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YCJIOBUS CJJABOU 3ABUCHUMOCTHU B IPEJAEJbHbBIX
TEOPEMAX [JI1 OBOBIIEHHBIX CYMM

A.T. Tpunb, npodeccop, A.¢.-M.H., e-mail: griniran@gmail.com

Owmckuii rocynapcTBeHHbH yHUBepcuTeT UM. @.M. JlocToeBcKoro

AnHortamusa. [IpuBonsitcsi «o0uIeynoTpeOUTEIbHBIE» YCJIOBUS PETYJASPHOCTH,
obecrneyuBaIllle BbINOJHEHHEe MHHHMAaJbHBIX YCJOBUH clab0H 3aBUCHMOCTH
B INpeleJIbHBIX TeopeMax [Jisi 06001eHHbIX CyMM.

KuroueBbie cioBa: 06001IEHHOE CYMMHUPOBaHWE, MUHUMAJbHBIE YCJOBHS CJa-
60l 3aBUCUMOCTH, A-NlepeMelluBaHue, abCOMI0OTHAS PETryasPHOCTD.

B pa6ore [1] BBeméH kJsacc omepainui, Ha3BaHHbIH TaM OGOOIIEHHBIM CyMMH-
pOBaHHEM, J[OKa3aHbl TpelesbHble TEOPeMbl [/ 000OLIEHHBIX CYMM HE3aBUCHMbIX
CJIyUyalHBIX BEJIMUHUH, OMUCAH KJACC MpelesbHbIX pacnpee/eH i U MoNyueHbl MHHHU-
MaJibHble YCJIOBUS C/1a060H 3aBUCHMOCTH B Npe/ie/IbHBIX TeopeMax MaJsi 0606IIEHHBIX
cyMM. B Hacrosimie#l ctaTbe NMPUBOASITCS YCJAOBUS Ca00H 3aBUCHMOCTH, obOecrneyu-
BaOIIMeE BBINOJHEHHE 3THX MUHHUMAJbHBIX YCJIOBHH.

[Iycts x@®y - OuHapHas onepauus Ha D C R, o koTopo# Mbl OyneM nmpeanoJararh,
4TO OHAa YHOBJETBOpsieT ycaoBusim A; — Ay (ycnosus (A)):

Ay. AccoumatuBHocTh: @ (y®2)=(xPy) Bz, v,y,2€ D ;

As. KommyTaTuBHOCTB: * @y =y Dz, x,y € D ;

As. 2®0=2x, z€D;

A,. PaBHOMepHasi HEMPEPBIBHOCTb B CJEAYIOLIEM CMBICJE!
st mo6oro € > 0 Haiinéress § > 0 Takoe, 4to U3 |y| < 0 caenyer |z ®y — x| < &,
VereD,;

OTUM YCJOBUSAM YIOBJETBOPAIOT, Hampumep, z @y = = +y, D = R
zVy=max{z,y},D =R, =[0,+00), Ay =min{z,y}, D=R_ = (—o0,0],
He yIOBJIETBOPSIOT, CKaxeM, * By =xy, U Dy =z +y (mod d), d >0, D =
(ne BoIMOJIHSIIOTCS Az U Ay).

Ecsu OunapHas omepauusi  ® y ynoBjeTBopsieT ycioBusm (A), a f(x) Bo3pac-
Tamollas BelNyKJaas (BHU3) QyHKuMA Takas, uto f(0) =0, f(D) C D, To GunapHas
onepaunst * Dy = f1(f(r) ® f(y)) Takxke ymosaeropsier ycaosusm (A) [1]. K
npumepy, 6uHapHble onepauu By = /22 +y2, Py =In(e*+eY —1), D=R,
U T. II. YIOBJIETBOPSIIOT ycJaoBUsM (A).

a
R

[Tyctb {&,} — nocsenoBateibHOCTb CaydalHbIX BeJauduH. O603HAYUM

Xpem (D) = <%’“> D ..o (%’”)  Xa(b) = X1.(b),
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X, =X, (1), X,(b) = max |X.(b)|, k,m,n €N, b >0,

1<k<n

Bynem roBopuTb, 4TO BBINOJHEHO YycjoBHe As, ecau npu Jwodeix x > 0,
€D, i=1,..n, n>2

(Y1) © ... & (2Yn) = (Y1 D .. © Yn)- (1)

Hanpumep, 2y = z+y, D = R, 2y = (SCeryp)l/p, p
r@®y=xVy, D=R,, yioBneTBopsitoT ycaoBuio As.
Ecin P{|{1| > x} aBnsercs npaBuibHO MeHsIollekcss QyHKUHEH nopsiaka —p U

P{& >z} oy P{& < —x}
P{l&|>2} 7 P{l&]| >2)}

TO TOBOPSIT, YTO XBOCTHI pachpeneseHusi &; UMEIOT COrJIacOBaHHOe MpPaBUJIbHOE W3-
MeHeHHe mopsiika —p. B aTom cayuae

v

1,

—1—a, = 400, 0<a<1,

a, = sup{z : nP{|§| >z} > 1}

SIBJISIETCST TPABUJIBHO MeHSIOIIeHCs T0C/IeI0BaTeIbHOCTbIO Mopsinka 1/p [2, cTp.

111],
1—a

a
nP{& > za,} — > nP{&{ < —za,} — o — 00 (2)
(2, cTp. 94] u E|&|P < 00, 0 <p < p [2, cTp. 103].
[Iyctb
-2 2>
xrP
F(x) = l—a, —-1<2<1
P 1—a
L |
|z

Ecin § n n - HesaBucHMbIe caydaliHble BEJTHYMHBI C (DYHKLMAMH pacnpeae/eHus
Fe n F,, To 6ynem o603HayaTh Iy * F), = Feoy.
[Ipennonoxum, 4to npu Kaxaom r € R cymecrsyer

H,(z) = lim F;‘k (k'rz) . (3)

k—o00

[Tycts npu mo6eix n € N u 2z >0 E|X,,(2)|P < co. Tlosoxum

3 . p
bn(p) = inf {z >0: 1211?§nE|Xk(Z)| < 1} .
Cdopmyrpyem ocHOBHBIE pedynbTathl U3 [1] (Teopembl 1 u 2).

Teopema 1. [lycmo onepayus @ yodosremsopsem ycrosuam Ay — As Ha D = R.
Jlas moeo, umoboi

lim P{X,(a,) <z} =H,(z), v € R, (4)

n—oo
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ede H,(x) ydosremsopsem

l1—a

, x>0, ()

. a .

lim k (1 - H, (k:l/px)) =—, lim kH, (—kl/”x) =

k—o0 xP k—o0
Heobxo0umo u docmamouro, umobvl xocmol pacnpedesenus &, uUmenl Co2ia-
COBAHHOE NPABUNbHOE u3meHeHue nopsdka p u npu Awbox 0 < p < p u npu
Hexkomopom € > 0 86INOAHANOCD

liminf nP{[¢,| > b, (p)} > 0. (6)

Bbynem nucate & < M, &n KN nué, 4 Nn, B CJaydasx, KOT[a, COOTBETCTBEHHO,
pacrpenesieHust £ U 1) COBNALAWOT, {&,} CXOAUTCS K 7) 10 pacrlpeaeseHHI0 U KOTAa Mo-
cnenoBaresibHOCTH {&,} U {n,} cnabo sxkBUBaneHTHBI (cM., HarmpuMmep, [4, § 28.1]).
Uepes &4, ..., &, OyaeM 0603Ha4aTh He3aB8UCUMbLe CyUaiiHble BeJUUHHB TAKHe, UTO

ék i ék, k= 1,2, ey N

Teopema 2. [Iycmo {&,, n = 1,2,...} — cmayuonapras nocaedosamervHocmo, y
Komopoi xeocmol pacnpedenrequs £ UMEOM COeAACOBAHHOE NPABUNLLHOE USMEHE-
Hue nopadka —p, a onepayus & yoosiremsopaem ycarosuam Ay — As na D =R.
[laa moeo, umobol svinoanaroce (4), ede H,(x) ydosremsopsem (5), Heobxodumo
u docmamouro, 4mobbl BbLNOAHAAUCH CALOYHOULUe YmBepHOeHUs

a)

Xner(aner) ’il’ )?n<an+m) D )?m(aner)’ n—+m —r o0 (Rl)

(3deco cumsor n + n — oo o3nauaem, umo (Ry) ewnoamsemcs npu
n — 0o U npu Ar0boti nocaedosamervrocmu m = m(n));

6) npu arobom x > 0 u npu a060ti docmMamouro medLeHHO pacmyuiell nocae-
dosamenvtocmu k = k(n) — oo, n — oo

P{£X, (ag,) > x} ~ nP{+& > zag,}, n — . (Ro)

TeopeMy 2 MOXHO MHTepNpeTHpOBaTh Tak: yc/aoBUsS (R;) u (Ry) SABISIOTCS MH-
HHUMaJIbHBIMH YCJIOBHSIMH C/1a00F 3aBUCHMOCTH, MPH KOTOPBIX BHIMOJHSIETCs (4).

[lanee B HacTosLed paGoTe MPUBOASATCS YCJIOBHS Clab0i 3aBUCUMOCTH, obecrie-
ypBatouye BoinosHeHne (Ry) u (Ra).

[lycts F<p, U Fs>, — 0 -airedpbl, NOpoKAEHHBE ceMedcTBaMU {§; : i < n} u
{& i >n}. Ecin nng Hekotopo#t ¢pyHKuMU A(z) > 0 Takod, uyto A(z) — 0, x — 0

P(AB)

— A B A B 1
SUp{P(A))\(P(B)) € Feo, B € Foqp nimn A € Foy, 6.7—"<0} <1,

TO TOBOPSIT, YTO MOCJEN0BAaTENbHOCTb {&,} YIOBJETBOPSET YCAOBUIO
A-nepemeuwiusarnus (cM. [5]).
O603HaunM

5= A (mx P{|X(c)] > 5}) .
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Jlemma 1. /[aa awboco ¢ > 0 waiddémcs 6 > 0 makoe, umo npu
x>0 m<n

P{X,, 1(ch) >z +e} <(1—06,) "P{|Xn(cn)| > 2}

Hokazameavcmeo. B cuny coictBa Ay ans jarwboro € > 0 Haipéres 0 > 0 Takoe,
4TO MpH J11000M 2 > 0

{§>r+e |n<d} C{{Dn >z},

{lgl >z +e, Inf <o} C {[E®n| >} (7)

Anagnoruydo us cBoiictB A; — A, BBIBOIAUTCS
{{za+e nf<d ¢l <o} C{l@nad(=a},

{l&l =z +e, Inl <é, [(] <o} C{lE@na(] >} (8)
Mycts B, = {Xpoi(c,) < z+¢e¢ < [ Xp(e)|}, k& = 1,...,m. Torna
m—1 _
EE, =2,i#j, U Ex = {Xn-(c,) > x+¢}, aB cuny (7) natigéres 6 > 0
k=1

Takoe, UTo
{[Xk(cn)| =z + €, | Xisrmlcn)| <0} € {[Xin(ca)| = z},
TO €CTb
{|Xm(cn)| <2} C{|Xi(cn)| <@+ e} U{[Xir1,m(cn)| = 0},
OTKyza
{1 Xm(e)| < 2, B} € {|Xipimlca)| =6, By}, k=1,..,m— 1. (9)

C nmomotbio (9) 1 yc/10BUS A-TlepeMelINBaHUs MOJIydaeM

P, i(c) > 7+ ) < PUXo(e) > 2} + 3 P{Xonle)] < 2, By} <
k=1
< P{Xn(en)] 2 1)+ 3PN len)] > 6, B} <

< P{1X ()| 2 2} 1 PO ()] 2 ) ) Y- PED =

=P{|X,n(co)| > 2} + 6, - P{X,_1(cp) > 7 + €},

OTKyJa cJedyeT yTBepXKAeHHe JIeMMBbI. |
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Jlemma 2. /{as ar0boeo € > 0 Haildémces 0 > 0 makoe, umo npu arobom x > 0
P{£X,(c,) >z} >nP{+& > (x+¢€)cy, }(1 — 36,)).

Hepasercmeso ¢ naocom dokaseisaemcs, koeda R, C D, a ¢ munycom — Koeda
R_CD.

JHokasamenvcmso. Tlycts Ag = @, A, = {X,_1(c,) <6, & > (v +¢e)c,}
A = {Xio1(en) <26, & > (x4 €)cn, [Xppan(en)| <60}, 1<k <n—1.
B cuny (8) u (9) mast nroboro € > 0 Haiipérces § > 0 Takoe, 4ToO

P{X,(ch) 22} 2P {O Ak} = ZH:P{Zl o A A =

k=1

n n k—1
:ZP{Ak}—ZP{Ak-UAj}. (10)
k=1 k=1 j=1
[Ipu 1 <k <n —1 c nomouipo A\-epeMelINBaHUs MOJydaeM
P{Ay} =P{& > (x+¢e)cn} —

—P{(& > (x+e)cn) - ({Xko1(cn) > 20} U{|Xis1nlcn)| > 03)} >

> P{& > (v+e)en} (1= A(P{[Xppinlen)| 2 0}) = A (P{X41(ca) > 20})) .
(11)
P{A,} ouenuBaercs aHajornyHo. Be3 orpaHuueHus o6MWHOCTH J > 0 MOXKHO
CYUTATh TaKUM, 4TO

{Xa(en)l <20, & 2 (2 +e)ent S H{[Xj(en)] <20, Xj(en) > @}

k-1
Tak 4To ecau 20 < x, 10 P {Ak~ U AJ} <
j=1

P{fk (x 4 €)cp, U Xj_1(cn) <2(5§J_(x+5)cn)}§

<P{& > (w+e)eat A (P{X)o1(cn) > 26}). (12)

u torna u3 (10), (11) u (12) u nemmbl 1 caenyer
P{X,(c,) >z Zp{gk (z+)en} (1—35,).

