | 0,9306 | 0,0459 | 0,017 | 0,0105 | 0,0393
OIICC|-0,7759|-0,1167| -0,0223 | 0,0736 | 0,0267
HUX | 0,0057 | 0,0381 | -0,028 | 0,8585 |-0,0441
®B | -0,0245|0,8448| 0,0047 | 0,024 |-0,1124
oy |-0,0275(0,7436| 0,0715 | 0,063 |-0,0517
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Tabnuua 3. dakropHast cTpyKTypa obanMakc (KOCOYroNbHBIN c/yuait)

Fl F2 F3 F4 F5
Bec | 0,0558 | 0,1716 | -0,0287 | -0,0133 |0,8187
HUMT | -0,0133 | 0,0944 | -0,0474 | -0,0116 |0,8078
qa | -0,0391 10,0199 | -0,0214 |-0,8344| 0,0221
C |-0,00820,0312|0,9022 | 0,0241 |-0,0219
J |-0,0476 |-0,0758(-0,9164| 0,0165 |-0,0184
KCP | 0,5147 |-0,4831| 0,0028 | -0,0341 | 0,014
KCO | 0,5108 |-0,4774| 0,0211 | -0,0265 | 0,0051
KAP | 0,8197 | -0,122 | -0,0235 | 0,0352 | 0,0217
K10 | 0,7965 |-0,1533| 0,0087 | 0,0143 | 0,0322
YO |0,9124 | 0,182 |-0,0231 | 0,0321 | 0,0532
MOC | 0,8977 | 0,1432 | 0,0077 | 0,0399 |-0,0122
OIICC|-0,7628 |-0,1828 | 0,0022 | 0,0552 | 0,0635
Hux | 0,114 | -0,039 | 0,0099 | 0,8508 | 0,0087
®B | 0,2118 |0,7631| 0,0016 | -0,0191 | 0,003
oy | 0,1787 [0,6716| -0,0643 | 0,0295 | 0,0455

Tabauua 4. @akropHasi CTPYKTypa MO KPUTEPUIO HHTEPIPETUPYEMOCTH (KOCOYTOJMbHBIN Cayuai)

F1 F2 F3 F4 F5
Bec | 0,1949 | 0,0000 | -0,021 | -0,0062 |0,7783
HUMT | 0,16 |-0,0815|0,0000 | 0,0000 [0,7679
q9a | 0,2165 |-0,0211| 0,01 |-0,8305 | 0,0261
C |-0,0598 -0,0382|-0,888 | 0,0225 |0,1504
JI 0,0000 | 0,0000 |0,9059| 0,0205 | -0,19
KCP | 0,8631 |-0,4849| 0,008 | -0,0288 | 0,0149
KCO | 0,8502 |-0,4783(-0,0095| -0,0214 | 0,0097
KIP | 0,9721 |-0,0817| 0,0251 | 0,0187 |-0,0001
K10 | 0,9734 |-0,1221(-0,0066| 0,0000 | 0,0178
YO |0,9085 | 0,2377 | 0,0152 | 0,0023 | 0,0202
MOC | 0,8934 | 0,2084 |-0,0105| 0,0107 |-0,0357
OIICC|-0,7374 -0,2506 | 0,0000 | 0,0829 | 0,0839
HUX |-0,1191 | 0,0000 | 0,0003 | 0,8462 | 0,0000
®B | -0,2005 |0,8173|-0,0213| -0,0535 |-0,0217
oy |-0,1863|0,7167 | 0,0441 | 0,0000 | 0,0094
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peleHusi o6JKMMaKC, MOJYYEHHOTO C MOMOLIbIO CHellUaJbHOro ajropurMa Ha 6ase
aHAJUTUYECKOrO UCC/ef0BaHUS MOBefeHUs (PYHKIUHN KPUTePUs, KPUTePUH paBHAJICS
0.0448 [6]. Pemenue, nonyueHHoe Ha 6asze MeTona TpadHbIX (HYHKIHH, 0Ka3aa0Ch
6osiee 3p(HheKTUBHBIM.

O6sacTh NOMYCTHMBIX pelIeHHH KOCOYTOJBHOTO cjydasi BKJ4aeT B ceOsi 06-
JIACTb pelleHUH OPTOrOHAJNbHOI0, MO3TOMY KPUTEPHUH BpallleHHsl [/ KOCOYTOJbHOI0
cayydasi OyneT He XyKe, yeM [J151 OPTOrOHaNbHOr0. DTO 0Ka3blBaeT, UTO KOCOYTOJb-
Hble (DAKTOPBI MOTYT AATh MEHbIIYIO MOTPEIIHOCTh U 60JblIYI0 0JHM30CTh (DaKTOPOB
K HCXOOHBIM MapameTrpaM. Hanuuue xoppensiuuil Mexxay (pakTopaMyd 03HA4YaeT, YTO
MeXAy HUMH eCTb 3aBUCHUMOCTb: M3MeHeHHe OfHOro (hakTopa O3HayaeT WU3MeHeHHe
u ppyroro. [IoaToMmy HEeBO3MOXXHO BbISIBUTb BJHSIHHE KaxKAOro (pakTopa Ha M3yua-
eMblil mpouecc. FIMeHHO 1S BBISIBJEHHS TaKOro BJHUSHUS U BBOAMUTCS TpeOOBaHUe
OpPTOrOHAJIBHOCTH (PAKTOPOB.

5. 3akgaroueHue

[Ipensioxken oOWMK MeTOA ONTUMHU3ALUMK KPUTEpPUEB BpallleHUs Ha 6ase mMeTona
wTpapHbIX (GYHKUHUE U MeTofoB 6e3ycsoBHOM onTUMHU3auuu. [IpensoxkeH Kputepui
UHTEPNPEeTUPYEMOCTH €CTeCTBEHHBIM 00pa3oM YUYUTBIBAIOUIMH CBOWCTBA HHTEpIpe-
TUpyeMOoro (pakTOpPHOTO pellueHusi. Bce airopuTMbl peasd3oBaHbl B BUE OTHENbHOM
nporpaMMbl ¢ rpaguuyeckuM HHTepdeldcoMm Anas nosb3oBatensi. [lokazano nmpeumy-
1eCTBO 0O/JMMaKCe pelleHUs Ha 6a3e MeTona WITpadHbIX (PYHKUWH HaJ pelleHHeM,
10Jy4aeMOro C MOMOLIBIO CIIEeLHAIbHOIO aJrOpUTMa Ha 0a3e aHAJUTHYECKOro HC-
caenoBaHUs (PYHKUHUM KpuTepus. JlokasaHO MpernMyllecTBO KOCOYTOJbHBIX METOI0B
BpallleHHsl HaJl OPTOrOHAJbHBIMH.
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Abstract. In his 1940s empirical study of evasive aircraft actions, N. Wiener,
the father of cybernetics, found out that the pilot’s actions follow a Wiener-
type-process. In this paper, we explain this empirical result by showing that
such evasive actions are indeed optimal against the 1940s anti-aircraft guns.

Keywords: Wiener process, N. Wiener’s experiments, evasive aircraft ma-
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1. Introduction

Wiener’s empirical data. Many techniques that form the basis of modern com-
munication, signal processing, and control were developed in the 1940s by MIT’s
Norbert Wiener, as part of his cybernetics. Cybernetics is where the now ubiqui-
tous abbreviation “cyber” — ranging from cyberinfrastructure to cyberbullying —
comes from. Wiener’s work was boosted during the Second World War, when he
worked on automatic control devices for anti-aircraft guns; see, e.g., [1,4].

Wiener used statistical optimization techniques to develop a firing strategy that
would, on average, be most efficient against the pilot’s random evasive maneuvers.
To formulate the corresponding optimization problem, it is necessary to know
the probabilities of different evasive trajectories Z(¢). To find these probabilities,
N. Wiener, with his collaborator Julian Bigelow, a pilot by training, set up a flight
simulator and recorded the corresponding evasive trajectories.

As a result, for the simplified situation with no restriction of airplane maneu-
vering, the pilot’s evasive trajectories followed the Browning motion (what is now
known in Mathematics as a Wiener process) [3], when the change

F(t + At) — Z(t)

can be in any spatial direction with equal probability, and the current change does
not depend on the previous changes. In more realistic situations, when they took
into account that the airplane’ velocity #(¢) cannot be changed abruptly, the change
in velocities (¢t + At) — ¢(t) followed the Wiener process.
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Comment. Based on this information, N. Wiener and J. Bigelow developed an
optimal controller. For this particular application, the resulting improvement in
efficiency was very low, around a few percents, so this controller was not imple-
mented. However, in many other applications, similar controllers were spectacu-
larly successful.

Question. An interesting question is: why did the pilots use Wiener-process-type
evasive actions? Are such evasive actions optimal — or are more efficient evasive
maneuvers possible?

In this paper, we use simple game theory to show that the Wiener-process-type
evasive actions are indeed optimal.

2. Formulation of the Problem

Only 2-D coordinates are important. First, let us recall that from the viewpoint
of the anti-aircraft gun, what is important is a 2-D location of an airplane: if the
airplane travels in the 3-rd dimension, along the line of fire, it does not help it evade
the shells. Because of this, we will only consider 2-D locations and velocities.

An idealized situation when an aircraft can arbitrarily change its velocity:
towards the exact formulation of the problem. Let us first consider the sim-
plified setting, when it is assumed that an aircraft can arbitrarily change its speed
U(t), as long as this speed does not exceed the limit vy imposed by its engine. In
this case, if at the moment ¢, the aircraft was at location Z(¢), by the next moment
of time t+ At it can travel any distance not exceeding vy - At. Thus, at the moment
t + At, the aircraft can be anywhere in the disk D of radius vy - At centered
at the point Z(t). Selecting an evasive maneuver means selecting a probability
distribution p,(Z) on this disk, a distribution that determines with what probability
the plane will be at a given location.