BepositHocts P{—X,,(¢,,) > =} oueHnBaeTcsi aHaJOTHUHO.
Jlemma nokasana. |
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Crenytolilee npeaokeHHe — 3To MoaubHKauus jJemmbl 3.1 u3 [8].

Jlemma 3. /[aa aroboeco € > 0 naudémes 6 > 0 makoe, umo npu docmamouyHo
boarvuiux n

P{£X,(c,) >z +e} < (1—0,)" 0,P{|Xn(cn)| > 0} + nP{£E > z¢,}.
(IIpednoromcernus 06 obracmu D me e, umo u 8 remme 2.)
Jlokasameaocmeo. Tlyets B, = {Xp1(c,) < 26 < |Xp(e)l|}
k = 1,.,n. Torna EE; = @, i # j :OiEk = {X,_1(c,) > 26}. B cuny

(9) nnsa moboro £ > 0 Haupércss 0 > 0 Takoe, yto mpu 1 < k <n —1

{|Xk+1,n<cn)| < 57 Ek, 1%?;{71& < ZL‘Cn} g

C{X.(cn) <x+e, Ey, éllflgxngk < xey},
OTKyJa

{Xn(cn) Z T+ g, Ek:7 1211?2( é—k < .TCn} g {Ek7 |Xk+1,n<cn)| Z 6} (13)
AHaHOFH'—IHO BbBIBOOAUTCA
{Xalen) 2 7+ e max & <wen} C {Xn-1(cn) > 20, max & < xca}.

Ortcrona
{Xn(cn) >z +e, Iax Ep < xCp} =

= {Xn(cn) Z T+ g, Xn—l(cn) Z 257 121};%2( gk: < ZL’Cn}. (14)
C nowmoubio (13) u (14) nonyyaem P{X,(c,) > x4+ ¢} <

< > > =
< P{X,(c,) >z +e, 1?3225’“ < xep}+ P{lrgélgxnfk > xc,}

=P{X,(c,) >z +¢e, X,_1(cn) > 20, ax & < xep bt

n—1
—|—P{1r£ka§>§l & > xeyt = kZ: P{X,(c,) > x + ¢, Ey, glfgnfk < xep b+
=1
n—1
> < > > <
+P{max & > we,} < nP{& > e} + ; P{|Xir1n(ca)| = 6, Ep} <

n—1

< nP{6y > e} + A ((mx POXe)] 2 6} ) S P{EL} -
- k=1

= 0,P{X, _1(cy) > 26} + nP{& > xc, )}

Orciona ¢ nomoribio JemMbl 1 BeiBoguTces ouenka st P{X, (c,) > x+¢} B dhopmy-
JupoBke jeMMbl. Onenka aisi P{—X,(¢,) > = + ¢} nokaseiBaercs ananoruyuo. M
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CaenctBue 1. 13 nemm 2 u 3 soumekaem caedyroujee ymeepxcoenue: eciu
nocAe008ameAbHOCMb NOAOKUMEAbHbLX Yuces {c,} makosa, umo npu awobom § >
0

= >
o = A (11%1%); P{|Xk(cn)| > 5}) — 0, n— o0
u npu awboix x>0, § > 0 8oinosnsemcs ciedyroujee npednosoHeHUe:

0, P{|X,(cn)| = 0} = o (nP{£& > xc,}), n — o0, (15)

mo
P{+tX,(c,) > x} ~ nP{£&{ > xc,}, n— 0. (16)

[TycTh XBOCTBI pacrpefeseHls: £ UMEIOT COTJiacOBaHHOE MPaBUJIbHOE U3MEHEHHE
nopsinka —p, p > 0. Torna P{|¢;| > x} npaBusbHO MeHsiowasicst GYHKLUHUS MOPsSAKa
—p, a {a,} — TMpaBUJBHO MeHSIOLIASICS MOCJeN0BaTeNbHOCTh Mopsiaka 1/p. Ecan
BoinosiHsierest (6), 1o b,(p) = O(a,), n — oo. Ilyets k = k(n) — oco. Ecau k(n)
pacTéT I0CTaTOYHO MeJIJIEHHO, TO
max E|X,,|P
1<m<n

max P{|X,,(ax)| > 0} <

1<m<n oral

= O(ala,f) = O (k77/7).

n'nk

Orcrona
max P{|Xm(ank)| Z 5}P{|Xn(ank)| Z 5} =0 (k_QP/P) 7

1<m<n

u Tak Kak B cuiy (2) nP{|&| > xan,} ~ (ka?)™!, o npu p > p/2 BbINOJHSIETCS
ycqoBue (15) v u3 (16) nonyyaem

P{+X,(ank) > x} ~ nP{+& > za}.

Takum o6pa3oM, Mbl J0Ka3aJju, 4TO, €CJU MOCAEN0BATENbHOCTb {&,} YyIOBIETBOPS-
eT YCJOBHUIO A-NlepeMellMBaHUs, XBOCThHl paclpenesieHdss & HMEIOT COIJIaCOBAHHOE
NpaBUJIbHOE H3MeHeHHe nopsinka —p, p > 0 U BelMoJHEHO (6), To UMeeT MecTo Ro.

Bynem roBopuTb, YTO MOCJEN0BATENBHOCTD {,} yIOBIETBOpSIET yCJIOBHIO abCo-
JIIOTHOU PeryJyisipHOCTH, €CJIU

B(n) =E sup |P(A|Fs,) —P(A)] —0, n— oo.

AE]‘—zn

(eMm. [3,7]).
JokaseiBaercs [3, ¢.167], uto

5(n) = 550 3 [P(A:B;) — P(A)P(B,)] (17)

rae sup 6epéTcsl Mo BCEBO3MOXKHBIM KOHEYHBIM Pa3OHeHHsIM MPOCTPAHCTBA 3JIEMEH-
TapHBIX UCXOM0B ) Ha Hemepecekawlunecsi coobiTus (Ay, ..., Ag), (By, ..., B)) Takue,
uto A; € F<o, Bj € F>p, 1=1,....k, j=1,...,1. OTciona HeTpyJHO BBIBECTH, YTO

B(n) <p(n)=  sup  [P(A|B)—P(4)],
A€F<p,BEF>n
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TO €CTb CTalMOHapHble MOCJEN0BATENbHOCTH, YIOBJETBOPSIOLIME YCJIOBHIO PABHO-
MEepHO CHJbHOro TepeMewmnBaHus (¢(n) — 0, n — o00), ABAATCH abCOJIOTHO
perynsipHBIMH.

[IycTb { WsMeprMa OTHOCUTENBHO F>q, 1) — OTHOCHUTENbHO F>,, P¢, P, 1 Pg,—
pacnipenesnenus &, n, ¥ (§,7n) coorBercTBeHHO. M3 (17) cnenyer

> " [Pey(Ci x D) — Pe(Ci)Py(D;)] < 28(n), (18)

.3

rae (C4,...,Cx) u (Dy,...,D;) — pa3buenusi R Ha HemepeceKkatllecs 6opeseBCKHe
mHOXecTBa. Tak Kak P¢, < P¢ x P,, us (18) cnenyer

dpP
/ / ‘dp€ f(np y) — 1| P x Py (dzdy) < 25(n). (19)

—00 —00

JlokaxkeM, UTO B MpeAMNoJoKEeHUSAX TeopeMbl 2 U3 YCJA0BUS abCOIOTHON peryJsip-
HoctH caenyer (Ry).

[Tpexxne Bcero oTMeTHM, 4TO @, — OO Kak MPaBUJbHO MeHsIOLIAscs (QYHKIUS
MOJIOXKHUTENBHOTO Mopsinka [6, ¢.24], tak uto &;/a, — 0 M0 BepOSITHOCTH ¥ M3 CBOK-
ctBa Ay crnenyert, uto Xi(a,) — 0 M0 BepOSTHOCTH TpU JIIOOOM HaTypaJbHOM Kk H,

cJle0BaTeIbHO, TIPU JOCTaTOYHO MeNJIeHHO pacTyuux k = k(n) — co. B cuay cra-

d d
LIHOHApHOCTH TocaenoBaTeNbHOCTH {&,} Xt ntik(Gntm) = Xntmttntmik(Qnpm) =

4 Xi(@nim), TAK UTO BCE STH BEJUYHHBI TAKXKe CTPEMSITCS K HYJIIO [0 BEPOSITHOCTH
npu n — 00, e k = k(n) — 0o H0CTaTOYHO MeMIJEHHO.

[TycTb nocsenoBaTebHOCTD 0, — 0 TakoBa, uTo P {| X, 11 nik(@nim)| > 00} — 0,
P Xotmitntmik(@nim)| = 00} — 0, n — oo, Ecmn [Xojrnin(@nim)| < dn,
| Xt Lntmek (@ntm)| < 6, TO U3 cBOBcTBA Ay crnenyeT | Xy im(anim) — Xn(@nim)®
D Xotkntmrk(@nim)| < €n, THE €, = 0. Torna

|E exp {itXn—i-m(an—&-m)} — Eexp {itXn(an+m) D Xn+k,n+m+k(an+m)}| <

<E ]exp {it (Xn+m<an+m) - Xn(an+m) D Xn+k,n+m+k(an+m))} - 1| <
< [tlen + 2P {| Xoy1n4k(@nim)| = 00} + 2P {| Xopmitmtmrk(@nim)| > 00} — 0,

n — 00. JTO 03HAYAET, UYTO

d
Xn+m(a'n+m) ~ Xn(a'n-l—m) & Xn+k,n+m+k(an+m)7 n — o0 (20)

(4, ¢.393]. O6o3nauum uepes P,,, P, u P, ,, pacnpenenenus Beanuut X, (anim),
Xotkentmtk (@npm) B X (@ntm) B Xotkntm+k(@nim) COOTBETCTBEHHO. X, (G ym) U3-
MepHUMa OTHOCHUTENbHO F<p, @ Xpikntmik(@nim) — OTHOCUTENBHO F>yi, TAK UTO
B cuay (19)

|E exXp {itXn(an+m) D Xn+k,n+m+k(an+m>} -
—E eXp {ZtXn(an-‘rm)} E exp {itXn+k7n+m+k (a'n-i-m)} | =
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// izty) p P, ..(dzdy) — // ctEtp < P, (dzxdy)| <

—00 —00

dpnm
//’dP x P, >_1'anpm(dxdy)§2ﬁ(k;)—>o,

—00 —0O0

n — 00. DTO 03HAYAET, UYTO

d A~ ~
Xn(an+m) @ Xn+k,n+m+k(an+m) ~ Xn(an—l—m) s> Xn+k,n+m+k(an+m)7 n — 0o, (21)

rae X, (antm) 1 Xntkntmtk(@nim) — HE3aBUCHMBIE BEJHUHMHEI, PaclpefieleHHs] KO-
TOPbIX COBNAJAIOT C pacnpeneeHUssMH BeMHIUH X, (anim) U Xntkntmtk(Gnim)-
A~ d A~
[TockonbKy Xtk ntmik(@nim) = Xm(@nim), 13 (20) u (21) cnenyer (Ry).
Takum ob6pasom, ecan OuHapHas onepauusi x & y YAOBJIETBOPSET YCJIOBUSM
Ay — As, a nocsienoBatesibHOCTb {&,} aGCcoMOTHO peryasipHa, To BeinmosHsieTcs (Ry).
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CONDITIONS OF THE WEAK DEPENDENCE IN THE LIMIT THEOREMS FOR
GENERALIZED SUMS

A.G. Grin, professor, Doctor of Mathematics, e-mail: griniran@gmail.com

Omsk State University n.a. F.M. Dostoevskiy

Abstract. “Commonly used” regularity conditions ensuring the implementation of the
minimum conditions of weak dependence in limit theorems for generalized sums are
given in this article.

Keywords: generalized sums, minimum conditions of weak dependence, A-mixing,
absolute regularity.
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Abstract. For some problems, we know feasible algorithms for solving them.
Other computational problems (such as propositional satisfiability) are known
to be NP-hard, which means that, unless P=NP (which most computer sci-
entists believe to be impossible), no feasible algorithm is possible for solving
all possible instances of the corresponding problem. Most usual proofs of
NP-hardness, however, use Turing machine — a very simplified version of a
computer — as a computation model. While Turing machine has been convinc-
ingly shown to be adequate to describe what can be computed in principle,
it is much less intuitive that these oversimplified machines are adequate for
describing what can be computed effectively; while the corresponding ade-
quacy results are known, they are not easy to prove and are, thus, not usually
included in the textbooks. To make the NP-hardness result more intuitive
and more convincing, we provide a new proof in which, instead of a Turing
machine, we use a generic computational device. This proof explicitly shows
the assumptions about space-time physics that underlie NP-hardness: that all
velocities are bounded by the speed of light, and that the volume of a sphere
grows no more than polynomially with radius. If one of these assumptions is
violated, the proof no longer applies; moreover, in such space-times we can
potentially solve the satisfiability problem in polynomial time.

Keywords: NP-hard problems, space-time models, computation in curved
space-time.

1. Formulation of the Problem

General problem. Which problems can be solved in feasible time and which
cannot? To answer this question, it is necessary to formally describe which al-
gorithms are feasible, what is a problem, and how can we know that a problem
cannot be solved by a feasible algorithm. Let us recall how this is done in theory
of computation; for details, see, e.g., [2,4,8].

Feasibility: a brief reminder. Many algorithms are feasible; for example,
most algorithms whose computation time is bounded by a square or a cube of the
bit size n of the input are usually feasible.
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However, some algorithms require, even for inputs of reasonable length, compu-
tation time which exceeds the lifetime of the Universe. For example, for problems
for which we know that the bit size of the solution y does not exceed the bit

size len(x) of the input x, we can find a solution by using exhaustive search,

i.e., by trying all possible words y of size len(y) < n o len(z). However, even

for words in a binary O-1 alphabet, this would require, in the worst case, trying
14+2+4...+2"=2"" —1 possible words.

Even for reasonable-size inputs, of size n ~ 1000, this would require 2190 ~
~ 103% computation steps. Even if each of ~ 10% elementary particles which form
the Universe serves as one ol the parallel processors, each of these processors
would still need to perform 10?°° computation steps: and even if we divide the
lifetime of the Universe to the smallest possible time quantum (the time during
which light passes through an elementary particle), we would still get no more
than ~ 10*° computation steps. Thus, such exponential-time algorithms are usually
considered to be infeasible.

This observation prompts the usual definition of feasibility. For each algorithm
A, let ta(x) denote the number of computation steps on input x. The worst-case
number of computation steps t%(n) o max{t4(x) : len(x) = n} on all inputs x
of size (length) n is known as the (worst-case) computational complexity of the
algorithm A. In these terms, an algorithm is called feasible il and only il it is
polynomial-time, i.e., if there exists a polynomial P(n) for which t4(n) < P(n) for
all n.

This definition is not perfect:

e an algorithm with computational complexity t%(n) = 10'°% . n is polynomial-
time, but clearly not feasible;

e on the other hand, an algorithm with computational complexity
t%(n) = exp(107? - n) is practically feasible for all inputs of size < 107,
but is is not polynomial time.

However, the above definition is the best we have.

What is a problem. In a precisely formulated problem, it may be difficult to
solve a problem, but it should be feasible to check whether a proposed candidate
for a solution is indeed a solution.

For example, in mathematics, the main problem is: given a statement x, produce
a detailed proof y of either the statement x or of its negation. Coming up with a
proof is often very difficult, but once a detailed step-by-step proof is produced, it is
easy to check step-by-step whether each step is correct — even a computer can do
it provided that the proof is detailed enough. In this case, the problem is: given
x, find y such that C(x,y) holds, where C(z,y) is a feasibly computable predicate
describing that y is a proof of x or of —x.

Of course, to be able to check the proof in reasonable time, we must also require
that length of this proof is feasible. Similarly to feasible time, it is reasonable to
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formalize this requirement by requesting that there exists a polynomial Py(n) such
that len(y) < P,(len(z)). Thus, a problem takes the following form: given a word
x, find a word y such that C'(z,y) and len(y) < P;(len(x)) — or produce a message
that such a proof y is not possible.

Similarly, in physics, the main problem is: given the observation data x, find
a law y that fits all this data. Once a formula y is found, it is easy to check,
observation-by-observation, that all the observations z satisiy this formula; how-
ever, coming up with an appropriate formula is often very difficult. In this example,
the limitation on the size of y is even more severe: namely, the length of y must
not exceed the length of x — il we do not make this requirement, then we can
simply take the listing of all the observations as the desired formula. In this case,
len(y) < len(z), i.e., len(y) < Py(len(z)) for Py(n) = n.

In engineering, we are given specifications x, e.g., about a bridge, and we need
to find a design y which satisfies all the specifications. Modern software enables
us to feasibly check whether a given design satisfies the desired specifications, but
finding such a design is often difficult. The design must be feasible to implement,
which means that we must have len(y) < P,(len(z)) for some polynomial P,(n).

In all these cases, we have a feasible algorithm C(z,y) and a polynomial Py(n),
and our task is: given a word z, find a word y for which C(z,y) and len(y) <
< Py(len(x)) — or produce a message that such y is not possible. This will be our
general definition of a problem.

In this definition, once we have a guess v, it is feasible (i.e., requires polynomial
time) to check whether this guess is a correct solution. In theoretical computer
science, computations with guesses are called non-deterministic. Because of this,
such problems are called non-deterministic polynomial-time, or NP, for short.

All problems from the class NP are algorithmically solvable: e.g., by
exhaustive search. For each input z, the length of possible solution y is bounded.
Thus, we can, in principle, find the solution y by applying exhaustive search, i.e.,
by testing all possible words y of length len(y) < Py(len(z)).

Exhaustive search is not feasible. The problem with the exhaustive search
algorithm is that the corresponding computation time is proportional to the number
of possible words of a given length, and this number grows exponentially with the
length of the input, as S5 where S, is the number of possible symbols. We

already know that such exponential-time algorithms are not practically feasible.

Are feasible algorithms possible? Is P equal to NP? For some problems
from the class NP, there exists a feasible (polynomial-time) algorithm for solving
the corresponding problem. The class of such feasibly solvable problems is denoted
by P.

[t is not known whether all the problems from the class NP can be thus solved,
i.e., whether P=NP. This is a long-standing open problem. Most computer scien-
tists believe that P#NP.
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The notion of NP-hardness. While it is not known whether P is equal to
NP, it is known that some problems from the class NP are the hardest. This
“hardness” is described by the notion of reduction: if a problem A can be reduced
to problem A’, this means that the problem A’ is at least as hard as the problem
A.

The notion of reduction can illustrated on the following simple example. A
usual way to solve an equation of the type a - z*+b- 2%+ ¢ = 0 is to reduce it to
the problem A’ of solving the quadratic equation. For this reduction, we introduce
a new variable y = x?; in terms of this new variable, the original equation takes
the form a-y*>+b-y +c = 0. We know how to solve the corresponding quadratic
equation; once we find its solution, we can find = as £,/y. Thus, to solve a
particular case of the original problem A, we:

e form the corresponding particular case of the problem A’; we will denote the
corresponding algorithm by Uy;

e solve this new particular case;

e use the solution to compute the solution to the original problem; we will
denote the corresponding algorithm by Us.

Both algorithms U; and U; can be multiple-valued.

[t is also important to make sure that in this manner, we can find all solutions
to the original problem, i.e., that for every solution of the original problem, there
is a solution to the problem A’ from which this solution can be obtained (in our
case, y = z%); we will denote the corresponding algorithm by U,.

In general, when we have two problems from the class NP, a problem A de-
scribed by a feasible property C(z,y) and a problem A’ described by a feasible
property C’(2,1'), then we say that A is reducible to A’ if these exists three
feasible algorithms Uy, Us,, and Us with the following properties:

o if C"(Uy(z),y), then C(z, Us(y'));

e if C(x,y), then C'(Uy(x),Us(y)) and Us(Us(y)) = y (in the multiple-valued
case, y € Us(Ua(y))).

The first property means that if we start with an instance x of the problem A,
build the corresponding instance 2’ = U;(x) of the problem A’, and a solution 3’ to
this new instance, then, by applying the algorithm Uj to this solution ¢/, we get a
solution y = Us(y’) to the original problem.

The second property means that if y is any solution to the original problem, then
it can be obtained by applying the above procedure, when we use an appropriate
solution y' = Us(y) to the corresponding instance z’ = U;(z) of the problem A’.

We say that a problem P is NP-hard if it is as hard or harder than every
problem from the class NP, i.e., in precise terms, if every problem from the class
NP can be reduced to the problem P.
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Propositional satisfiability: historically first example of an NP-hard prob-
lem. The first problem for which NP-hardness was proven was the problem of
propositional satisfiability. In this problem, the input z is a propositional for-
mula, i.e., a formula which can be obtained by Boolean (“true”-“false”) variables
21,..., 2, Dy using propositional operations “or” (V), “and” (&), and “not” (=). An
example of a propositional formula is (z; V —z3—23) & (=21 V z3). The objective is to
find a tuple y = (z1,...,2,) of Boolean values for which the given formula is true.

One can easily see that this is a problem from the class NP: if we have a formula
x and a Boolean tuple y, then checking whether x is true for these values of z;
takes linear (thus polynomial) time — hence the corresponding property C(x,y) is
feasible. The length of the tuple does not exceed the length of the original formula,
so here len(y) < P;(len(z)) for a simple polynomial Py(n) = n.

NP-hardness has actually been proven for a special class of propositional
formulas in Conjunctive Normal Form (CNF), i.e., formulas of the type
Ci&Cy& ... &C,,, where each clause has the form aV ...V b, and a, ..., b,
are literals, i.e., variables z; or their negations —z;.

Most textbook proofs of satisfiability’s NP-hardness are based on Turing
machines. NP-hardness of satisfiability means that we can reduce every problem
from the class NP to the satisfiability (and even to CNF-SAT). This is how NP-
hardness of satisfiability is usually proven: by taking a general problem from the
class NP and showing that this problem can be reduced to CNF-SAT.

These proofs are usually reasonably simple and straightforward, so at first
glance, the proofs seem to be intuitively clear. However, a more detailed look
shows that these proofs are not as intuitive as they may seem.

Indeed, by definition, a problem from the class NP means that we have a
feasible (polynomial-time) algorithm C(z,y), and the problem is: given z, find y
for which the property C(x,y) is satisfied. In the existing proofs, polynomial-time
is understood as polynomial-time on a Turing machine.

Again, at first glance, this may seem reasonable. A Turing machine is what we
would now call a simplified computer. A Turing machine consists of a tape (which
is potentially infinite) which consists of cells. Each cell can be either empty or
contain a symbol from the given list (e.g., 0 or 1). There is also a head which, at
any given moment of time, is located near one of the cells. The head can be in one
of the states from a given list. It starts at a special start state, with the input =
written on a tape.

At each moment of time, depending on the current state h of the head and on
the symbol s in the corresponding cell, the machine can do three things:

e overwrite the symbol s with a new symbol s’ = f(h, s) depending on h and s;
e change its state i to a new state A’ = g(h, s) depending on h and s; and

e depending on h and s, either stay at the same cell, or move one step to the
left, or move one step to the right.
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The machine stops when it reaches a special halt state. Once the Turing machine
stops, what is written on the tape is considered to be the result of the computations.
In other words, we say that a Turing Machine computes a function y = F(z) if,
every time we start it with the input z, it eventually halts and produces y = F(x).

Why Turing machines are used in theory of computation. While Turing
machine is a very primitive device, more like an old-fashioned tape recorder than
a computer, it is known to be a universal computational device — in the sense that
whatever complex computer can compute, a Turing machine can compute as well.
This explains why Turing machines are used in theory of computation: they are
much simpler than actual computers and, at the same time, they describe the exact
same class of computable functions as more complex computers.

Because of this, if we want to prove that a function is not computable, there
is no need to consider more complex devices: it is sufficient to prove that this
function cannot be computed on a Turing machine.

Why the use of Turing machines in NP-hardness proofs is not fully
satisfactory. As we have mentioned, Turing machines are perfect in describing
what can be, in principle, computed. Of course, from the practical viewpoint, it
makes no sense to build and use Turing machines: they are often very slow in
comparison with the actual computers.

For example, if we are looking for an element e in a sorted array a; < ... < a,,
then on a real computer, we can use bisection and find the location ¢ of the element
e (i.e., the index for which a; = e) in logarithmic time ¢ < log,(n). In the
beginning, we know that ¢ is in the interval [¢,7], with i =1 and i = n. On each
iteration, once we know such an interval, we compute the midpoint m = |(i+1)/2]
and compare e with a,,.

e if e = a,,, the problem is solved, we found the index, it is m;

e if ¢ < a,, this means that i < m, so we replace the original interval [i,1]
with the half-size interval [i, m — 1];

e if ¢ > a,,, this means that i > m, so we replace the original interval [i,i]
with the half-size interval [m +1,i].

In both cases, we get an interval which is at least twice narrower than the original
one. After k iterations, the interval’s width is decreased by a factor of 2*. So, after
k = log, (n) iterations, the original width n — 1 is decreased at least by a factor of
2% = n. The resulting interval of width < 1 cannot contain two different integers
and thus, consists of a single integer .

On a Turing machine, however, we start with the head located before a;. When
the desired value is located as i = n (i.e., when e = a,), the only way to find this
location is to read the word a, and to compare it with e. This means that the
machine must move from a; all the way to a,, thus passing by at least n cells. But
a Turing machine can move at most one cell at a time. Thus, on a Turing machine,
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search requires at least n computational steps — and for large n, the amount n is
much larger than log,(n):

e for n =103, we have log,(n) ~ 10;
e for n = 10% we have log,(n) ~ 20,
e for n =10°, we have log,(n) ~ 30;
e etc.

So, when we require that C(x,y) is computable in polynomial time on such a
super-slow device as a Turing machine, we are unnecessarily limiting ourselves,
since what we really want is properties C'(x,y) which can be computed in feasible
time on a real computer.

Mathematically, it is OK to use Turing machines, but intuitively, it is
desirable to consider more realistic computational devices. From the purely
mathematical viewpoint, the situation is not as bad as it may seem: it turns
out that, while Turing machines are indeed slower, they preserve computability
in polynomial time. Many results show that if a function can be computed in
polynomial time on a more complex computational device, then it can be also
computed in polynomial time on a Turing machine.