The adversary observes the position #(¢) and the type of the plane, so the
adversary knows the plane’s maximum velocity vy and thus, knows the disk D
of possible locations of the plane at the next moment of time. Once the disk is
known, the adversary selects his own probability distribution ps(Z), distribution
that describes with what probability the shell is aimed towards a future location 7.

The goal of the pilot is to evade the shell, i.e., to minimize the probability of
being hit, while the goal of the gunner is to hit the plane, i.e., to maximize this
probability. A shell hits the plane if it is sufficiently close to the plane, i.e., if the
position @5 of the shell is within a certain small distance ¢ > 0 from the position
@, of the plane. For each position #; of the shell, the plane is hit if this plane is
within a circle C' of radius ¢ with a center in Z;. The probability for a plane to
be in this circle is equal to [, p,(%)dy. Since the circle is small, the value p,(7)
is practically constant within this circle, so this integral can be approximated as
Ae - py(Zs), where A, = 7 - &2 is the area of this circle.

For each location &, of the shell, the probability of a plane being hit is thus
equal to A, - p,(7;). The probability of a shell being in this location is proportional
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to ps(%). Thus, by using the formula of complete probability, we can compute the
probability of being hit as A. - [}, ps(Z) - p,(Z) dZ.

This is a zero-sum game: a win for the plane — successiul evasion of the shell
— is a loss for the adversary. So, according to game theory (see, e.g., [2]), the
optimal strategy for a pilot is a minimax strategy, i.e., a strategy that minimize
the worst-case loss. For this strategy, the worst-case value

Hoy) = Ao [ () py(a) di
ps(Z) D

is the smallest possible. Let us show how to solve this optimization problem

Solving the resulting problem. The above integral is the expected (mean) value
of the probability density function p,(Z) over the distribution ps(Z). The expected
value of any function is always smaller than or equal to the maximum of this
function, so [, ps(Z) - pp(Z) d¥ < maxpp( 7). Thus,

max [ (&) () di < max py(7)
ps (%) D reD

On the other hand, if we take a distribution p,(#) which is located, with probability
1, at a point & where the function p,(%) attains its maximum, then we will get

Jp ps(&) - pp(T) dif = max p, (7). Thus,

maX/Dps(f) - pp(Z) dT = max p,(T),

ps(Z) ZeD

and therefore the value J(p,) is equal to A. - max pp(Z):
ze

J(pp) = A- - max p,(7).

Minimizing J(p,) is hence equivalent to minimizing the value ngcpp( 7). We

know that [, p,(Z)dZ¥ = 1. Here, for every &, we have p,(Z) < m o rp%(p(f),
re
thus, 1 = [, p(Z)dZ < [, mdZ < m- A(D), where A(D) is the area of the region
1

D. From 1 <m-A(D), we conclude that m > —A(D)‘ The equality is possible only
when there is equality for all Z in the inequality p,(Z) < m, i.e., when p,(Z) = m
for all #. This is exactly a uniform distribution on the set D — and of course, this
distribution should be independent on what was done in the past.

Thus, in the simplified case, we indeed conclude that the Wiener process is an
optimal way to perform evasive actions.

A more realistic formulation of the problem. A more realistic description of
evasive actions must take into account that the velocity (¢t + At) at the next
moment of time ¢ + At cannot be too much different from the velocity #(¢) at the
previous moment of time, there is a limit on acceleration |d(t)| < ag. In general,
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once we know the initial location Z(¢), the initial velocity #(t), and the acceleration
d(t), we can determine the position (¢ + At) at the next moment of time as

5@4—Aw::f@)+ﬁ@)wﬁr+%-a@y(Aw?

Here, the initial location #(¢) and the initial velocity ¢(¢) are fixed, and the accel-
eration d(t) can take any value for which |a@(t)| < ao.
Thus, the set of locations #(t+A) is a disk D centered at the point Z(¢)+(t)-At

1
with radius 5 G0 (At)?. Similarly to the simplified case, we can describe possible

evasive actions by a probability density p,(Z) located on this disk, and, similarly
to the simplified case, we can conclude that the optimal evasive action corresponds
to the uniform distribution on this disk. In this optimal solution, the change in
velocity U(t + At) — ¢(t) = d(t) - At is uniformly distributed on the disk of radius
ap - At — and is independent on the previous trajectory of the plane.

Thus, in this realistic case, we indeed conclude that the Wiener process for
velocities is indeed an optimal way to perform evasive actions. So, Wiener’s
empirical data indeed corresponds to optimal evasive action.
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AnHotaumsa. B 1940 rogy B 3MNHpHYecKOM HCC/IEIOBAHHUH YKJOHEHHUS aBHAllUU OT
3eHUTHBIX opynuil, H. BuHep, oTel KuGepHETHKH, NOKAa3blBaeT, UTO AEHCTBUS MHJIOTA
JIOJXKHBI BBITVISIIETh KAaK BUHEPOBCKHI cjaydyailHbIH mpouecc. B aTol ctaThbe Mbl 00b-
SICHUM 3TOT 3MIIUPUUYECKUH pe3y/bTaT, NMO0Ka3aB, UTO TaKHe AeHCTBUS MO YKJIOHEHHIO
JeHCTBUTEJIbHO ONTHMAJbHBI MPOTHB 3eHUTHBIX opyaui 1940 rona.
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ONTHMHU3aLUS.
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1. Formulation of the Problem

Advice of Vladimir Smirnov. When one of us (VK) became a student at the
Mathematics Department of St. Petersburg University, the department had a spe-
cial poster for incoming students with advice from different professors. One of
these advices was from Professor Vladimir Smirnov, the author of a widely used
course in higher mathematics [2]: when an idea comes, write it down right away,
do not delay.

Qualitative explanation. If one does not write down his/her ideas right away,
he/she will forget them, and it will require an additional time to recall it. From
this viewpoint, to avoid wasting time, it is better to write down the idea right
away.

What we plan to do. The objective of this paper is to provide a quantitative
explanation for Smirnov’s advice.

2. Analysis of the Problem

An idea comes to mind: two possible reactions. Suppose that an idea comes
to mind when a person is in the middle of some activity. Then, the person has two
options:

e the first option is to interrupt the current activity, write down the idea, and
then resume the current activity;
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e the second option is to wait until the end of the current activity, and then
write down the idea.

Let us analyze when the first reaction is better, and when the second reaction is
better.

First option. If we select the first option, then we need extra time to write down
the idea, and we also need some additional time to interrupt (and later resume) the
current activity. Let:

e t,, denote the time that is needed to write down the idea right away; and

e {; denote the additional time needed to interrupt the current activity and to
resume it again later.

In these terms, in the first option, we spend an additional time ¢,, + ;.

Second option: analysis of the problem. In the second option, we do not
interrupt the current activity. Instead, we wait until the end of this activity. In
this case, we do not spend time on the interruption, but we do need to spend time
trying to recover the idea.

Let us estimate this recovery time. Human forgetting is well described by the
so-called Ebbinghaus forgetting curve [1], according to which the amount a(t) of
material that we remember decreases with time as

da

L
dt U

where k; is a parameter describing the forgetting.

d
This equation makes perfect sense: in general, we can write that d—j = f(a) for

some function f(a). In the first approximation, we can approximate the function

d
f(a) with the first two terms in its Taylor expansion: o ¢o + ¢1 - a. When we

have no knowledge, i.e., when originally a(0) = 0, then of course there is nothing

d
to forget, thus d_jfl = 0 as well. The condition that f(0) = ¢y + ¢; - 0 = 0 implies

d
that ¢y = 0 and thus, d—? = ¢1-a. Forgetting means that the amount of remembered

material decreases with time, so ¢; < 0, and thus, ¢; = —k; for some k; > 0. This
is exactly the Ebbinghaus law.

Because of this equation, the amount of material remembers after time ¢ is
equal to a(0) - exp(—ky - t).

Let t. denote the time needed to finish the current activity. Then, by the time
te, instead of the original amount of information a(0) about our idea, we remember
only the amount a(0) - exp(—ky - t.).

Before we write down the idea, we need to recall it. How can we describe a
recall? In general, the amount a(¢) recalled by time ¢ can also be described by a

d
differential equation d—ctl = g(a) for some function g(a). In the first approximation,
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we can approximate the function g(a) with the first two terms in its Taylor expan-

. a , : L :
sion: — = ¢+ ¢ -a. Let us consider an ideal situation when eventually, i.e., when

t — oo, we can recall everything, i.e., we have a(t) — a(0). For t — oo, we get

% = 0 and a = a(0). Thus, ¢ + ¢, - a(0) = 0 and therefore, ¢, = —¢} - a(0). So,

d d
the recall equation d—j = ¢y + ¢} - a can be described as d—j = ¢} - (a — a(0)). When

d
a < a(0), the amount of recalled material increases with time, so d_ctl > 0 and thus,

¢, < 0. Thus, we can write that ¢| = —Fk, for some parameter k, that describes a
person’s recall rate. In terms of this parameter, the recall equation takes the form

% = —k, - (a — a(0)).
d —af(t
This equation can be rewritten as w =k, (a(0) —a(t)). At moment
te, when we start the recall process, we have a(t.) = a(0) - exp(—ky - t.) and thus,

a(0) — a(t.) = a(0) - (1 — exp(—ky - t.)). The corresponding solution to the recall
differential equation has the form

a(0) — a(t) = (a(0) — alte)) - exp(=k, - (t —tc)) =

a(0) - (1 = exp(—ky - te)) - exp(—=ky - (t = tc)).