With these additional results in mind, we can conclude that even if we un-
derstand feasible time as polynomial time on a realistic complex computer, every
problem from the corresponding class NP can still be reduced to CNF-SAT. How-
ever, these additional results — that polynomial time on a computer translated into
polynomial time on a Turing machine — results without which we do not get the
desired reduction, are much more complex and less intuitive than the textbook
proofs of SAT’s NP-hardness. These additional results are therefore not included
in the usual textbook analysis of NP-hardness — and so, the easiness of the usual
proof kind of hides the fact that the actual proof of the desired result is much less
intuitive than it seems at first glance.

What we do in this paper. To make the NP-hardness proof more convincing,
we provide a new proof, a proof in which instead of a Turing machine we use a
generic computational device.

This proof makes it clear what assumptions about space-time are needed in this
derivation. We also show that these assumptions are necessary: if one of these
assumptions is violated, then we can potentially solve satisfiability problems in
polynomial time.

Comment. The main results of this paper were first announced in [3].
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2. A New Proof that Satisfiability Is NP-Hard — Which
Makes Space-Time Assumptions Behind This Result Ex-
plicit

What we start with. We have a problem from a class NP, we want to show

how to reduce this problem to CNF-SAT. By definition, a problem from the class
NP can be formulated as follows:

e we have a feasible predicate C'(z,y) (i.e., a feasible algorithm that always
returns “true” or “false”),

e we have a polynomial P;(n), and
e we have a word z.

The problem is to find a word y for which C(z,y) ="true” and whose length
len(y) is bounded by the polynomial of the length len(z) of the input word =z, i.e.,
len(y) < P,(len(z)).

The algorithm C(z,y) checks, in polynomial time, whether a given “guess” y
is indeed a solution to the problem with the given x.

By definition, the algorithm C(x,y) is feasible, i.e., on some computational
device, its running time ¢o(z,y) is bounded by a polynomial of the length of its
input: tc(z,y) < Po(len(x) + len(y)) for an appopriate polynomial Po(n).

Computational device: component cells and their states. Let us analyze
a computational device on which this algorithm C(z,y) runs. A typical compu-
tational device consists of discrete cells. For example, each memory bit can be
viewed as an elementary cell, a piece of wire that connects several elements on a
chip can be viewed as a cell, etc.

Cells can be of different volume. Let us denote the smallest volume of a cell by
AV.

Each cell can be in different states. For example, a memory bit can be in
two states: O and 1. A wire can be in three states: not sending any signal,
sending 0, and sending 1; etc. In principle, a physical object can be in infinitely
many different states, but since all measurements are not accurate, we can only
distinguish between finitely many states.

Different cells can have different number of possible states. Let us denote the
largest number of possible states by S.

We will assume that the time quantum for this computational device is equal
to At; this means that we can only consider the state of the computer at times 0,
At, 2At, etc.

First physical assumption: v < ¢. We will take into consideration the fact
that, according to modern physics, the speed of every process is limited by the
speed of light c.
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Dynamics of states. Let us use the above physical assumption to describe
how a state of each cell changes with time.

Since the speed of communication is bounded by the speed of light, the state
of the cell in the next moment of time can only be influenced by the states of the
cells that are at a distance < r = ¢ At from this desired cell: indeed, if a cell is
further away, then during the time quantum, its influence will not be able to reach
the original cell.

So, the state of the cell at the next moment of time ¢ + 1 is determined only
by the states of the cells inside the sphere of radius r, which is the “sphere of
influence” of a given cell. We will call cells that can influence a given cell its
neighbors.

cell 2
c- At
1

Let us estimate the number Ny, of neighbors.

By definition, AV is the smallest volume of a cell. This means that each cell
occupies the volume that is greater than or equal to AV. Thus, Nyeign cells occupy
the volume > Nyeign - AV. On the other hand, all these cells are located inside

4
the sphere of radius . The total volume inside the sphere is 3 T r3; therefore,

4
Noeign - AV < 3T r3, and hence,

4
_.7"'.7”3

3
Nooioh < 2.
neigh > AV
Let us deline the state of a cell ¢ at moment ¢ by S;;. Then, we can describe
the evolution of the states as follows:

Si,tJrl = fi,t(Si,ta Sj,t> tty Sk,t)7 (1)

where the number of neighboring cells (S;;, ..., Sk:) IS < Nyeign-

Towards reduction to propositional satisfiability: making all variables
Boolean. We want to reduce our problem to propositional satisfiability. In propo-
sitional satisfiability, all the variables are Boolean. To get closer to this problem,
let us represent each state by a sequence of Boolean (0-1) values.

To do that, we will enumerate all the states of each cell, describe each state by
its ordinal number, and represent this ordinal number in the same manner as this
number is represented in the computer, i.e., by a sequence of its binary digits.
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Since the largest possible number of states of a cell is S, we can represent these
states by integers from O to S — 1. Let us denote by B the total number of binary
digits in the binary representation of S — 1. Then, all numbers smaller than S — 1
require the same or smaller number of digits. Hence, we need B bits to describe
each state.

By using k bits, we can describe 2% different numbers; thus, to represent S
different states by B bits, we must have 28 > S, ie., B > log,(S). Therefore,
we can take, as B, the smallest integer for which this inequality is true, i.e.,
B = [log,(9)].

Thus, each state S;; can be represented as a sequence of B bits
SiltySi2ts---sSibts---5 S5 Here, the bit number b takes values b = 1,...,B.
From the equation (1), we can now conclude that the value of each of these vari-
ables at time ¢4 1 depends on the values of the variables that describe neighboring
cells at the time t:

Si,b,t—i-l = fi,b,t(si,l,m C.e ,S@Bﬂg, C.e ,Sj,l,t, ceey Sj,B,ta ey Sk,l,ta .. 75k,B,t)~ (2)

The total number of variables in the right-hand side is bounded by < Nygjen - B.

Transforming the conditions into propositional form. All the variables in
the expression (2) are Boolean, but the relation between these variables is not
yet Boolean. To make it Boolean, let us express each formula (2) in Conjunctive
Normal Form (CNF).

This can be done if we first translate a general formula F' into a Disjunctive
Normal Form, i.e., form of the type D, V...V D,,, where each disjunction D; is of
the type a & ... &b, with literals a,...,b. For that, we form a truth table for the
formula F, i.e., describe its value (true or false) for all 2¥ possible combinations of
truth values of its k& variables. A formula is true if and only if the inputs coincide
with one of the tuples for which F' is true. For example, if the formula F' is
true when z; and zy are both true and when z; and zo are both false, then F' is
equivalent to (1 & x2) V (mx1 & —x9).

To translate a formula F into CNF, we transform —F" into DNF, and then apply
de Morgan rules =(AV B) = -A& B, 2(A&B) =—-AV B, and =(-A) = A to
transform the negation of the DNF into a CNF. For example, if =F = (z; & x5) V
V (mxy & —x3), then

F==((x1 &x0) V (mx1 & x9)) = (11 & 29) & (21 & ) =
= (_|[L’1 V _|£L’2) & (_|(_'ZL‘1) V ﬁ(ﬁxg)) = (ﬁibl V _\ZEQ) & (ZL‘l V [EQ))

This translation requires 2¥ computational steps, where k is the number of
variables. In our case, k is bounded by a constant < Nyi,-B which does not depend
on the size of the input. Thus, 2¥ is also bounded by a constant: 2% < 2¥neign'B

The translation gives us a propositional formula Fj;, which describes the evo-
lution of the b-th bit s;,11 in the description of the i-th state.

Combining these formulas by “and”, we can now describe the entire computa-
tion of C(z,y) by a single formula. Indeed, given algorithm C(x,y) and input x, it
is necessary to describe that:
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e The device operates correctly, i.e., all the states are changed accordingly.
This is described by the following long formula:

FLLl & FLLQ & ... & E,byt & ... & }7]\7%115,3’7“7

where 1 <4 < Neps, 1 <0< B, 1<t<T,and T is the computation time
(= total number of computational steps) in computing C(x,y).

e We also need to describe that the input is the given one z = x5 . . .
Sil,bhl =T & 3i2,b2,1 = T2 & ey
where i, is the cell that contains the k-th bit of the input z.

e Finally, we need to describe that the result of the computation is “true” in
the “final” cell i,: s;, 5, 7 =“true”.

So, we use “and” to combine these formulas into a “long formula” F.

This is indeed a reduction to satisfiability. We have designed the algorithm
U, that transforms each instance x of the original NP-problem into a propositional
formula 2’ = F. This long formula describes the fact that:

e we started with given input x and some y,
e we performed the computation of the property C(x,y), and
e we got C'(x,y) to be true.

Once we have a satisfying tuple ¢’ for this formula, we read y from the bits
describing the inputs y at moment 1. This is our algorithm Us.

If we know the solution y to the original problem, then we can run a feasible
algorithm for checking C(z,y) and record all the values of all the bits of all the
states at all moments of time. This is our algorithm U,. One can easily check that
this is indeed the desired reduction:

e if the tuple y' makes the propositional formula C'(U;(x),y’) true, this means
that for the input = and for the y = Us(y’) which corresponds to ¢/, the value
C(z,y) is also true, i.e., that y is indeed a solution to the original problem;

e vice versa, if y is a solution to the original problem, then for the Boolean
tuple ¥/ = Us(y) which describes the process of computing C(x,y), the long
Boolean formula F' = 2’ = U, (z) holds, i.e., we have C'(2/,y/).
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The reduiction is feasible. To complete our proof, let us show that the
designed algorithms U; are indeed feasible, i.e., that their computation time is
bounded by a polynomial of the input z.

This is clear for the algorithm Us, in which we simply pick some bit values.
Let us prove feasibility of the main reduction algorithm U;. In this algorithm, we
apply a constant number of computation steps to each of Ny cells, to each of
B bits, and to each of 7" moments of time. Thus, the computation time of this
algorithm is proportional to the product N - B - T. The number of bits B is a
constant that does not depend on the length of the input at all.

Since C(z,y) is a feasible algorithm, its computation time 7" is bounded by the
polynomial of the length of its input. Each polynomial can be bounded, from above,
by a simple polynomial A - n*: indeed, for all natural numbers n, we get

ag+ay-n+...+ap-n® <laol-n"4|ay|-nF .+ an] -0 = (|ao| +ar |+ . A |ax])-nF.

Thus, we can always conclude that T < A - (len(z) + len(y))* for some A and k.
The length of y is limited by a polynomial len(y) < P(len(x)). We can similarly
conclude that len(y) < A’ - (len(x))*. Thus,

T < A-(len(z) + A" - (len(x))*)*,

i.e., T < P(len(z)), where we denoted P(n) % A-(n+A’-n¥)*. So, the computation
time 7T is indeed bounded by a polynomial of the length of the original input z.

Let us estimate the total number of cells Ny that participate in this compu-
tation.

In principle, many cells could be computing, but only those cells can influence
the final result which are not too far away, because if the cell is at a distance
> ¢- T from the final monitor, then, even if it is sending all its information with
the largest possible speed — the speed of light — the final cell will still not be able
to receive this information before the computations are over.

Thus, it is sufficient to consider only the cells that are located within a distance
< ¢-T from the final cell, i.e., within a sphere of radius R =c- T

<c-T

4
The volume of this sphere V' is 3 T (c-T)*. Therefore, the total number of

cells Neeps in this sphere is bounded by the ratio ALV ie.,

4 3
N11~<§.7T‘(C.T) :47T.C3.
o= AV 3-AV

T3,
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Since T' is bounded by a polynomial 7" < P(n), we conclude that

A - 3

NCBSS
B =3.AV

- (P(len(x)))".

The cube of a polynomial is also a polynomial; thus, the number of cells is
bounded by the polynomial of len(z).

Hence, the time ¢y, (z) needed to compute the formula F' is bounded by the
product of three polynomials, and hence, also by a polynomial: ty, () < Pi(len(z))
for some polynomial P;(n).

Similarly, the algorithm U, finishes in polynomial time. The reduction is feasi-
ble, so NP-hardness is proven.

3. Example

Description of a toy problem. To make the above construction clearer, let
us illustrate it on the example of the following toy problem. In this problem, the
input x is one bit, the output y is one bit, and the condition C(x,y) that we want
to achieve is z = y.

In other words, in this toy problem, we are given a bit z, and we want to find
a bit y which satisfies the property = = y.

Computational device for checking the desired property. In accordance
with the above proof, we need to start with a computational device that, given z
and y, checks whether x = y. In the beginning, we have two cells: an z-cell that
contains the input bit z and a y-cell which contains the bit y.

We also need a wire to transmit the information. We will thus send the content
of the y-cell to the z-cell, and then use the z-cell to compare its original content
with what is send by wire. Once the y-signal is sent, we no longer need it, so we
can simply erase it (i.e., replace it with 0).

The whole computation process takes 3 moments of time:

e at moment ¢t = 1, the x-cell contains x, the y-cell contains y, and the wire is
inactive;

e at moment ¢ = 2, the z-cell still contains x, the y-cell now contains 0, and
the wire transmits the y signal,

e at moment ¢t = 3, the x-cell contains 1 if z = y and 0 otherwise, the y-cell
contains 0, and the wire is again inactive.

In this computations process, we have 3 cells: the x-cell, the y-cell, and the wire.
The z-cell has 2 possible states: 0 and 1, so one bit is sufficient to describe its
state. According to the general notation, we will denote the state of this bit at
moment ¢ by s;,,. Similarly, to describe the state of the y-cell, we need one but

S52.1,t-
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The wire can be in 3 possible states: inactive, sending 0, and sending 1. Thus,
to describe the state of the wire, we will need 2 bits. Let the first bit describe
whether the wire is active or not, and the second bit describe the signal sent via
an active wire. So, the state S5 of the wire is either 00 (inactive), or 10 (sending
0), or 11 (sending 1).

In this case, S = 3, and the number of bits B needed to describe the state of
each of the cells is B = 2.

Corresponding dynamics of states. Let us describe the above computations
in terms of changing states.

At the first moment of time, the wire is inactive: s311 = 5321 = 0.

At the second moment of time, the first cell retains its state, i.e., 5112 = s111.
The second cell becomes 0: sy = 0. The wire becomes active: s3;, =1, and the
signal transmits exactly the bit originally stored in the y-cell: s329 = 521 1.

At the third moment of time, the z-cell gets the value 1 if the value that
was previously stored in this cell coincides with what was sent through the wire:
S113 = 1 < s112 = s320. The y-cell still contains 0: sq13 = 0, and the wire is
again inactive: s313 = s323 = 0.

Describing the dynamics in CNF terms. To describe the above formulas
in the CNF terms, we need to translate the following formulas into CNF: a = 0,
a=1,a=0b,and a =1« b=rc. Let us use the above algorithm to translate these
formulas into CNF one by one.

Translating « = 0 into CNF. For the formula a = 0, the truth tables for
formula F itself and for its negation —F take the form

ol F]-F ]
0 1] 0
101

The formula —F is true only when a = 1, so its DNF form is a. Thus, its CNF
form is —a. This means, e.g., that the formula s3;, = 0 becomes —s3 ;.

Translating a = 1 into CNF. For the formula a = 1, the truth tables for
formula F' itself and for its negation —F take the form

ol F]-F]
00 I
1] 0

The formula —F is true only when a = 0, so its DNF form is —a. Thus, its
CNF form is a. This means, e.g., that the formula s3; 2 =1 becomes s3 5.
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Translating a = b into CNF. For the formula a = b, the truth tables for
formula F itself and for its negation —F' take the form

| ~F ]

—| O —| O|| &
r—aOOH’ij

0
1
1
0

The formula —F is true either when ¢ =0 and b= 1, or whena =1 and b = 0.
So, its DNF form is (-a&b) V (a&—b). According to de Morgan laws, to get a
negation F, we need to change all conjunctions to disjunctions, all disjunctions
to conjunctions, and each literal by its negation. Thus, the CNF form is (a V
V =b) & (ma & b). This means, e.g., that the formula s; 12 = 51,11 becomes (s112 V
V=s101) & (ms112 Vos111)-

Translating a = 1 < b = c into CNF. Finally, for the formulaa =1 < b=,
the truth tables for formula F itself and for its negation —F take the form

—| = O] O | —| O] Of| o

|

—| == = OO O O 2
|
O'—"—‘O'—‘OO>—‘,Tq

F
0
1
1
0
1
0
0
1

— O = O —| O~ O] O

The corresponding DNF form for =F is
(ma&—b& —c)V (ma&b& )V (a&-b&c)V (a&b& —c),
so its negation F' takes the CNF form
(avbVe)&(aV-bV-c)&(—aVbV-c)&(—aV —bVec).
This means that the formula 5113 =1 < 5112 = 5322 takes the form
(5113V S112V S322) & (s113V 5112V 78329) &

&(—s113V s112V 78329) & (5113 V 8112 V S322).
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The resulting long formula. The resulting formula should include:
e the CNF forms of all the formulas describing the state’s dynamics,

e the fact that the initial value x is given; for example, for x = 0, it should be
S1,1,1 = 0, i.e., S1,1,1 and

e the fact that the result of checking the property C(x,y) is “true”; according
to our computation scheme, this result is stored in the x-cell at moment 3,
so this requirement takes the form s173 =1, i.e., s113.

Thus, the corresponding long formula takes the following form:
83,11 & T83,2,1 &

&(s112Vs111) & (78112 V 85111) &
& —52.1,2 & 53,1,2 &
& (s322V 18911) & (78322 V S211) &
& (5113 V 5112V 8322) & (51,13 V 81,12V 18322) & (781,13 V S112 V T8322) &
& (—s113V 8112V S329) &
& —52,1,3 & —853,1,3 & 783,23 &
& 81,11 & 51,1,3-

This formula says that for given x = 0 and for some y, we performed the
checking of the property C(x,y) = x = y and concluded that the result of checking
is “true”. Once the formula is satisfied, we can find y as the original value of the
y-cell, ie., as y = s9.1,1.

4. Space-Time Physics Behind the NP-Hardness Result

Space-time assumptions behind the proof. The above proof used two main
assumptions about space-time:

e that there is a limitation on the communication speeds, and

e that the volume of a sphere of radius R is bounded by a polynomial of R.

Both space-time assumptions are crucial for the NP-hardness result. Let
us show that both space-time assumptions are necessary not just for our proof of
NP-hardness, but also for the NP-hardness result itself.

Indeed, if we do not have any limitations on the communication speed, if we can
set up any communication speed with want, then we can exponentially increase
communication speed with the increase in the input size, and thus, transform the
exponential number of computation steps for an exhaustive-search solution to any
NP problem into computations which require a constant time.
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Similarly, if the volume of the sphere grows exponentially with the radius r, as
exp(k - r), then we can place exponentially many processors into a sphere, make
each processor test one of the exponentially many possible solutions y, and let the
processor which finds a solution report to the center. For example, for satisfiability,
we have 2V possible combinations y = (2, .., z,), so to fit 2" processor, we need a

exp(k - )

radius R for which = 2", i.e., for which r = a-v+ 0. The resulting time

is composed of linear time for testing whether y is a solution, and linear time r/c
to communicate the results — so we can solve satisfiability in linear time.

Comments.

e It is worth mentioning that in some physically reasonable models of space-
time, we do have such an exponential dependence of the volume on radius,
so in these models, we can potentially solve NP-hard problems in polynomial
time; see, e.g., [1,4-7].

e If the volume of the sphere grows slower than exponentially but faster than
polynomially with the radius r, then, by parallelizing exhaustive search, we
get an algorithm which is not polynomial, but it is still faster than all parallel
algorithms corresponding to Euclidean geometry (in which the volume grows
as r3).
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AnHotanus. Js pelleHHs] HEKOTOPBIX 3aau W3BECTHBI BBIUHCJNUTENBHO OCYIIECTBH-
Mble aJropuTMbl. Jlpyrue 3anauu (HamprMep, O BHIMOJHUMOCTH OyJieBbIX (DOpPMYJ), U3-
BecTHbl Kak NP-TpynHble, To ecThb, npu HeBbinonHeHHH ycaoBust P = NP (uto nmo mHe-
HHUIO GOJIbIIMHCTBA HCCe0BaTeNeld COOTBETCTBYET AEHCTBUTENBHOCTH), HE CYLIECTBYET
BBIUHCJ/IUTENBHO OCYLLECTBUMOrO aJropuTMa [Js pelleHHs MPOU3BOJBHOIO Cayyas co-
otBeTcTBYyloleld 3anaun. O6piyH0 NP-TpynHocTb 10Ka3bIBaeTCs MyTeM MOJIEIUPOBAHUS
BBIYMC/JEHHWH Ha MallvHe TblOpHHTAa — O4YeHb YNPOILIEHHOH BEPCHH KOMIIbloTepa. XOTs
6bls10 yOenUTEeNbHO M0Ka3aHO, YTO MallMHa TblOpHUHTA SIBJSETCS afeKBAaTHBIM Cpe-
CTBOM MOJEJMPOBAHUS TOTO, YTO MOXKET ObITh BBIUMCJIEHO B NPUHLMUIIE, FOPA3N0 MeHee
OUEBUIHOH SBJSETCH aJeKBATHOCTb €€ MPUMEHEHUs AJIs MOLENUPOBaHUS 3(P(EKTHBHO
BBIUMCJAUMBIX 3afa4. JlokasaresabcTBa MocjefHero (akra CylLleCcTBYIOT, HO OHM J0CTa-
TOYHO CJIOKHBI, ¥ TIOTOMY OOBIYHO He BKJIIOUAIOTCH B y4eOHble MOCOOHS. 3/1€Chb MBI
NPUBOAMM OoJjiee MOHATHOE W yOenuTesnbHOe nokaszaTenbcTBO NP-TpymHOCTH, B KOTO-
pPOM BMECTO MAIIMHBI TbIOPUHTa UCMOJb3yeTcsl 0000I1eHHOe BBIYUCIUTENbHOE YCTPOH-
CTBO. DTO [0Ka3aTeJbCTBO SBHO ONUCHIBAET MPOCTPAHCTBEHHO-BPeMeHHbIe (pU3HUYecKHe
TNPeNIIoNOKEHUs, JiexKallhe B 0CHOBe NoHATHS NP-TpynHOCTH: 4TO BCe CKOPOCTH orpa-
HUUYEHBI CKOPOCTBIO CBETA, M 4TO 06beM cephl pacTeT He ObICTpee YeM MOJHHOMHAJb-
HO B 3aBUCHMOCTH OT ee paauyca. Ecsau ofHO M3 3THUX NpelNosoxKeHUH Hapyllaercs,
JI0Ka3aTe/bCTBO CTAHOBHUTCS HeNMPUMeHHUMbIM. Dojiee Toro, B Takux NpoOCTpaHCTBaX-
BpeMeHax 3a/1aua BhINOJHUMOCTH Oy/eBbIX (DOPMYJ MOXKET OBbITh NOTEHLIMANbHO pelleHa
32 MOJIMHOMHAJIbHOE BpeMS.

KunioueBnie ciaoBa: Np-pr[[HbIe 3alayr, NPOCTPaHCTBEHHO-BPEMEHHass MOAEJb, BbI-
YHUCJEHHUS B I/ICKpI/IBJIéHHOM MPOCTPaHCTBE-BPEMEHH.
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Abstract. In this paper, we explain and explore the idea that knowledge is
similar to mass in physics: similarly to how mass curves space-time, knowl-
edge curves the corresponding knowledge space.
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1. Knowledge Geometry

How to detect that two objects are different? Let us start with the fol-
lowing sample situation. To observe wild parrots, an ornithologist sets up a feeder.
Every morning, a parrot appears, and every evening, a parrot appears. These two
parrots look similar. A natural question is: is the same parrot coming in the
mornings and in the evenings, or these are two different parrots?

Natural idea: observe properties. A natural way to answer the above ques-
tion is to observe various properties of these two parrots. For example, if the
morning parrot has a red spot, and the evening parrot does not, this means that
they are different birds. If the wing span of evening parrot is smaller than the
wing span of the morning parrot, they are different birds.

Without losing generality, we can consider binary properties. In gen-
eral, properties can be of binary (yes-no) type, e.g., “has a red spot”. We can
also consider numerical properties like the wing span. In the computer, whatever
information we have can be represented in terms of binary digits (bits), i.e., in
terms Os and Is:

e on the one hand, the property of having or not having a red spot is represented
by a single bit;

e on the other hand, the numerical value of the wingspan is represented by
several bits.
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Instead of considering all these different types of properties, let us simply consider
all the information as the sequence of bits. From this viewpoint, measuring the
wing span means determining the values of several binary properties:

e the first of these binary properties is the value of the Ist bit in the binary
expansion of the measured value,

e the second of these binary properties is the value of the 2nd bit in the binary
expansion of the measured value,

e etc.

Representing knowledge about each object. Let N be the total number of
binary properties. Let us denote these properties by P, ..., Py. For each object a
and for each property P;, we have the following three possibilities:

e the first possibility is that we know that the property P; holds for the object
a, i.e., that the value P;(a) is “true”; in the computers, the value “true” is
usually represented by 1;

e the second possibility is that we know that the property P; does not hold for
the object a, i.e., that the value P;(a) is “false”; in the computers, the value
“false” is usually represented by 0;

e the third possibility is that we do not know whether the object a satisiies the
property P;; let us denote this case by P;(a) = .

Gauging difference between the two objects. In the first approximation,
it is reasonable to gauge the difference between the two objects by the number
of properties in which these two objects differ. In other words, if the object a is
characterized by the values P;(a),..., Py(a), and the object b is characterized by

N

the values Pi(b), ..., Py(b), then we take D(a,b) € 3 d(Pi(a), P,(b)), where we
=1

define:

e d(v,v") =1 if we know that the values v and v" are different, i.e., when either
v=0and v =1,orv=1and v = 0; and

e d(v,v") =0 lor all other pairs v and v'.

Some properties may be more important, some less important. To take the
difference in importance into account, we can assign weights w; > 0 to different
properties P;, so that differences in the more important properties will be added
with more weight. In other words, it makes sense to consider the following formula
for the distance between the two objects:

D(a,b) = > wi- d(Pi(a), P(b)). (1)
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Comment. The idea of a reasonable knowledge-based distance between objects
is not new; it has been described, e.g., in [8].

2. Both Mass and Knowledge Curve the Corresponding
Spaces: An Idea

Observation: additional knowledge increases distances. Let us analyze
what happens to thus defined knowledge-based distance between objects if we
gain additional knowledge. Gaining additional knowledge means that for some
properties and for some objects:

e where we previously did not know whether this property is satisfied or not
(i.e., we had the unknown value %),

e now we know that this property is satisfied or that it is not satisfied.