I[deally, we should stop recalling at the moment ¢, at which we have recovered
everything, i.e., at which a(t;) = a(0) and a(0) — a(ts) = 0. However, the above
expression never reaches 0, so we stop when we have recovered the overwhelming
part of the original idea, i.e., when a(ts) = a(0)- (1 —¢) for some small value £ > 0.
In this case, a(0) — a(ts) = a(0) - €. By equating

G,(O) - a(tS) = G,(O) ’ (1 - eXp(_kf ’ te)) ’ eXp<_kr ’ (ts - te))

with a(0) - €, we can deduce the time ¢, — t. needed for this recall: namely, by
dividing both sides of the equality by a(0) - (1 — exp(—Fky - t.)), we conclude that

9

exp(—k, - (t —t.) = 7= Tyt

By taking logarithms of both sides and changing signs, we get
kr ’ (ts - te) = 111(1 - exp(_kf ! te)) - 111(5)7

and thus,
1 1
ts —te = W In(1 — exp(—ky - t.)) — T -In(e).
In this option, the overall additional time needed to record the idea is equal to

tw + (t —te).
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Conclusion: when is it better to write down the idea right away. It is
beneficial to write down the idea right away if the first alternative leads to smaller
amount of additional time, i.e., when ¢; + ¢, < t,, + (ts — t.). This inequality is
equivalent to ty —t. > t;. In view of the above formula for ¢, —t., Thus, it is better
to write down the idea if

1 1
T In(1 — exp(—ky - t.)) — T In(e) > t;,

i.e., equivalently, when
In(1 — exp(—kys - t.)) —In(e) > k, - t;,
where:
e k¢ is the rate width which the person forgets,
e ¢ is a portion of the original idea that we are willing to ignore,
e k. is the rate with which a person recalls a forgotten information, and

e {; is the time needed to interrupt and then resume the current activity.
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TroMeHCKHH rocynapCTBeHHBIH YHHUBEPCHUTET

AHHoTtauusa. B craTbe npeacrtaB/ieH HOBBIH MeTO[, o0ecrneurBaloOLIMi ycKope-
HHe KJlacCU(UKALUK NMOCPeACTBOM KJ/acca HeHpPOHHBIX ceTell, 6as3UpyloLlerocs
Ha TeOpHM aJalTHBHOrO pe3oHaHca. Peanusanusi MeTofa BO3MOXKHA B paMKax
HOBOH MOJieId aJaNTHUBHOTO pe30HaHCa, UMelolledl HasBaHMe «BeposiTHOCTHas
mozneab APT». Meton mosie3eH B 3ajauax, TpeOyOIHMX MaKCHMaJbHOIO OBICT-
pONEHCTBUS B MOAJEPKKe NPUHATHS pellleHHH, B 3ajlauax paclo3HaBaHUS XH-
MHUYECKHX COeIMHEHHH ABMXKYILIMXCS KUAKOCTeH, HampuMep.

KuioueBbie cioBa: HeHpOH, Teopus afanTHBHOIO Pe30HAHCA, CJOH pacrosHa-
BaHMsl, CHHANTHUYECKHUH Bec.

1. Bsenenue

CylecTBYIOT 3a/la4¥l pacro3HaBaHUs 00pa3oB, KOTOPble TPeOYIOT MaKCHMaJbHO-
ro ObICTPOAEHCTBUS B MOAAEPKKe MPUHATHUS pelleHui, HanpuMep, 3aladu pacrosHa-
BaHHS XUMHUYECKUX COEJIMHEHHUH NBUXKYIIUXCS KUAKOCTeH. CTaThs COLEPKHUT ONHU-
caHHe HOBOI'0 MeTofa, 00ecreurBalolIero YCKOPeHHe Paclo3HAaBaHUS MOCPENCTBOM
KJlacca HEHPOHHBIX ceTel, 6a3UPYIOIIETroCcs HAa TEOPUU aNaNTHUBHOIO pe3oHaHca. Pe-
aJjn3alusl MeTola BO3MOXKHA B paMKax HOBOH MOJeJH aflaliTUBHOTO pe30HaHca, uMe-
foried HasBaHue «BepositHocTHasi momeib APT».

2. Onucanue BepossTHOCTHOU mopesu APT

B xome nccienoBaHusi pa3aM4YHBIX BHAOB HEHPOHHBIX CeTeH afaNlTHBHOIO pe3o-
HaHca [Jifl peaju3alli¥ MeTofa BbiOOpa HampaBjeHHsl pa3paboTaHa BepOSITHOCTHAs
moznesib APT [1-5] (APT-monenb). HasBanue kjacca HeHpOHHBIX ceTell Ha OCHOBe
TEOpUM ajanTuBHOro pesoHaHca APT mpoucxoguT oT aHIIMHCKOH a66peBHATypHI
ART — adaptive resonance theory. BepositHoctHass APT-monenb paspaboraHa aB-
TopoM Ha ocHoBe Mozesu APT-1, nogpo6Ho onucanHo# B padote [6]. APT-1 umeer
J1Ba CJIOSI: CJIOH CPaBHEHHS M CJIOH pacrmosHaBaHus (puc. ).

Ocrasnbhble 6710kH Monennd APT-1 oTpa)kaloT TeXHHUUYECKHe acleKThl €€ peasinsa-
IIUH, IO3TOMY B JIaHHOH paboTe OHU He paccMmaTpuBatoTcs. CJoH cpaBHEHHST COCTOUT
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Puc. 1. Cxema momenu APT-1

M3 BXOJIHBIX HEHPOHOB (B HaJibHellieM — BX0OAbl). Ero GyHKIHS COCTOUT B TOM, UTO-
Obl MPUHUMATH MOCTYMAKIIUH B MOJIeJb 00pa3 U CPaBHUBATb €ro ¢ WMEIIIHMHUCS
o6pazaMu B Tekylled KoHpUrypauuu monead. BxonHoi obpas siBasieTcsi GUHAPHBIM:
curHas kaxjaoro Bxoga — 1 ujau 0.

Kaxnblii HelipoH cJIosi pacrio3HaBaHMs CBsS3aH CO BCeMH BXOAaMH. AKTHBaLUs
HellpOHA CJIosl pacro3HaBaHMs OCYILECTBJSETCS B TOM CJjydae, KOrJa BXOAbl B
o01lell COBOKYNMHOCTH HecyT oOpa3, HauOoJiee COOTBETCTBYIOLIMK 006pasy, 3akpen-
JEHHOMY 3a 3THM HelpoHOM. AKTHBHUDOBAHHBIH HEHPOH HA3bIBAETCS HELpOHOM-
nobedumenem. IIpu 3TOM BBIXOAHOH CHI'Has HEHpPOHA CJIOS paclo3HaBaHHUS NOJKeH
COOTBETCTBOBATh YPOBHIO, 3aBUCHMOMY OT COOTHOLUEHHS] 00pa3a aKTUBHPOBAHHOIO
HelpoHa M Tekyllero oopasza. dto ogHa M3 (YHKUHH CJ0s pacrno3HaBaHus. Ecan
3TO YCJIOBHE He BBINOJHSAETCS, MPOLEeCC OMNpeleseHHss aKTHBUPOBAHHOTO HelpoHa
MOBTOPSieTCSA, HO yxKe 0e3 ydacTus npenblayllero HeiipoHa. O Tako# cUTyaUuH ro-
BOPAT Kak 00 OTCYTCTBUM alallTUBHOIO pe3oHaHca. Ec/iu HU OUH U3 HeHPOHOB CJ1051
pacrnosHaBaHUs He BblA/J] HEOOXOAMMOrO YPOBHSl CMrHaJa, TOTAA CJIOH JOMOJHSAETCS
HOBBIM HeHpOHOM, 32 KOTOPbIM OyzeT 3aMKCHPOBaH MOCTYNUBLIMH o6pa3. Ecan ke
AKTUBUPOBAHHBIH HEHPOH BblAaJ AOCTATOYHBIH YPOBEHb CUTHAJMA, TOTAA MPOUCXOAUT
aJanTUBHBIA pe30HAHC, TO €CThb CHHANTHYeCKHe Beca aKTHBUPOBAHHOTrO HelpoHa
MOIM(ULHPYIOTCS C LeJblo 000011IeHUs Mpeablayllero oopasa, 3akpenjéHHOro 3a
INAHHBIM HEHPOHOM, C TeKylIUM ob6pa3oM. To ecTb HellpoH 0ObenuHsET B cebe BO3-
MOXKHOCTH JIJISI PacllO3HABaHUS HECKOJbKUX MaKCHMaJbHO CXOKMX 00pa3oB. Takoi
HelpOH B JaJsibHeHIlleM UMeHyeTCsl Kak cpabomasuiuti Hetpon.

APT-1 6b1a BeIOpaHa AJisl UCCJIENOBAaHHUS B pe3ysbTaTe KPUTHUECKOTO aHaJsn3a,
onkcaHHoro B cratbe [7]. Kputepuem BbiOOpa cTaso Hajndyve BO3MOXKHOCTH CaMo-
00y4yeHUs W MPUHATHSA PelleHUs TMPH MOCTYNJNEeHHH Ha BXOJ He3HaKOMOro obpasa.

B BepositHocTHON APT-Momenu ciioif pacrnosHaBaHHUs MpeNCTaBJeH B BUIE OpHU-
eHTHUPOBaHHOrO rpaca 6e3 UUKIOB (pUC. 2).
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MHOTIOYPOBHEBbIV
CJTO1 PACTTO3HABAHNA

OCHOBHAA

—_ NOMOJHUTENbHAS
CBA3b

CBA3b

MEPBbIV YPOBEHb

Puc. 2. MHoroypoBHeBbI# CJI0H pacrno3HaBaHUs

3a KaxKIbIM HEHPOHOM CJIOSl paclo3HaBaHHUsI B 3TOH MOJEJH 3aKpPeIiéH He BeCh
o6pa3, a ero KOHKPeTHBIH yuyacToK (10kaabHOe peuenmusHoe nose). DTOT rpad
Tak»XKe COMNEPXKHUT HaboOp BepLIMH, COCTABJSIOIIMX TaK Ha3blBaeMbId nepsoiil ypo-
geHb (MCTOK rpaga). C pacCMOTpeHHUsT HEHPOHOB ePBOTO YPOBHS BCerga HadyMHaeTCs
KJaCCU(PUKALIUA.

[IpeumyurectBo BepositHocTHOH APT-monmenu nepen APT-1 — B Bo3aMoxHOCTH
MCIOJIb30BaTh JaHHbIE O BEPOSITHOCTSX TOSIBJIEHHS ONpPeNesEHHBIX (hparMeHTOB B
COOTBETCTBYIOILIUX MeCTax 2100aabH020 peuenmusroco noas (06JacTH QUTypHPO-
BaHUsI 00pasa).

3. AuaroputMm MeTona BbIOOpa HampaBJieHUS

[Ton HampaBsieHHeM MOHHUMaeTCs MOPSIOK PACCMOTPEHHS HEHPOHOB CJIOSI pPacIio-
3HaBaHUs. AJITOPUTM MpPEACTaBJEH CJeIYIOIHUM 00pa3oM:

1. BoluncasitoTcs BBIXOIHBIE CUTHAJbl HEHPOHOB NepBOro ypoBHS. KoHKypupoBaTh
M0 YPOBHIO CUTHaJa MOTYT TOJIbKO HEHPOHBI C OOLUHUM LOKAAbHOLIM peuenmusHblm
noaem:

F=> bs,se{L0}, (1)
l

rae F' — BBIXOAHOH CHUTHaJ HeHpoHa; [ — MOpsSiAKOBBIH HOMep BXOAA, CBSI3aHHOTO
C HEHPOHOM CJIOSl pacro3HaBaHUsl; S — CHUrHaJ BXOfa; b — BecC CBSI3U MeXX1y BXOLOM
¥ HEHPOHOM CJIOSl PACIIO3HABAHUS.

2. [lns Hetipona-nobedumens He0OOXOAUMO TIPOBEPUTb HEPABEHCTBO, OTPeesiio-
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[ajee CcTerieHb COOTBETCTBUSA 06p333, SaerH.HéHHOFO 3a HteIpOHOM, BXOAHOMY 06pa3y:
Ztl/zsl>p7 P<17 (2)
l l

rie | — HOMep BXOMa, CBS3aHHOIO C TEKYLIUM HEHPOHOM CJIOSl PACIO3HABAHHUS; S —
curas Bxozna (s € {0,1}); ¢ — s7eMeHT 06pa3a, 3aKpeIJIEHHOTO 32 HEHPOHOM CJIOS
pacro3HaBaHus (OTpaKeHHe TOro, UTO B HAEAJbHOM C/aydae NO/KHO ObITh Ha MeCTe
COOTBETCTBYIOLIETO BXOAa S). BesnuuHa p siBsieTCs MepeMeHHbIM TTapaMeTpPOM Hel-
pOHHO#U ceTH, p € (—o0,1). Bricokuil mapamerp p NMpUBENET K MOBBILIEHHIO YHC/IA
HEHPOHOB CJIOSI PACTIO3HABAHUS, a HU3KHUU NapaMeTp p NMPUBENET K BbBICOKOU CTEeleHU
0000111eHHs1 00pa3oB B HEHpPOHAX.

3. Eciu crenenb cooTBeTcTBUSI 00pa3a HeHpoHA BXONHOMY 00pasy yIOBJETBO-
putesbHa (HepaBeHCTBO (2) BBIMOJIHSETCS), 3TO O3HAUaeT, YTO HEHPOH cpaboTad,
TO €CTb CTaJ YacCTbl0 OTBETHOTO pe3ysnbTaTa HeHpoHHOH ceTu. [Ipu 3TOM Heobxo-
IUMO YTOUHUTb OJs1 cpabomasiuieco HelipoHa BEKTOP BECOB CBsided Mo dopmyJe,
aHaJIOTUYHON TOH, KoTOpasi npuMeHsietcs: anst monenud APT-1 [6]:

w

b< ————— 1 3
<W—1+2817W> ’ ()
l

rme W € (1,00) — mapameTp, ONpenesiiOlIHi AHana3oH MeXKIY MaKCHMaJbHBIM U
MHUHHMAJbHBIM BeCOM (HMeeT CMBICJ MPH TeXHHUYECKOH peanu3aluu); [ — HOMep
BXOJla, CBSI3aHHOTO C HEHPOHOM CJIOSl pacno3HaBaHus; s — curHaj Bxoma. Caenyer
OTMETHTb, UTO 00pa3, 3aKpenNéHHbIH 3a cpabomasuium Heliporom (3MeMeHTHl ¢ Ha
puc. 3), MmonuduUUHUpyeTCs MyTEM MPUCBOEHHUS 3JeMeHTaM t 3HaueHHH COOTBETCTBY-
IOIIMX 3JIEMEHTOB S TPH YCJOBUH t # O (TIPUHLUI JIOTHUECKOTO «H»).

HenpoHn-kaHgngat

Cnepytowmi ypoBeHb

Tekywmmn ypoBeHb

HenpoH-nobegutenb

Puc. 3. DnemeHTH ¢

4. Eciu crerneHb COOTBETCTBHSI 0Opa3a HeHpoHa BXOAHOMY 00pasy HeydoBJIETBO-
puTesbHa (HepaBeHCTBO (2) He BBIMOJHSIETCS ), TOTAA TTOBTOPHO BBIUKCJSIFOTCS CHTHA-
JIBl HEUPOHOB CJIOSI Pacro3HaBaHUsl, HO 6e3 yduéTa Mpemblayliero HedpoHa (Bo3Bpat
K mary 1).
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5. Ecaim cTenenb cooTBeTCTBUS 00pa3a HelipoHa BXOLHOMY 00pasy HeyIOBJIETBO-
puTe/bHA HU 1151 OHOr0 HeHpoHa, TOrjaa B TeKyllleM ypOBHe He0OXOIMMO BblJIEJIUTh
Helpor-karnoudam (HEHUPOH, MpPeTEeHAYIOUIHH Ha TO, 4TOOBl ObITb N0OABJEHHLIM B
cJIoN pacro3HaBaHust) (puc. 4).

Henpon-kaHgngat

Cnepytowmm ypoBeHb

Tekywnn ypoBeHb

HelipoH-nobeantenb

Puc. 4. Beinenenvie HelipoHa-kKaHAKAaTa

Tounblit 06pa3 wetipona-kardudama (37eMeHTHl t) paBeH (parMeHTy BXOIHOTO
obpasa a/1s Tekyluero HelipoHa. HelipoH-KaHnuaaT noJxkeH ObITb CBSI3aH C Npefbl-
ayuum cpabotaBiminM HedipoHoM. [llaru 6 u 7 He siBAsiIOTCS 06513aTe/NbHBIMH.

6. [locne Toro kKak HeHlpoOH-KaHAMIAT C(POPMHUPOBAH, HEOOXOAMMO MPOBEPUTH
€ro Ha BO3MOXXHOCTb 3aMeHbl ADPYTHM, yXKe HUMellluMcs, HelpoHoM. [las storo
HeoOXOAUMO BBIYUC/IUTb XapaKTePUCTUKH Mofobus o6pas3oB K MexXay HUMeroLUHUMCs
HeHpoHOM (JF0OBIM) ¥ HEHPOHOM-KaHIUIATOM:

K => tks), (4)
l

rie t — 3JeMeHT obpasa TeKYILero cpaBHUBAaeMOro HeHpoHa; s — 3JeMeHT obOpa3a
HeHpoHa-KaHAWaaTa, & — JIOTHUECKOEe «H».

7. Ecnu Bce xapakTepucTukM K < ¢, TOTHA HeUpoH-kanOudam MOMKET ObITb
nobaBJjieH B cucteMy (puc. 5).

B npotuBHOM ciiyuae BMecTO Helipora-kandudama GyneT UCMOJb30BAThCs Te-
KYIIMHA CpaBHHBaeMbId HeHpOH (pHc. 6).

Benuuuna ¢ > 0 siBisieTcs epeMeHHBIM TapaMeTPOM HeHPOHHOH CeTH U 3aBUCHT
OT JKeJlaeMOH CTeleHH cXoncTBa o6pasoB. [Ipu mobaBneHuu Helpora-kandudama
B COCTaB HEHPOHOB CJIOSI pacro3HaBaHHUs KJacCH(UKAIMS He OCTaHaBJMBaeTCsl, MO-
CKOJIBKY Pe3y/ibTaT MOXeT ObITh 3aBEPIIEH C MOMOILbIO CJIOBAPHOTO YTOUHEHHUs 0Opa-
3a 6e3 yuyéTa HOBOro HelipoHa (3aBeplieHHe KJacCH(UKALMK M0 HEMOJHOMY Habopy
cpaboTaBIINX HEHPOHOB, C YTOYHEHHEM OCTABILUXCS HEHPOHOB IO CJOBAPIO).