How does this change in knowledge affect the distance D(a,b), i.e., a weighted
sum of the distances d(P;(a), P;(b))?

If for some property P;, we had d(P;(a), P;(b)) = 1, this means that one of the
values P;(a) and P;(b) was equal to O (“false”) and another to 1 (“true”). In other
words, if d(P;(a), P;(b)) = 1, this means that we already know both truth values
Pi(a) and P;(b). For this property, the additional knowledge will not change these
truth values and thus, the distance d(P;(a), P;(b)) = 1 will remain unchanged. So:

e values d(P;(a), P;(b)) = 1 remain unchanged, while

) = 0 may increase to 1: e.g., if some truth values
P;(b) = %, and we found out that the property P, is
b.

were unknown P;(a

o the values d(P;(a), P;i(b)
) p—
false for a and true for

In both cases, the value d(P;(a), P;(b)) either remains the same or increases — and,
as a result, the distance D(a,b) between the two objects either remains the same
(if we did not learn any new information about their difference) or increases. In
short, in general, additional knowledge increases distance.

Conclusion: shortest paths change. In the vicinity of the object ¢ for which
we gained the new knowledge, distance increases. As a result, if originally, the
shortest path between some objects a and b passed through ¢ (or near ¢), its length
increases — and an alternative path which does not pass near ¢ becomes now the
shortest.

Example. The changing of the shortest path can be illustrated on the example
of traffic. Let us measure the distance d(a,b) between the two points by the time
that it takes to travel between the locations a and b. In the absence of heavy
traffic (e.g., at night), the shortest path, e.g., between a location to the South of
downtown and a location to the North of it goes through downtown.
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However, during the rush hours, the traffic in downtown is usually congested.
As a result, the path through downtown becomes much longer. In this case, a
different path will be the shortest: the one which goes around downtown.

This is similar to curving of space-time. This phenomenon is similar to
the geometric interpretation of gravity in General Relativity; see, e.g., [4,6]. In
the absence of masses, a body follows the straight line — which happens to be the
shortest path between the initial position a and the final position b. In the presence
of a heavy mass (e.g., the Earth or the Sun), the bodies start falling on this mass.

b/

O

Shortest paths are a specific example of geodesics, i.e., paths on which the
length is stationary (e.g., the smallest or the largest). In General Relativity,
particles follow the geodesics in space-time. Because of the curving of space-time
(largely time), spatial projections of geodesics are not straight lines — i.e., the
actual path of a body in a curved space is different from the shortest path as
measured by the spatial distance.

3. Both Mass and Knowledge Curve the Corresponding
Spaces: Towards a Quantitative Description

Towards a quantitative description. In the ideal case, we know the exact
values v;(a) of all the quantities describing an object a. In such an ideal situation,
it is easy to check whether two objects a and b are identical or not:

e if for all quantities, we get v;(a) = v;(b), then the objects a and b are indis-
tinguishable — i.e., in effect, a and b are the same object;

e if for some quantity i, we have v;(a) # v;(b), this means that the objects a
and b are different from each other.

In practice, the values come from measurements, and measurements are never
100% exact; there is always a measurement error due to which the measured value
v;(a) is, in general, somewhat different from the actual (unknown) value v;(a) of
this quantity; see, e.g., [7]. In many cases, we know the probability distribution of

the measurement error Aw;(a) o v;(a) —wv;(a). Often, this distribution is Gaussian;
this is in line with the fact that usually, many different phenomena contribute to the
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measurement error, and, according to the Central Limit Theorem, the distribution
of the sum of a large number of small independent random variables is close to
Gaussian; see, e.g., [10]. It is usually assumed that the bias (mean error) has
been compensated, so the mean value of the measurement error is 0.

Because of the measurement errors, even if a and b are the same object, i.e.,
even if the actual values of the corresponding quantities coincide v;(a) = v;(b), the
measured values v;(a) = v;(a) + Av;(a) and v;(b) = v;(b) + A;(b) will be, in general,
slightly different. Vice versa, when the objects differ and v;(a) # v;(b) for some 1,
it is possible that we will have v;(a) = v;(a) + Av;(a) = v;(b) + A;(b) = v;(D), i.e.,
the observed values will be the same.

So, based on the measurement results, we can never know for sure whether the
two objects a and b are identical or not, we can only make this conclusion with
a certain probability. Specifically, based on the known probability distribution of
the measurement error, we can estimate what is the probability that the observed
values v;(a) and v;(b) come from the same object.

e When this probability is high, we conclude that the objects are most probably
the same.

e When this probability is low, we conclude that the objects are different.

[t is therefore reasonable to define the distance between the objects a and b in
such a way that the larger the distance, the smaller the corresponding probability.
Namely:

e we assume that we observe the exact values of the corresponding quantities
v;(a) and v;(b), and

e we compute the probability that the difference between these values can be
explained by the measurement errors.

Gaussian distributions correspond to Riemannian geometry, more gen-
eral distributions to more general (Finsler) geometry. Let us assume that
we observe the values v;(a) # wv;(b). Under the hypothesis that the differ-
ence between these values can be explained by the measurement error, i.e., that

vi(a) = v; + Av;(a) and v;(b) = v; + Av;(b) for some values v;, we conclude that
def

Avi(a) — Avi(b) = d; = vi(a) — v;(b).

Measurement errors Av;(a) and Awv;(b) corresponding to different measure-
ments are usually independent. So, when the measurement errors Ah; are normally
distributed (with O mean), the difference d; = Av;(a) — Av;(b) is also normally dis-
tributed (and also with O mean). The corresponding probability density function
has the form const - exp(—c; - (d;)?) for an appropriate value c;.

Since we assumed that measurement errors corresponding to different measure-
ments are independent, we conclude that the overall probability that the objects a
and b are different is equal to the product of the corresponding probabilities, i.e.,
to the value []const - exp(—c; - (d;)?) = const - (—s), where s % S ¢; - (d;)?.

7
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So, the probability is uniquely determined by the weighted sum s. In general,
each object a can be characterized by the values of the corresponding parameters
ai,...,a,, and the quantities v;(a) smoothly depend on these parameters. As a
result, for close objects a = (a4, ...,a,) and

b=a+ Aa= (a1 + Aay,...,a, + Aay,),

we get
d; = vi(a + Aa) — vi(a) = Z D;; - Aa; + o(Aa),
j=1
def OV;

where D;; = R and thus,
aj

s = Z i+ (d;)* = Z ci - (Z D;; - Aaj> + o(Aa).

Therefore, s is a quadratic function of Aa;, s =Y > gjx - Aa; - Aay for some gjy.
j=1k=1
Thus, the value s is naturally related to the Riemannian distance

d(a,a + Aa) = iigﬂ“ - Aaj - Aay,.

j=1 k=1

For more general probability distributions, we get a more general formula for
the corresponding metric — i.e., in the smooth case, a general Finsler space [1-3,
5,9] instead of a specific Riemannian space.
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Abstract. In 1960 W. Rindler generalized the concept of hyperbolic motion
to an arbitrary Lorentzian manifold and studied this motion in the case of de
Sitter space-time. We specify Rindlers (non-linear) system of differential equa-
tions in the case of the Segals compact cosmos D (which is locally isometric
to the Einstein static universe), and in the case of the Heraclitian space-time
F. This F is the real Lie group U(1,1) with a certain bi-invariant metric on it
whereas D is U(2) with a bi-invariant metric on it. In each case, we present
a particular solution to the Rindlers system.
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1. Motivation and Introduction

This work is partly motivated by publication [7] where W. Rindler says (p.2082)
that “in the special theory of relativity the term ‘hyperbolic motion’ is commonly
applied to the motion of a test particle moving with constant proper acceleration
along a straight line in a suitable Galilean frame of reference. (Proper acceleration
is the acceleration relative to the instantaneous Galilean rest frame.) Hyperbolic
motion was first noted by Minkowski [4] and was further studied by Born [2], who
also coined its name. This name derives from the fact that the plot of distance
against time is a rectangular hyperbola (see equation (9) of [7]). By the same
terminology the classical motion with constant acceleration is ‘parabolic’.”

Let us notice that (as it is obvious from [7, p.2083] calculations) a Galilean
frame (from above) is another name for an inertial frame in special relativity theory.
W. Rindler generalizes the concept of hyperbolic motion to a general space-time
([7, p.2083]) by which (as it becomes clear from [7, p.2084]) Rindler understands
a manifold with Lorentzian metric on it. In his article he only solves the proposed
equations (that is, our (1.4) below) for the particular case of de Sitter space-time
([7, p.2085]).

Again, the equations mentioned above are deduced as the ones which describe
the motion of a uniformly accelerated (point-like) particle. In order to present
these equations let us first describe our notation(s). Let a particle (in a portion of
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space-time with coordinates z°, 2!, 22, 23) have world line

™ =a™(p) (1.1)

where parameter p is the arc length. Velocity U and acceleration A are defined
([7, p.2084]) as follows:

dx™
Um =— 1.2
o (1.2)
A™M = % (1.3)
dp

where the uppercase D is an indication of covariant differentiation. The Rindlers
equations ([7, (16) on p.2084]) read as follows:

DA™

=a’U™ 1.4
L. (1.4)

where a (positive) constant a is the magnitude of the acceleration A given by
(1.3).W. Rindler only analyzed these equations for the de Sitter world (which is a
well-known example of a homogeneous space-time).

We introduce below two homogeneous space-times, D and F. Each of them can
be viewed as a four-dimensional real Lie group equipped with certain bi-invariant
metric of Lorentzian signature. In both cases we specify equations (1.4) and
present particular solutions.

2. Space-Times D and F

The Lie groups U(2) and U(1,1) can each be defined as the totality of all 2 by
2 matrices Z (with complex entries allowed) which satisfy

Zsl =s (2.1)

where s is the unit matrix in case of U(2), and in case of U(1,1) s is the diagonal
two by two matrix with entries 1,-1. To make U(2) and U(1,1) space-times,
we only need to supply them with metric tensors of Lorentzian signatures: see
Section 3.1 (respectively, 3.2) of [3] for these (and more) details on U(2) = D
(respectively, U(1,1) = F). At this point in our article, we only need to know
that a left-invariant orthonormal basis of vector fields Xy, X, X5, X3 is chosen on
D, and of Hy, Hy, Hy, H3 on F. In each case, the choice of signature is +, —, —,
— . The corresponding metric is bi-invariant (on each of the two groups). The
space-time F is known as a tachyonic fluid, [3, Theorem 10] (see more details in
that Theorem 10 which justify the Heraclitian world name).

To specify equations (1.4), we will use the following result from [5, Section 8]:
in terms of such a basis of vector fields, each Christoffel symbol ij is nothing but
one-half of the structure constant Ol";

Recall that the structure constants ij are detected from the commutation
relations
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[X;, X;] = CEX, (2.2)

(where summation in k goes from k = 0 to k = 3). The Christoffel symbols ij are
coefficients in the decomposition of the covariant derivative D;(X;) with respect to
this very basis of four basic vector fields. Here D;(X,) denotes covariant derivative
of vector field X; w.r.t. vector field X;. Clearly, we have to use vector fields H;
(rather than X;) when we deal with space-time F. The commutation tables for the
two sets of basic vector fields are given in Section 8 of [3].

We can now think of the vector field U from (1.2) as a vector field on the
entire space-time, D or F. Each curve of constant acceleration is thus an integral
curve of U. By Uy, Uy, Uy, U3 we now understand coordinates of U with respect
to the (above chosen) basis on D (or F). By f', {”, etc. below we understand the
corresponding (ordinary) derivative of a function f(p) on an integral curve.

Proposition 1. /n the case of D, the vector field U from (1.4) is a solution of
the system
U(/], = GQUQ,

U{/ + U£U3 — UQU?/) = CL2U1,

U + U U} — UjUs = a?Us,

U?/,/ + U{UQ - UéUl = CL2U3.

The ’F-system’ reads as [ollows:
Uél + U{UQ — UéUl = (IQU(),

U{, + U6U2 - UéUO = G2U1,

Ué’ + U{U() — U(,]Ul = CLQUQ,

Ul = a®Us.

The proof is omitted: it is a straightforward application of Milnors result [5,
Section 8] to Rindlers system (1.4).

In this article we only discuss the following two solutions. From time to time,
we use the abbreviations C' = cosh(ap), S = sinh(ap).

Proposition 2. The vector field
U = {cosh(ap),sinh(ap),0,0} = C X,y + SX; (2.3)
satisfies the D-system, whereas
U = {cosh(ap),0,0,0} = CH, (2.4)
satisfies the F-system.

The proot is an easy verification.

Our next goal is to present the corresponding D-curve which (when p = 0)
passes through the neutral element of D = U(2). To do so, we use (‘excessive’)
coordinates w_y, ug, uy, ug, uz, ug on D (see [6, p.92]) rather than deal with
matrices defined by (2.1).
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Theorem 1. The curve

Z(p) = {cos [%} ,sin [%} ,sin [@] ,0,0, cos [@}} (2.5)

a

is an integral curve of vector field (2.3). It passes (when p = 0) through the
neutral element of D = U(2).

The proot amounts to the direct calculation, and to the careful application of [6,
p.92 and p.95] data.

Remark 1. The curve (2.5) is a subset of the 2-dimensional torus T in D: T is
defined by equations v? | + w2 =1, u? + v} =1, uy = ug = 0.