8. Ilns cpabomasuieco wetipona (WK AJsi HOBOTO HEHPOHA) BBIUUC/ISIETCS BeJH-
yuHa F*, KoTOpasi siBJseTcs cKkaaspHoim sudom obpasa. Ckarsproelil 8ud obpasa
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Cnepyowmin ypoBeHb

Tekywnn ypoBeHb

HenpoH-nobegutens

Puc. 5. Jlo6aBsieHre HellpoHa-KaHIUAATA B CUCTEMY

Cnepyownm ypoBeHb

Tekywmin yposeHb

HenpoH-nobegutenb

Puc. 6. OTmeHa HelipoHa-KaHAUAATA

— 3TO LeJioe 4HUcCJa0, OOJHO3HAYHO ollpeneJasdrouniee BeCb o6pa3:

E =) s x27", (5)
!

rne E* — ckaasaprolti sud obpasa,
| — nopsIKOBBI HOMED BXOJa, CBI3aHHOTO C HEHPOHOM CJIOS PACclO3HABAHHS;
§ — CHTHaJ BXOJa.

9. OcyuiecTBasieTcs: NOCTpoeHUe onpedeasroujux sekmopos H 151 KaxKI0ro
HelipoHa caedyroujeco yposrs (T.e. AJs HEHPOHA, CBSI3AHHOTO C IOCJAEIHUM Cpa-
bomaswium Heiporom). Kaxkaplii onpenesiioliui BEKTOP L0OJMKEH COOTBETCTBOBATh
PaBeHCTBY:

E*=E+Y hjhj€{2%0},j€[1:V],uel0:o0), (6)

J



100 /1.B. IlocrapHak. Merton BeiGOpa HampaBJIeHHS. . .

rne B* — ckaasaproili 6ud 06pa3a, BBIYUCAEHHBIH HA MpPebIAYIIEM LlIare;

E — cranapnoiil sud obpasa, BbIUMCAEHHBIH IJI cpabomasuieeo Heupowra Ha
npeAbIAyLIEeM Liare, HO Ha Oojlee PAaHHHUX 3TamlaxXx pabOTbl HEHPOHHOH CeTH U 3a-
KpenJEéHHbIH (COXpaHEHHBIH) 3a CBSI3aHHBIM HEHPOHOM, KOTOPBIH Ha paHHHMX dTamnax
Obl1 cenywmuM cpabomasuium. I1pyu nmepBoM HCMOMB30BaHUHM AJTOPUTMA NAHHBIH
lIar MporyckKaeTrcs, MOCKoJAbKYy Bce & paBHBI HYJIIO;

h — anemeHT onpedeasroujeco sekmopa;

J — TIOpSIIKOBBIA HOMEp 3JIeMeHTa onpedeasrou,eco 8eKmopa;

V' — 4HCJI0 BXOLOB A0KAAbHOCO peyenmusHo2o noaa cpabomasuieco Helpora.

Heo6xonrMo oTMeTUTb, YTO NpHU [N00aBJeHUH HelpoHa-KanHoudama B COCTaB
CJI0S1 PaClO3HABaHMS, BeJUUMHA E 3TOro HelpoHa [0/KHA OBITh PaBHA CKAAAPHOMY
sudy obpasa mpeibIAyIIEro cpabomasuieeo Helpona.

10. CurHaJsibl HEHPOHOB caedyroujeco yposHs (HEHPOHBI, CBSI3aHHBIE C MOCJEN-
HUM cpabomasuium CB3bI0 OT HEro) B Cjydae, Korga AJjs 3TUX HEeHPOHOB (op-
Mysa (6) naét ompeneasiloMid BEKTOP C MHHHUMYMOM 3JIeMEHTOB GOJiblle HYJs
BBIUMCJ/ISIIOTCS B INEPBYIO Ouepelnb. DTO OCYLIECTBJSETCS MPU Bo3BpaTe K wary 1.
Mo0KHO OpHEHTHPOBATbCA He Ha MHHHMYM, a Ha JHMana3oH, OXBATbIBAIOIIUN OJK3-
KHhe K MUHUMyMY BapuaHTbl 3HaueHUH. [Ipu cpabaTeiBaHUM o4epeqHOro HEHpoHa ero
XpaHUMas BeJM4YMHa F rosyyaeT 3HaueHUe cKaasipHoeo suda obpa3a npeiplaylie-
ro cpabomasuieco Heiipora. HeobXooquMO OTMETHUTb, YTO HCIOJb30BAHHE HUMEHHO
cKkaasiproeo suda obpa3a BMeCTO BeKTOpa 00YCJIOBJAeHO Gojiee BBHICOKOH MOTEHIIH-
aJIbHOW MPOU3BOANUTENBHOCTBIO AaHHOTO aJrOPUTMA, TaK KakK CKaJ/sipHble BeJUUHHBI
NPY KOMIIBIOTEPHOH peann3auuu o0pabaTbiBalOTCs OBICTpPee, YeM BEKTOPHI.

AnropuTMm 3aBepliaercsi TpU MoOJYyYeHHH Habopa cpabomasuiux HetipoHos, No-
CTAaTOYHOTO /Il KJAaCCHU(PUKALUMUU WU AN €€ 3aBeplieHUs] C TOMOILbIO CJ0BAPHOrO
YTOYHEHHS.

4. CrpyKrypa cjos pacno3HaBaHHS

Kaxnblil HelipoH cJjiosi pacrno3HaBaHHs BepositHocTHOH APT-monmenu mpencras-
JIeH COBOKYIHOCTbIO KOMIIOHEHTOB ():

Q=(G,1,J,2). (7)

3necb G — BeKTOp, colepkKalluil Habop MOPsIAKOBBIX HOMEPOB HEHPOHOB CJIOSI pac-
MO3HAaBaHMs, CBSI3aHHBIX C TEKYIIHM HeHpoHOM (CBsI3b HampaBJieHa OT TEKYIIEro
HeUpOoHa):

G = (r1,%2,...,2,), E>0, (8)

rie x; (i = 1,2,...,n) — TIOPSAKOBBIE HOMep HeHpOHa CJIosl pacro3HaBaHHUs, CBS-
3aHHOTO C TEKYLIUM.

BekTop I/ XpaHUT MH(OPMALHIO O TOM, OT KAaKMX HEHPOHOB CYIECTBYyeT CBSI3b
K TeKylleMy (B OTJMYMe OT KOMIIOHEHTOB BeKTopa (G 3[echb HamnpaBJ/ieHHe CBs3eH
K TeKYLIeMYy HEHPOHY, a He OT Hero), MPHUEM KaxKAbIH MOPSIKOBBIA HOMep CBsl-
3aHHOTO HEHpPOHA COTPOBOXKAAETCS CKAaJsIipHBIM BUIOM obOpasa E; (I = 1,2,...,n),
COXpPaHEHHBIM Ha TPEABIAYIIMX 3Tanax padoTel HeHpoHHOH ceTH. CKa/sipHBIA BHUJ
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o0Opa3a, Kak OblJI0 0003HAUEHO BBILIE, ONpelessieT CKaJdsAPHYI BeJUYHHY, KOTOpas
OJIHO3HAYHO BbIpaxkaeT 00pas, 3aKpenynéHHbIH 32 HEHPOHOM CJI0sl pacro3HaBaHHUS.

I: (El,yl,EQ,yQ,...,En,yn), E>0, (9)
rae y; (1 = 1,2,...,n) — TOPSIAKOBbIH HOMep HEHPOHA CJIOSi PACMO3HABaHHs, CBsl-
3aHHOTO C TeKYLIUM HeipoHoMm; F; (i = 1,2,...,n) — XpaHUMbIH CKaJspHbIH BHUJ

obpasa.

Bektop J B Qopmyne (7) ompenessieT Habop BXOIOB, BeCOBble KOI(P(PHULHEHTHI
CBSI31 HeHMpOHa CJIOS1 PAClIO3HABAaHUS C BXOAOM U 3JeMeHThl 006pa3a, Ha KOTOPLIH Ha-
CTPO€eH HeHpOH (MaeasbHOTO 00pasa) Mo OTHOLIEHHIO K COOTBETCTBYIOIMM BXOIAM:

J:(ll b1 tl, l2 bQ tg, ,ln bn tn>, n:V, (10)
rae l; (1 =1,2,...,n) — NOpsiAKOBBIA HOMep Bxoma; b; (i = 1,2,...,n) — BecoBo
KO3(P(HUIMEHT CBSI3M HeHpOHa CJIOsi pacro3HaBaHUs ¢ BxomoM; t; (1 = 1,2,...,n)

— 3JieMeHT 00pasa, Ha KOTOPbIM HACTPOEH HeHpOH; V' — 4HhCJ0 BXOAOB JIOKAJbHOTO
PELENTUBHOTO MOJIsA (3TH MOJS MOTYT OTIWYATHCS MO pa3Mepy MPH YCJAOBHH, UTO OHU
He MepeKpbIBAIOTCS, W MOJHOCTbIO OXBAaThIBAIOTCS COOTBETCTBYIOLIMMH HeHpPOHAMH,
KOHKYPHUPYIOLIUMH MeX1y coboi).

KomMmrnoHeHT Z — 3To cKaJjsip, KOTOPBIH onpenessieT NPUHAANEKHOCTh HEHPOHA K
nepBOMYy YpPOBHIO (ecsiut paBeH 1):

Z e {1,0}. (11)

Ecsu Monesib He COmep:KUT HU OJLHOIO HeHpOHA B CJI0€ paclo3HaBaHHUS, TO He0O-
XOIHMMO JJI KaxKJOro LeJsoro o0pasa onpenenuTb Habop HEHPOHOB CJ0S paclo3Ha-
BaHUS, AOKAAbHbLE peuenmusHvle TIoJs KOTOpPbIX He OynyT nepecekarTbcsl. CBs3b
MeXJy HeHpOHaMH [O0JKHa IOJHOCTBIO OXBAaTbiBATh pacrno3HaBaeMbld obpas. [lpu
3TOM BCE& MPOCTPAHCTBO BXOAHBIX HEHPOHOB NOJ/KHO ObITb MCIIOJNB30BaHO. B Kaue-
CTBe HelpPOHOB MEePBOr0 YPOBHSI HEOOXOAMMO HCIOJ/b30BaTh Te€, KOTOPbIE OTPaXKaloT
OT/IM4YMsl 00pa3oB. OcTajibHble XapaKTEePUCTUKH AOJKHBI ObITb CJefyIOLIe:

e BeKTOp [ HyJeBOW;

e 3jieMeHThl b BeKTOpa .J 3amaroTcsd no (hopmyJe, aHaJOTMYHOH TOH, KOTOpas MpH-

MEHsIeTCsl [/l MPUCBOEHHUS] HauaJbHBIX 3HauUeHHU HelpoHam B momeau APT-1

[6]: .

b < W——l—i—‘/’ W >1, (12)
rine W € (1,00) — mapameTp, onpeiefsiolyil 1Manason Mex1y MaKCHMaJb-
HBIM U MHHHUMAJIBHBIM BE€COM (I/IMeeT CMBbICJT MIPH TEeXHUUYECKOH peaJII/I3aH,I/II/I);
V' — 4Hca0 BXOIOB A0KAALHOCO peuenmueHoeo nois, 3aerHﬂéHHbIX 3a Te-
KYIMM HEHPOHOM CJIOSl PACTIO3HABAHHUS;

e BCe 3JeMeHTHl ¢ BekTopa J paBHHI 1.

5. OO6ocHoBaHUe MeTOa BbIOOpa HaNpaBJIeHUS

Jlns sydiiero BOCHIPUATHS MeTOAA PacCMOTPHUM 3aiadyy paclo3HAaBaHUS PYKO-
MUCHBIX PUMCKUX LHUGDP «I», «V» U «X». {19 KaxKa0ro pacrnosHaBaeMoro CUMBOJIA
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chopMUpoBaHa COBOKYMHOCTb M3 81 BXomHoro HekipoHa (9x9). 3a kakao# rpymnmnou
KOHKYPHPYIOLIUX HEHPOHOB CJIOSl pacro3HaBaHUs (C OOIIUM L0KAAbHbIM peyenmus-
HbLM noaem) 3aKkpernsieHo moJe pasdmepoM 3x3. Ha puc. 7 atu moussi paspesieHsl
JKUPHOH JIMHHUEH.

nepBebin ypOBEHb\

cnoAa
pacno3HaBaHWA
-

Puc. 7. IlpumMepnl NIOKAJBHBIX PELENTHUBHBIX MOJeH

[Tpouecc pacnosHaBaHusl HauuHaeTcs ¢ nepgo2o yposrs. OUueBHAHO, 4YTO, eCJH
AKTUBU3UPYETCH TOJBKO KpaWHWUHU NpaBbli HEUPOH Cpedud HEHUPOHOB nepsoeo ypos-
Hs, KaK M0Ka3aHoO Ha puC. 8, TO BeposiTHee BCero, YTO paclo3HaBaeMbld CUMBOJI
ABJISETCH CUMBOJIOM «X », TIOCKOJIbKY CUMBOJIBI «V'» U «[» B CPeHECTaTUCTHUECKOM
caydyae OynyT akTUBUPOBATb CPelHUN HEHPOH 1neps8oeco YpOosHsL.

Lar 1 LLar 2

A\ 74 RN
N 1 b
ENSEZ28 AN
\ /, \\ \ I
[ N N )
VAN \\\\ I
7 // x_
/] | ]

Puc. 8. BeposTHOCTb MosiB/eHUsT o6pa3a

CuienoBaTesibHO, AaJjbHelilllee pacCMOTPeHHE HEHpPOHOB MAJisl CUMBOJA «X» CJe-
LyeT NPOMU3BOAWUTH B TexX 00/1acTAX IJ100aJbHOrO PeLenTUBHOTO MO0Js, B KOTOPBIX
3TOT CHMBOJI Yallle BCero npeacrtasjeH. Eciyu BepOATHOCTb He ONpPaBIbIBAETCS, TO-
ra TepexoiuM K cJenylolleMy mary u 6yaeM paccMaTpuBaTbh 00JacTH, KOTOpbIe
COOTBETCTBYIOT APYroMy o0pasy, HMMelolleMy MeHee pPaclIpOCTPAaHEHHbIH BapUaHT
oTobparkeHusl, Harpumep CUMBOJ «V'», MOCKOJNbKY OUYEBHIHO, YTO AJS TeKYIero
pesysbTaTa paclio3HaBaHHUS B [IPaBOM HeHpOHe MepBOro yPOBHS CUMBOJ «[» sIBJSET-
csl HauMeHee BEepOSITHBIM.

Takum ob6pa3om, mprMeHeHHe MeTola BblOOpa HampaBJeHHs LejecooOpasHo, a
KOHKPETHAsl CTeleHb YBeJHUeHUsI CKOPOCTH pacro3HaBaHHusl (0 CPaBHEHHUIO C MoJie-
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Jbio APT-1) 3aBuCHT 0oT pacro3HaBaeMblX 00pa3oB, TO €CTh OT NpeIMeTHOH 06JacTH,
B KOTOPOH [aHHas HeHpOHHas ceTb MOXeT (PyHKLHOHMpOBaTb. MeTon, B LeJsoM,
OCHOBaH Ha aHaJM3e paclpeeseHHss BepOSITHOCTEH.

3akJaueHue

B pabore mpencraBsieH MeTof BbOOpa Hampas/ieHHs, oOecleyuBaoLIUi yCcKope-
HUe KJaccupukauuu. PaspaboraH ajaroputM, peaqusyolUdid 3TOT MeTol. B pesysb-
TaTe HakJeH BapUaHT yCKOpPeHUs KJacchuPuKaluuu OMHApHBIX 00pa3oB B HEHPOHHBIX
cersax Kmacca APT.
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DIRECTION CHOICE METHOD FOR INCREASING SPEED
OF CLASSIFICATION USING PROBABILISTIC ART MODEL

D.V. Postarnak
Postgraduate Student, e-mail: dmil852@yandex.ru

Tumen State University

Abstract. This article presents a new method that increases recognition speed using
a class of adaptive resonance theory neural networks. The method implementation is
possible within a new adaptive resonance model named as "Probabilistic ART model".
The method is useful in the tasks demanding the fastest decision-making, e.g., in
recognition of chemical compounds in the moving liquids.

Keywords: neuron, recognition layer, synaptic weight, adaptive resonance theory.
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TiomMeHCKU# rocynapCcTBeHHbIH YHHBEPCHUTET

Annotanus. [Ipennaraercs BapuaHT 3(P(heKTUBHOrO paclpefie/ieHHsl IPOU3BO-
JUTEJBHOCTH MEeXIY BHIYHUC/IUTEIbHBIMH KOMIIOHEHTAMHU IIPU BLINIOJHEHUH pac-
NI03HaBaHMs 00pa3oB MeTOLOM BbIOOpA HAlpaBJ/IeHHsI B MOAU(DHLHUPOBAHHOU Be-
POSATHOCTHOH HEHPOHHOM CeTH aJalTHBHOIO Pe30HaHca.

KaioueBbie cioBa: HelpoH, Teopus afanTHBHOIO Pe30HAHCA, CJOH pacrosHa-
BaHUs, CHHANITHYECKHUH Bec, MPOLECCop, MapaJiyiebHble BEIUUCAEHHUS.

BBenenue

B peanusauuu mertona pacrnosHaBaHusi 00pa3oB, onucaHHoro B [1], mpousBoau-
TeJbHOCTb U Ha€KHOCTb CHCTEMBI NPOLECCa MOKHO TOBBICUTh NTPHUMEHEHHEM CXeMbl
napaJijielbHbIX BeluMcaeHUH. Huxe npencraB/eHbl MoJe b UCKYCCTBEHHOH HEHpPOH-
HOH CeTH, OT/NIMYaIoIasics BKJIOUEHHWeM BblOOpa HampaBJ/eHHUs MOWCKA, W BapHaHT
pacrpesiesieHUsl MPOU3BOAUTENbHOCTH MPU MapaJiesbHbIX BBIUHCJAEHUSX B Mpoliecce
pacro3HaBaHMUsl.