To deal with the F-system, let us recall the conformal embedding E of F into D.
This E is (indirectly) defined in the proof of [3, Theorem 6]. From that last proof,
it follows that an inverse map G is defined on the orbit of the four-dimensional
group which is generated by vector fields Hy, Hy, Hy, H3 (which are now viewed
as vector fields on D). Here we have the orbit of the U(2) neutral element in mind.
A directly defined analogue of G is given by formula (3.4) of [1].

Once again, we can use coordinates u_y, ug, uy, ug, Uz, Uy.

Theorem 2. The image of the curve

Z(p) = {cos [S] ,sin [S] ,0,0,0,1} (2.6)

under G is an integral curve of vector field (2.4).

The proof is based on how the vector field U = C'H, is expressed in terms of
fields Xo, X1, X5, X3 (see section 3.2 of [3]) and on the conformal embedding E of
F into D. Once again, it involves application of [6, p.92 and p.95] data and direct
calculation.

More details of the Theorem 2 proof are to be presented elsewhere.

Remark 2. It is of interest to consider more details on the F-system within
the space-time F itself. To do so, one can start with an explicit formula for the
conformal mapping G from above.

Remark 3. The curve (2.6) is a geodesic in the space-time D but its image under
G is not a geodesic in F otherwise it would not be a curve of constant nonzero
acceleration in F. In this regard, John Stachel suggested studying how curves of
constant acceleration transform when a conformal transformation is applied. Such
(and other) questions arise naturally in the scope of his Unimodular Conformal
Projective Relativity (UCPR), see [8].
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"Mucturyr Matemaruku um. C.J1.Co6onesa CO PAH, Hosocu6upex
2MakyIbTeT MaTeMaTHKH U CTAaTHCTHKH, Boctonckuii yausepcurer, CILIA

Annotauusg. B 1960 rony B. Punpiep o606uua MmoHsiTHE TUnepOOIUUYECKOTO [BH-
JKEHHSl NIl TIPOM3BOJIBHOIO JIOPEHLIEBA MHOI000pDa3us M M3Y4YWJ 3TO [BHXKEHHE B
clyyae TpocTpaHcTBa-BpeMeHH He Currepa. Mel ompenessieM cucreMy (HeJHHel-
HbIX) AW GhepeHIHaNbHBIX ypaBHeHH#H Punasepa B cayuae CUrajoBCKOrO KOMMaKTHO-
ro MPOCTPaHCTBa-BpeMeHU D (KOTOpoe JIOKAJbHO M30METPHUHO CTaTHueckoi BceseH-
HOH DUHILITeHHA) U B ciydae ['epaknuTHaHCKOrO mpocTpaHcTBa-BpeMeny F. Ilpu stom
npocTpaHcTBo-Bpemst F siBaisieTcst BernectBenHoi rpynno#t Jlu U(1,1) ¢ onpenenénnoi
Ha Hel GMHUHBApHAaHTHOH METPUKOH, B TO BpeMs Kak Mup D mpexacrassser coboil rpyn-
ny Jlu U(2) ¢ TakKe onpenenéHHON Ha Hell OHHHBAPHAHTHON MeTpUKOH. [lJisi Kaxa0ro
csydast MpeacTaBJeHO YacTHOe pellleHHe cHcTeMbl PuHIepa.

KuroueBble cioBa: rpynna JIu, runep6onnyeckoe OBHKEHHE, JOPEHIIEBO MHOroo6pa-
3ue.
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'Omckuii HayyHO-HCCIeN0BaTeNLCKUH HHCTUTYT IPHOOPOCTPOCHHS

2Owmckuit rocynapeTsenHblil yHuBepcuteT uM. ®.M. JlocToeBcKoro

AHHoranusd. B craTbe npescTan/eH 0630p COBpeMeHHBIX METOJI0B HIeHTH(HKA-
MU 1 Bepu(PUKALUU YesoBeKa Mo pagyKHOoW o6oJiouKe r1a3a. BHavyase nsiara-
I0TCSl XOPOLLO M3BeCTHble (haKThl O CTPOEHUHU IJla3a U ero pafyKHoH 060JO0UYKHU.
Janee omUCHIBAIOTCS OCHOBHBIE MPUHLUMIBI Pab0Thl OHOMETPHUECKUX CHUCTEM H
noKasaTeJu KadecTBa UX padoTbl. Ciedylollui pasfes ONUCbIBaeT U3BECTHble
METOJbl: BblJe/IeHUsl 3pauKa, BblJeJeHHs] pafyKHOH 060/0UKH, Tpeobpa3oBaHus
K 9TaJloHy, ONpeleseHHsl TPaHHUL pafyKKH. 3aTeM ONHUCBIBAIOTCS aJTOPHUTMBbI
omnpesie/IeHUs] KJIOUEBBIX TOUYEK Ha OCHOBe BeliBieT-mpeoOpaszoBaHuil. B uacr-
HOCTH, OINUCBIBaeTcsl npuMeHeHre (uabTpa [abopa. OmucaHel MeTOAbl CpaBHe-
HHUSI C 3TAJOHOM HAa OCHOBE PACCTOSIHUS XIMMHHra W MeTOAa MPOEKIHMOHHON
(azoBoit koppessunu. OO6CyXKaal0TCs NOCTOMHCTBA M HENOCTATKH OMHCAHHBIX
TOXOJIOB.

KmroueBnie caoBa: panyxka, npeo6pasoanue 'a6opa, BbleseHHe rpaHUL, Be-
puuKauus, UICHTU(PUKALKS, pPAaCIO3HABAHHUE.

BBenenue

B coBpemMeHHOM MHpe upe3BbIYAHHO OCTPO CTOUT MpobJema 3alUThl UHPOpMa-
uuu. Ha cerogHsiluHUHA NeHb UCIOJNb30BaHHE MapOJbHOH CHCTEMbl UAEHTHU(HUKALHU
yXKe He ynoBJeTBopsieT TpeboBaHUsIM Oe3onacHOCTH. UToObl oOecrneunTh A0CTATOY-
HBIH ypOBeHb 0€30MacHOCTH, MapoJb AOJKeH ObiTh CJA0KHBIM. CJI0KHOCTh TapoJisi
o6ecrieyrBaeTCsi COBMECTHBIM HCIOJNb30BaHMEM OYKB (KaK CTPOUHBIX, TaK W IpoO-
MUCHBIX), TU(P U 3HAKOB U ero AauHOH. [Ipuuém nss Kaxmoro MH(OPMAILMOHHOTO
pecypca peKOMeHOyeTcsl co3/laBaTb CBOH maposb. OueHb 4YacToO 3TO NPUBOIUT K
TOMY, 4YTO MOJIb30BaTe/b MONPOCTY 3a0bIBaeT TAKOM MNapoJ/b, W AJS €ro BOCCTa-
HOBJIEHUS] HEOOXOAMMO HJAEHTHU(HULHPOBATb 4YesoBeKa, 0OpaTHUBLIErocss B CayKOy
nonaepKKu. Takxke mapoJibHble CUCTEMbl UAEHTH(PUKALKWKA HUKAK He 3allUIleHbl OT
UCIMOJIb30BAHHUS MapoJiell TPeTbUMH JHLAMHU Uil HeCAHKLHOHUPOBAHHOTO IOCTYIIA.
UToObl YAOBJIETBOPUTb BCE pacTyllye MOTPeOHOCTU B IMOBBLILLIEHUWU YPOBHS Oe3onac-
HOCTH MH(OpMaLMH, BCe yaule AJ5 UIeHTU(UKALUH JUYHOCTH UCIIONb3YIOTCS METO-
nbl 6uomeTpuu. [Ipu 6GromMeTpUUeCcKOH ayTeHTU(PUKALUHU UCTIOIb3YIOTCS YHUKANbHbIE
XapaKTEPUCTUKH OTHEJNbHO B3STOTO UYeJOBEKAa. DTO MOTYT OBITh KaK BPOXKAEHHBIE
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MpU3HAKK (OTMEYaTKH MaJbleB, pagyKHasi 060J04Ka r71a3a), Tak U NPHOOpPeTEHHbIE
XapaKTePUCTHUKH (MOUepK, roJioc HJH MOXOAKA).

B nanHo#l paboTe paccMaTpuUBarOTCs MeTOIbl MAEHTH(HUKALMUU YesoBeKa Mo pa-
Ly»KHOU o6oJiouke riasa. Takoi BbiOOp He cayudaeH. MneHTuUKauus no paayXHo
000J104Ke Ty1a3a sBJSETCs OJHUM M3 HanboJiee TOUHBIX U HAAEXKHBIX CII0CO60B OUO-
MeTpUYeCcKOH HIeHTH(PHUKALUHU. DTO CB3AHO C TeM, YTO paayxkKHas o6oJs04yKa riaasa
UMeeT 0cobyl0 CTPYKTYpY, KOTOpasi YHUKa/lbHA [Jsl KaxkKjaoro yejoseka. [Ipu satom
MeTOIbl UAEHTU(PHUKALNHN MO PaLyKHOH 000JI0UKe ry1a3a sAB/SITCS 6eCKOHTAKTHBIMH.

E1é onHUM DOCTOMHCTBOM MOAOOHBIX METONOB SIBJSETCS TO, YTO HOLLIEHHE KOH-
TaKTHBIX JIMH3, [axKe 1IBeTHbIX, He siBjseTcs npobjeMoil. B npouecce uneHtuduka-
LIMM HUKaK He y4YUTblBaeTcs MH(OpMalMs O LBeTe Iva3. DTo [esaeT NpUMeHeHHe
MONOOHBIX CHCTEM MIEHTU(HUKALUK U Bepu(HUKALHUH ellé 6oJiee NPHUBJIEKATENbHBIM.

[lesb: U3yuuTh METOABl UAEHTH(DUKALNN U BepU(DUKALMH YesJOoBeKa 10 pPagyKHOH
000J104Ke TJ1a3a.

3anauu:

1. M3yuuThb xapakTepUCTHKH OHOMETPUUYECKUX CHUCTEM;
2. V3yunTh MeTOnBl OnpesiesieHUs TPaHULL 3padka U paayKHOH 000JOYKH TI/1a3a;

3. M3yunTh MeTOnbl H3BJeUEHHUS UHAUBUAYAJIbHON HH(OPMALMK U3 U300paKeHUs
IJ151 UIeHTU(UKALHUH U BepU(PUKALIUU YeJIOBEKa,;

4. V3yuutb crocoObl MPUHSITHS PelleHHs B MpolLecce WAeHTU(DUKALUY;

5. M3yunuTh MOCTOMHCTBA U HEJOCTATKH CHUCTEM HASHTH(HKALUHU U BepUPHUKALHUH
4eJI0BEKa 0 PafyKHOM 000J/10UKe Iyasa.

1. Pusunosorus
1.1. CrpoeHue riasa

['nasHoe s16710k0 rmeeT hopmy, OGJAKU3KYI0 K 1IapOBUAHOH. B Hem pasnuuatoT me-
penHUH W 3afAHUH MOJIOCHI, MpsiMasi JUHUS, COeAMHSIOIIAs MX, HA3bIBAETCS OCbIO
riasHoro sbsoka. [1asHoe 516710KO COCTOMT M3 KAamCyJbl, KOTOpPash OKPy»>KaeT ero
CHapyxH, U sinpa. Kancysna nocrpoeHa u3 Tpéx obosodek: HapyHOH ((puOpPo3HO#),
cpenHed (cocymMCTOH) M BHYTpeHHeH (ceTuaTkH). B cocTaB simpa BXOASIT MPOBOJS-
M€ ¥ MPeJOMJSIIOLIHe CBET CPelbl: BOASHUCTAS BJara, XpyCTajuK U CTEKJOBHUAHOE
teso (pucynku 1 u 2') [3].

B Hapy»kHoH, U1 pUOpPO3HOH, 060/04Ke IJ1a3HOTO s0/10Ka pasanyaloT ABa OTHe-
Jla: POTOBHUILY U CKJIEPY.

CpenHsas, UM cocyaucTas, 000J04Ka IJ1a3HOro 516/10Ka CONEePKHUT OOMbLIOE KO-
JIMUEeCTBO COCYIOB M MUIMeHT. B Hell MpUHATO pas3/jvyaTh TPU YaCTH: COOCTBEHHO
COCYAMCTYI0 000JI0UKY, PECHUUHOE TeJIO U PafykKKYy.

"http://www.sportmedicine.ru/eye.php
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BHyTpeHHss o6oJj0uka rjasHoro si6J0Ka, WM ceTyaTka, siBjasieTcss Haubosee
Ba)KHOH M3 000JI0U€K IJ1a3a, TaK Kak B HEH TMPOUCXOAUT BOCIPHUATHE 3PUTENbHBIX
pasnpaxeHuid. OHa HerNnocpeaCTBEHHO CBS3aHa CO 3PUTEJbHBIM HEPBOM.

3anHsAs yacTb CeTYaTKU HMeeT CJI0KHOoe cTpoeHHe. VIMEHHO 3/1ech pacroJioxe-
Hbl nepudepryeckue OTAeNbl 3PUTEJNbHOI0 aHAJIM3aTOpa: CBETO- W I[BETOUYBCTBU-
TeJIbHbIE 3JeMeHThl ((DOTOpeleNnTOpHble KJAETKH) — MaJOuKH U KoaOoukH. [TlosTomy
3aJlHUH OT/Ees CeTYaTKU Ha3blBalOT €& 3pUTesbHOH uacTbio. MecToM HauboJbliei
YYBCTBUTEJBHOCTU CETYATKU SBJSIETCS €€ LEeHTpaJsbHas fMKa, B 00JACTH KOTOPOH
CKOHILIEHTpPHUpOBaHa 60oJbllast 4acTh (POTOPELENTOPHBIX KJETOK.