1. O mopenu HePOHHOU ceTH

PaccmarpuBaercs monenb APT (ot anrs. Adaptive Resonanse Theory) neii-
poHHOH ceTH, paspaboranHas CrtueHoMm ['poccGeprom [2]. OcHOBHBIE YepThl, OT-
JMyamllde e€ OoT OCTaJbHBIX: CAMOCTOsITe/NIbHOe OOyueHHe U IOBbIlLIEHHe KayecTBa
pacro3HaBaHMs 3a CUET HAIOJHEHHs CJIOs PAClo3HAIKUX HeHpoHOB [3]. BaxHbI
cJeyrole 0COOEHHOCTH 3TOM MOJEJIU:

® KOHKYPEHTHBIH MeXaHH3M BblOOpa cpaboTaBlLIero HelpoHa;

® orpejesieHUe CTeNeHH pa3U4us MexAy HlealbHbIM 00pa3oM, 3aKpemEéHHBIM

3a TeKylMM paclo3HAIOLIMM HeHpOHOM, M TeKyLIMM BXOAHBIM o6pa3om. Ha
OCHOBaHHHU 3TOTO BBIHOCHUTCS pellleHHe O TOM, CUHUTaTb COCTOSIHHE TEeKYIIero
HeHpoHa, yJaCTBYIOIIEro B pacrlo3HaBaHHUs, Pe3yNbTAaTOM KJIaCCU(DUKALUN UIH
HeT;
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® eC/IM HU OJMH W3 PAClO3HAMIIMX HeHPOHOB He oOecreyuBaeT HEOOXOAHMOTO
YPOBHSI COOTBETCTBUSI BXOAHOMY 00pa3y, TO MPOUCXOAWUT «aNaNTHUBHBIH pe3o-
HaHC» - BKJIOUEHHWEe B CJIOH pacro3HaBaHHs HOBOTO HEHpPOHA, HECYIero uuie-
aJIbHBIA 06pa3, MOJHOCTHIO COOTBETCTBYIOLIMN TEKYIIeMYy BXOTHOMY.

B [1] npenmnoxena BepositHocTHass wMopedab APT, HasBannas Ttam PART
(Probabilistic ART). OnHoii U3 ocoGeHHOCTeH 3TOH MOOU(HUKALMH SIBJSETCS HC-
M0JIb30BaHHE HECKOJbKUX CBI3aHHBIX CTPYKTYP B KauyeCcTBe CJIOS PACO3HABAHHS.
DTO TO3BOJISIET YYeCTh HIOAHCHI BXOAHBIX 00pPA30B, YIyCKaeMble NPYTHMH THIAMH
MOjieJiel, W HCI0JIb30BaTh 3TH HIOAHCHI JJISi ONpPe/eJieHUs] BePOSITHOCTHOrO MoKa3a-
TeJsisl YCMEeIHOCTH MyTH o6xona nepeBa [1]. Temepb kaaccudukanus Benércs He Mo
OHOMY HeHpOHYy, a Mo Habopy cpaboTaBIIUX HEHPOHOB (MOPSIOK PACHONONKEHHUS
KOTOpbIX HeBaxkeH). [Ipouecc compoBoxpaeTcsi HAGOPOM Pe3yJbTATOB KJaCCH(PUKA-
MK, KaX bl (Hab0p) U3 KOTOPBIX MPeNCTaBJeH MOPSAKOBBIMU HOMEpaMH HeHpPOHOB
pacro3HaBaHHUS:

B =(C, D), (1)

rie C' — Habop MOPsAKOBBIX HOMEPOB PACMO3HABIINX HEHPOHOB, KOTOPblE (hOPMUPY-
I0T YCIELIHYI0 TeKyLlylo KJaccupukauuw B; D — 4uc/a0 yCHelHbIX KJaccHuduka-
MU C JAaHHBIM pe3ysabTaToM. BBOAMM MHOXeCTBO

A:{Bl,BQ,...,Bn}, 77,207 (2)

rae B; — i-¢ pe3y/abTar KJAacCU(PUKALUU; 1 — YUCJAO Pe3y/bTaTOB KIaCCU(PUKALUU
B CUCTEeMe paclo3HaBaHHS.

Besycneunas knaccudukauus onpenessieTcst Kak MycToe MHOXKeCTBO cpabomas-
wux HelipoHoB: C = &. B atoM cjayyae, npy HCNOJb30BAHUU CKAAAPHOEO BUOQ
obpasa (CBO) [1], Helesecoo6pasHo MepexoquTh K CAEAYIOLIEMY Yy3Jy BETBJIEHHUS.
MoxHO BepHYTbCSl K MpeablaylieMy Helipony u no apyrum CBO nomnpo6oBath mo-
CTPOUTb noAOCY Kiaccuukayuu ¢ APYTHM OKoHYaHHeM. Ecau oT mpenbiayliero
HelpoHa HM onMH W3 Oxkadmux (momyctumbix) CBO He naér pesysabrarta, TO
cryckaemcsi K ellé 6oJiee paHHeMy pacro3HawlleMy HeHpPOHY U TPOIEJbIBAEM TO
»)Ke camoe. Ecaiu BIJIOTh 10 caMoro KopHsl Kjaaccu(UKalus He yaajachb, TO BO3Bpa-
1aeMcsl K TepBOHAYaJbHOMY BHAY HEBBINOJHEHHOH KJacCU(UKALUKU W MOBTOPsIEM
npoliecc MOCTEeNeHHOro fnepexona K npeablayiuM HelipoHam 6e3 yuéra CBO. Ecaun
M 3TO He IOMOIJIO, TO JeJaeTcsl BbIBOA O TOM, UTO KJAaCCU(UKALHS OT TEKYLIero
KOpHSI He COCTOSJ1acCh.

2. AIIaHTaHI/IH K napaJjaJjgeJbHbIM BbIYUCJICHUAM

AnropuTM™ napasiienbHbIX BhluHcaeHHE B pamkax PART mo cBoeii cytu He Me-
HsieTcs. PagHuIla COCTOUT B TOM, YTO Telepb MPoLecC BeAETCA He TONbKO OT KOPHS
K JUCTbSIM, HO U B oOpaTHOM HampaBjeHUH. COBOKYMHOCTb KOMIIOHEHTOB, 3aKperl-
JIEHHAas 32 paclo3HAIOUIUM HEHPOHOM, MeHsleT BUJ:

Q:<G7[7E17E2a‘]aM>7 (3)
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rie G — Habop MOPSIAKOBBIX HOMEPOB paClO3HAIOLIMX HEHPOHOB, CBA3aHHBIX C Te-
KymnM. OH HCrnosib3yeTcsl NMPU ABUXKEHHH OT KOPHSI K JIMCTbAM; [ — BeKTOp, CO-
fepKaluuid HaOop MOPSAKOBBIX HOMEPOB PAcClO3HAIOUIUX HEHPOHOB, CBS3aHHBIX C
TekynM. Mcnosab3yeres mpu ABHKEHHUH OT JucTa K KopHio; ) — CBO npu nBu-
’KEHWH OT KOpHS K JUCTbAM; Fy — CBO mnpu nBUKeHUM OT JHCTa K KOpHIO; M —
MapKep y4yacTHsl HeHpOHa B TeKyLIeH KJIaCcCU(PUKALHUH.

Bexktop J onpenesnsier Habop BXOLOB, BeCOBble KO3((ULHUEHTH CB3U HeHpoHa
CJI051 pacllo3HaBaHHUSl CO BXOJAOM M 3JeMeHTBl 00pa3a, Ha KOTOpble HACTPOeH HeHpOoH
(vneanpHOrO 06pasa) Mo OTHOLIEHHIO K COOTBETCTBYIOLIUM BXOIAM:

J: (llyblatl;l27b27t2;"‘;lnabnatn)an207 (4)
rae l; (1 =1,2,...,n) — NOpsiAKOBBIA HOMep Bxoma; b; (i = 1,2,...,n) — BecoBo
KO3 (HULMUEHT CBA3H HEHPOHA CJI0sl pacro3HaBaHus co BXoaoMm; t; (1 =1,2,...,n) —

3JeMeHT 00pas3a, Ha KOTOPbIH HaCTPOeH HeHpOH; n — 4ucJ/a0 BxoaoB. Habopel Moryt
OTJIMUATbCS 0 pas3Mepy MPH YCJOBHUH, UTO OHHU He MEPEKPLIBAITCSH U IMOJHOCTbIO
OXBAaThIBAIOTCS KOHKYPUPYIOLIUMU HEHPOHAMH.

Tenepb kpoMe HaGopa MOPsSAKOBBIX HOMEPOB HEHPOHOB CO CBSI3bI0O BBEPX, TO €CTh
OT KOpPHSl K JIUCTY, IMOSIBJIsIETCS TaKoH ke Habop co cBs3bl0 BHU3. CKasspHbIA BUA
o6pasa (CBO) Takxke mpeicTaB/eH Kak [1Jjisi BepXHEro Xoja, Tak W MJis HHXKHEro.
BricuutbiBaetcsi CBO aHa/sornuyHo Kak BBepX, TaK U BHU3. 10 eCThb CyTb y4éTa HIO-
aHCOB He MeHseTcsl. EcThb el «Mapkep», yKa3blBalOLUIMH Ha TO, OBl JIM UCT0/Ib30BaH
KOHKPEeTHBIH HEHPOH B TeKYILEM MpoLecce pacrno3HaBaHHUs, T.e. MapKep MOXKeT ObITb
paBeH eMHHULe B OJHOM cJjydae, a B CJIeAYyIOUMH pa3 — HYJIO.

Cucrema pacnosnaBaHuss PART ¢ npumeHeHHeM mnapaJisie/lbHbIX BBIUHACTEHUN
npeArnoJaraeT HCHOJb30BaHUe JONONHUTENbHBIX CTPYKTYpP HNaHHBIX. JIMCTbS Xpa-
HSITCSl OTHAEJBHO

O=(P,P,...,P,),n>0, (5)

rape Pz — Ha60p [MOPAAKOBBIX HOMEPOB HeﬁpOHOB pacno3HaBaHKts, HCIIOJb3yeMbIX B
KaueCTBe JIUCTHEB, 7 — HOMED KOpHS, KOTOPOMY COOTBETCTBYET Ha6op.
KOpHI/I (BO3MO}KHbIe HaydaJia K.HaCCI/Iq)I/IKaU,I/IIjI) JOJIZKHbI OBITh TaKXKe OTMeYeHbI
BO BHEIIHEM BEKTOpE:
N:(mlamQa"'amn)an>O7 (6)

rjie m; — TOPSAKOBBIH HOMep HeHpoHa pacro3HaBaHUS, MCIOJAb3yeMOr0 B KauecTBe
KOpHSI; © — HOMep KOpHsl B oOuieM Habope.

XpaHeHHe JNAHHBIX O KOPHSIX M JIUCTbSIX HEOOXOAHMMO [Jisl peJieBaHTHOrO pac-
npenesieHns TPOU3BOAUTENBbHOCTH BO H30eXaHHWe CHUTYalWH, KOTJa BbIOMpaeTcs
HEeCKOJIbKO HEHPOHOB, UAYLIUX U3 ONHOIO KOPHS W, KaK CJeACTBUE, HUAET MpoBepKa
OJIHOTO U TOro ke oOpa3a HeCKOJIbKO pa3 MOAPSA, CBOJAS Ha HET CMBIC/ NapaJieb-
HOU paboThl.

Besikuil pas, Korma mpolecc KjaacCU(pUKALHUK AOXOAMUT A0 JIMCTA, Yy KOTOPOro
UMeeTcsl TOJbKO OOpaTHBIM HabOp CCHIJIOK, a NPSMOH Habop CCHIIOK MYCT, 3TOT
MOCJNEAHHUN 3JeMeHT (JMCT) 3aHOCHTCS B BEKTOP JIUCTheB (MoJydaeTrcsi, 4TO MpH
YCJIOBUM €r0 OTCYTCTBHSI B HEM).
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3. Pa6ota mMogenu npu napajjiebHbIX BbIYUCIEHUSX

[Tapannenuam paboTel Moje/iM 3aKJw4aeTcs B ciaefytouieM. Bribupaercs 6ol
KopeHb u3 (6). Ilo Buny BekTopa (6) MOXKHO ONpeNesUTh, KaKUe JINCThs COOTBET-
CTBYIOT BbIOpaHHOMY KOpPHIO (TOPSIIOK cJieoBaHHsI HaboOpoB JUCTbeB P U KopHed m
COBIAJaeT). 3amycKaeTcsl KaacCu(UKaLUs OT BBIOPAHHOTO KOPHS K JIMCTbSIM Ha Tep-
BoM npoueccope CPUI (puc. 1). [To kpallHUM JHUCTBAM C IBYX CTOPOH 3alycKaeTcs
KJaccu(UKalHMs Ha JIBYX Mpoleccopax (IBa mpoleccopa UAYT MO JHUCTbSIM APYT K
npyry) (Bepxusisi yactb puc. 1). Ecau onun npoueccop CPU3 «Bxoaut» B n1epeBo, TO
BTopoit CPU2 He ocranaBsmuBaetcsi. Ero Touka BXoma MoxKeT ObITh O/MKe K Kpaio
nepeBa. Hopmanbho, uto o6a mpoueccopa CPU2 u CPU3 BkawYHINCH B paboTy.
[1aBHOe, 4YTOOBI OHM HAuaJd BBIUMCJEHHS C Pa3HBIX JIUCThEB.

Puc. 1. Bxon B nepeso

Haszoséwm sedomeimu npovyeccopamu te, KOTOpble 0OXOIAT JUCTbS, KAK OMNHCAHO
BbIlll€, TO €CTb — CPU2 (Pu, P12, P13, P14) u CPU3 (P17, P16, P15). Ounu [pHu
MOTPY2KEeHUU JOJKHBI UCMOoJb30BaTh UH(popMauuio o CBO.

Ecau pewaroujas nosroca (nocsienoBaTes bHOCTb MEPEXOI0OB OT HEHPOHA K HEHPO-
HY, (pOpMHpYIOLLAas Pe3yJbTaT KJIacCU(PHUKALUK) 8edyuieco npoyeccopa (TOro, KOTo-
pBIi BeIET 06paboTKy OT KOpPHS K JIUCThsIM, B HalleM caydae CPU1) He coepnHunach
HU C OJIHOHU U3 peularoujux noaoc 8e00mblLx npoyeccopos (CMOTPUM 10 MapKepy), TO
B CaMOM XY[IlIeM BapHaHTe y Hac ecTb TPH (10 06l1ieMy UHCIy MPOLECCOPOB) 3aBep-
IEHHBIX KJaaccu(UuKauuu (KoTopble OblIM NpokaeHsl o npaBuiaM APT-koHuenuu)
(puc. 2).

B stom caiyuae Gepém Ty mosocy (my; — my — Py WIH my — nyg — ng — Py
unn Py; — Pig — Pi5), y KOTOpo# camoe 00Jbllloe YMUCI0 cpabaTbiBaHui. Hucao
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Puc. 2. PacxoxaeHue napasjiesbHbIX TPOLECCOB

12000

10000

YICNO PACMO3HABAHIMN

8000

6000 Y

4000
2000

0
123456 7 8 91011121314151617181920212223 242526272829 303132333435363738394041

PACMO3HABAEMbI OBPA3

Puc. 3. Uncno pacnosHaBaHu# 06pasos

cpabaTbiBaHH# (B pamkax momesud A) (2) yBesuunMBaeTCs TOJNBKO TOTAA, KOTAA €CThb
Bce cpaboTaBliKe MOJOCH C OJUHAKOBBIMU MOKa3aTe/siMU M0 cpabaTbiBaHHUIO (POCT
TOJIBKO y onHO# U3 moJioc B) (1). CienoBateibHO, Ha MUK MO YKUCJY cpabaTblBaHHH
BBIXOISIT Te 00pa3bl, KOTOpPble MeXIy c000il He comepHHYasH (WM COMepPHUUAIN
MeHee WHTEHCHBHO, 4eM OCTajbHble). DTO MOKa3aHO HA pPUC. 3: ABa BapHaHTa Ha-
MUCAaHUsI CUMBOJIA «Y » MONJM KOHKYPHPOBATh [0 TOTO MOMEHTa, KOTAa KOJHUYEeCTBO
CHMBOJIOB «Y », HAMCAHHBIX KYPCHBOM, 3aMEeTHO yOaBHJIOCh.
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‘. CPU4

Puc. 5. [lapansenbHoe cieoBaHue OT KOPHS
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Ecsiv onvH 13 BeIOMBIX MPOLIECCOPOB «BXOAUT» B IEPEBO, TO MOXKHO MPOIOIKHT
TMPOXOJ MO JIUCTbSIM B TOM K€ HarpaBJeHHWH APYTHMH Ipoleccopamu (puc. 4).

[Tpu BcTpeye MAyILIMX MO JHUCTBSIM TPOLECCOPOB HEKOTOPBIE M3 HUX MOTYT OCBO-
6onutbes. M3 0cBOOOAMBIIMXCS MPOLLECCOPOB MOXKHO C(POPMHUPOBATH HOBYIO I'PyNIy
«gedyuuti — 0sa gedomovLx» WU «8edyuiuti — 8edomblti», UKW BOOOIE ONHUH Be-
OYLIHH, JUIIb OBl MPOIecCOpbl He MpocTanBaiu (puc. D).

3akJjroueHue

Boiie npexncraBseH BapuaHT 3(PQPEKTHBHOrO (B CMBIC/Je YCKOPEHHS BbIUHCJIE-
HUH) pacrpenesieHus POU3BOIUTENbHOCTH MEXKIY MPOLECCOPAMH MPH BBINOJHEHHH
pacrio3HaBaHUsl 00pa3oB MeToNOM Bbibopa HampaBJeHusi. [IpuBenéHHasi Metomuka
coxpaHsieT 3(PPeKTUBHOCTb CUCTEMbl MPHU YACTHUYHOM BbIXOJAE W3 CTPOS BBIUMCJ/IU-
TeJIbHbIX KOMIIOHEHTOB, TO €CTh CHCTEMa MOXET MeHSIThb YMCJO UCIOJNb3yeMbIX MpO-
11eccOopoB (M0 Mepe MX NOCTYMHOCTH) BO BpeMs HenpepbiBHOH padoTel. [IponsBonu-
TeJbHOCTb CHCTEMbI J0/2KHA BO3PaCcTH B YMCJO MPOLIECCOPOB 32 MUHYCOM BpeMeHH,
3aTpaueHHOro Ha yIpaBJ/eHHe pacrnapalse]dBaHHeM.

JIUTEPATYPA

1. Tlocrapuak [1.B. Merton BriGopa HampaBJ/ieHHs [/ YCKOPEHUS KJacCU(PUKALHUU C TIOMO-
1[I0 BEPOSITHOCTHOM HEHUPOHHOH CeTH afanTUBHOTO pe3oHaHca // MaremaTuyeckoe U
UH(OpMAIlHOHHOe MofennpoBaHue: ¢6. Hayd. Tp. 2013. Ne 13. C. 218-229.

2. Grossberg S. Competitive Learning: From Interactive Activation to Adaptive Resonance
// Cognitive science. 1987. Ne 11. P. 23-63.

3. Tocrapuak J.B. Kputrueckuii anannus momeseit HedpoHHbix cetedt // Bectnuk TiomIV.
2012. Ne 4. C. 162-167.
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