Bce o6pasoBaHusi, cocTaBsOIINE SAPO TJIA3HOTO s10/0Ka (XpycTaJHK, BOMSHH-
cTasi BJara, KOTopasi 3aroJiHseT MepefiHIol W 3aJHIOI KaMmepbl IJ1a3Horo s16J0kKa,
U CTEKJIOBHUIHOE TeJ0), B HOPME COBEPIIEHHO MPO3payHbl U 00/afal0T CHOCOOGHO-
CTbIO mpesoMATh cBeT. [lo3TOMYy MX, KaK U POroBHIY, OTHOCAT K MPEJOMJISIOLIUM
cpenam rjasa. bsarogmapsi mpesomJeHHIO Jiydd cBeTa (POKYCHpPYIOTCS B HauboJsee
YYBCTBUTEJbHON 30HE CETUATKH — B LIEHTPAJIbHOH SIMKeE.

XpycTanuk UMeeT BUI NBOSIKOBBIMyKJoro Tesna. CBoel mepenHel MOBEPXHOCTHIO
OH TIPUJIEXXUT K paayKKe, a 1M03ay HEro HaAXOAUTCS cTekJoBuaHOe Teso. [locpen-
CTBOM TOHKMX MPOYHBIX HUTeH XPYyCTaJHUK CBSI3aH C PECHUUHOH MBbIILILEH, PacroJo-
JKEHHOH LIMPKYJSPHO B LIUJMAapHOM TeJsie. biaronaps cokpalleHHI0 Wad pacciabie-
HUI0O PECHUYHOH MBIILILbBI XPyCTaJUK U3MEHSIeT CBOI KPUBH3HY. DTO MPUCIOCABIH-
BaHHe IJ1a3a K HaWJydllleMy BHAEHHIO Ha OJHM3KOM U JNAJEKOM PAaCCTOSHUSX HOCHUT
HasBaHHWe akKoMopauuu [22].

1.2. CrpoeHue panyxHoi 000J0YKHU Ija3a

Panyxka coctaBJ/sieT mepeiHiO0 4acTb cocyaucToi obosouku. [Ipu ocmoTpe me-
pefHed MOBEPXHOCTHU PALYKHOU 00OJOYKH OHA BBITJIAAUT TOHKOH MOUTH OKPYIJIOH
MNaCTUHKOH, JHULIb CJerkKa 3JJUNTHUYecKOH (QopMbl. ¥ Kpas 3payka Ha BCEM €ro
NPOTSIKEHUU OTMeuaeTcsl 4épHas 3ybuaTasi OTOPOUKa, OKAWMJIAIOLLAs ero Ha BCeM
NPOTSIKEHUU U MPeACTABJSAIONIASA BHIBOPOT 3aHETO MUTMEHTHOrO JIMCTKA Pady»KHOU
000JI0UKH.

PanyxHas o6o/s0uka cBOell 3pauyKOBOH 30HOH MPUJEKUT K XPYCTaNUKY, ONMUpa-
eTCsl Ha Hero M CBOOONHO CKOJIb3UT MO €ro MOBEPXHOCTHU MPH ABHUKEHHUAX 3padka.
3paukoBasi 30Ha pafyKHOH 00OJOUKH OTTECHSIETCS HECKOJIbKO KIepeiu MpuJexKa-
el K Hel c3aau BBIYKJOH MepeqHel MOBEPXHOCTbIO XPYyCTallKa BCJeICTBUE Yero,
pany:xHasi 000JI0UKa B 11eJIOM UMeeT (POPMY yCEeuéHHOTO KOHyca.

OCHOBHBIMU CBOHCTBaMH pafyKHOH 000JI0YKH, 06yCIOBJIEHHBIMA aHATOMHUECKH-
MU OCOOEHHOCTSIMU €& CTPOEeHHSsl, ABJSAIOTCS PUCYHOK, pesbed, LBET, pacnoJoxKeHne
OTHOCHUTEJIbHO COCEJHUX CTPYKTYP IJla3a U COCTOSIHUE 3PauyKOBOI'O OTBEPCTHUS.

[TapannenbHo 3paukoBOMY Kparo, KOHLEHTPUUYECKH K HEMY PacClOJIOKeH HEBbICO-
KWl 3y6uathlil Baquk — Kpyr Kpayse u/au OpblxKKH, IJie pagyxHas 060J04Ka UMeeT
HauboJsblyto ToNUHY. [lo HampaB/ieHUIO K 3pauky paayKHasi 060J04Ka CTaHO-
BUTCSl TOHbLIE, HO HanboJsiee TOHKUH €€ y4acTOK COOTBETCTBYET KOPHIO pamyxKHOM
000JI0UYKH.

CootBercTBeHHO Kpyry Kpayse B cTpome pamykKHOW 060J0YKH, TaKKe KOHIIEH-
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TPUUECKHM K 3pauky, pacroJiaraetcs ClJleTeHHe COCyIOB — MaJblid KPyr KpOBOOO-
pauleHus panyxxHo# o6osouku. Kpyrom Kpayse mosb3ayiorcsi fsi BblesNeHHUS] IBYX
Tornorpauueckux 30H 3TOH 000JOUKU: BHYyTpeHHeH, OoJiee y3KOH, 3pauKOBOH U Ha-
pyKHOH, 6oJ/iee LIMPOKOH, LUUIMApHOH. Ha mepenHell moBepXHOCTH panyKHOH 000-
JIOUKW OTMeYaeTcsl pajuapHasi HCUePUEHHOCTb, XOPOILIO BblpaKeHHAas B €€ LUJIuap-
Hol 30He. OHa o6ycJ/loB/IeHa paauaJ/bHbIM PACHOJ0XKEHHEM COCYN0B, BIOJb KOTOPBIX
OpUEHTHUPOBaHa M CTpoMa panykHod obosouku. [lo obe croponel kpyra Kpayse
Ha TMOBEPXHOCTH paly»KHOH OOOJOUKH BHUIHBI lLeJeBHAHble YIayOJaeHHs, r1yOoKo
NPOHUKAIOIINe B He€ — KPUITHl WJM JAKyHbl. [aKuhe »Ke KPUIITbl, HO MeHbILIEero
pasMepa, pacnoJsiaraloTcs M BAOJb KOPHS PafyKHOHW 0OOJIOYKH.

B HapyxHOM oTHesie IUJIMAPHOH 30HBI 3aMETHBI CKJIAAKHU PanyKHOU 000JIOUKH,
UIyllMe KOHUEHTPUUYECKH K e€ KOPHIO, — KOHTPaKLMOHHble O0PO31IKH, U1K OOPO3AKH
cokpateHusi. OHM MpeacTaBsIOT 0OBIUHO JHIIb OTPE30K AYTH, HO He 3aXBaThIBAIOT
BCEH OKPYXKHOCTH panyKHo# 00os0ouku. [Ipu cokpalieHnu 3payka OHM CIJIaKHUBa-
I0TCS, TIPH PacClIMPeHUH — HauboJiee BbIpaXKEeHHbI.

Bce nepeuncsieHHble 00pa3oBaHUsl Ha MOBEPXHOCTH PafyKHOH 000J0YKH U 00Y-
CJIOBJIMBAIOT KaK €€ PUCYHOK, Tak U peJjbed.

B panyxHo# 060/104Ke passnyaloT OBa JUCTKA:

1) mepenHu#, Me3omepManbHbIH, YBeaabHbIH, COCTABISIOLINH TPOLOJIKEHHE COCY-
IHUCTOrO TPAKTa,;

2) 3amHWH, 3KTONEepMaJsbHbIH, PETHHAJbHbIH, COCTABJSIOUIME MPOLOIIKEHHE IM-
OpHOHANbHOU CeTUaTKH, B CTaIMM BTOPUYHOIO IJIa3HOTO MYy3bIpsi, UJH TJIA3HOTO
6oKaJa.

[lepennuii me3onepMasbHbIH JUCTOK COCTOUT M3 TepeiHEro MOrpaHUUYHOrO CJ0sI
U COCYAMCTOTO CJIOSl PafyKHOH 000/M0YKH. 3aflHUH 3KTOdepMaJsbHbIH JIUCTOK Mpej-
CTaBJIEH [UJIATAaTOPOM C €ro 3ajJHed MOrpaHWYHOHU NJACTUHKOH M NMUTMEHTHPOBAH-
HbIM anuTesueM. K HeMy ke MpUHAAJEXUT U CHUHKTEP, CMECTUBLIUHCA B CTPOMY
pPaly»KKH TO XOAy ee 3MOPHUOHAJNbHOTO pa3BuTHs. [lepenHuil morpaHWyHBINl Cy0MH
Me30/1epMaJIbHOTO JIMCTKA COCTOMT M3 T'yCTOrO CKOINJIEHUS KJIETOK, PacloJOXKeHHBIX
TeCHO IpYyr K APYyry, NapaJjesbHO MOBEPXHOCTH paiyKHOH obOoJoukd. [lepennuit
MOrPaHUYHBIA CJIOH y Kpas KPMIT MpepbiBaeTcsi (PHCYHOK 3%).

M3 HapyXKHOro cJsiosi 3alHEr0 MUIMEHTHOrO JIUCTKA B MepUol 3MOPHUOHAJBHOIO
pas3BUTHA (POPMUPYIOTCS ABE MBILILBl PafiyKHOHU O0OOJNOYKH: CUHKTEpP, CYyKAIOLIHUH
3pavoK, U AuJaaTaTop, oOyCJOBAMBAIOLIMU ero pacuiupeHue. B mpolecce pasButus
C(hMHKTep NepemellaeTcs U3 TOJNLIM 33JHEr0 MUTMEHTHOrO JIMCTKA B CTPOMY pamy»X-
HOH 000J/104KH, B €€ riyOOKHe CJIOM, M pacroJjaraetcs y 3paukoBOro Kpasi, OKpyzKas
3padyoK B BHJIe KOJsbLa. BOJIOKHA ero mpoxoAsiT napaJJesibHO 3payKoBOMY Kpalo,
NPUMBIKAsl HEMOCPENCTBEHHO K €ro MUIrMeHTHOH KaiMe. LluauapHbld Kpall MbILILbI
HECKOJIbKO CMBIT, OT HEro K3aau B KOCOM HalpaBJIeHUH OTXOAAT MBbILIEYHBIE BOJIOK-
Ha K augaararopy. Ilo cocencTBy co CPUHKTEpPOM, B CTpPOMe PanyKHOHW 000JOUKH

’http://zrenue.com/anatomija-glaza/40-raduzhka/345-raduzhnaja
-obolochka-glaza-raduzhka-stroenie.html



48 H.II. I'pumenkoBa, /JI.H. JlaBpoB. (O630p MeTON0B HAEHTH(HKAILIHH. . .

Puc. 3. Crpoenue panykkKu

B 0OJIbILIOM KOJHMYeCcTBe pa30pocaHbl KPYIHBIE, OKPYTJble, I'yCTO TMHUIMEHTHPOBAH-
Hble KJIETKH, JULIEHHble OTPOCTKOB, — «TJIBIOUCTbIE KJETKHU», BOZHUKIINE TaKXKe B
pe3y/ibTaTe CMelleHHs] B CTPOMY MUTMEHTHPOBAHHBIX KJETOK W3 HapYKHOTO THT-
MEHTHOT'0 JIUCTKA.

3a cuyéT HapyKHOro CJosl 3a[Hero MUrMeHTHOro JIMCTKA pa3BUBaeTCsl AUJIATATOP
— MBIlILA, paclIUpsiiomas 3padok. B oTnndne oT cPUHKTEpA, CMECTHBIIEroCs B
CTPOMY pafy>KHOH 000JI0YKH, AMJIATATOP OCTAETCS Ha MecTe CBOero o0pa3oBaHHf,
B COCTaBe 3a[Hero MUrMEHTHOrO JIMCTKA, B €ro Hapy:KHOM CJo€.

Junatatop vMeeT BUI TOHKOH TMJIACTHHKH, PACTIONOXEHHOH MeXAy LHUJIHAPHOH
4yacThio CPUHKTEpa U KOpHeM paayxKHOH obosouku. KseTkn munartatopa pacmnoJa-
raloTcsi B OOMH CJIOH, paguasbHO IO OTHOLIEHHI0 K 3padKy. OCHOBaHHS KJIETOK
JIUJiaTatopa, coaepzkaiie MUOGUOPUIIBEI, oOpalleHbl K CTPOMe paayKHoH 060J104-
KU, JIMIIEHBl MUTMEHTa U B COBOKYMHOCTH COCTABJSIOT 33a[JHIO0 MOTPAHHUUHYIO IlJIa-
cTuHKY. CokpallleHHe AMJaTaTopa OCYLIECTBJSETCS 3a CYET MHUOMUOPHUJI, NPUUYEM
MU3MeHsieTCsl KaK BeJHYMHa, TaK U (hopMa ero KJeTokK.

B pesynbrate B3aMMOAENHCTBUS IBYX aHTAarOHUCTOB — C(UHKTepa M QUJIaTaTOpa
— panyxHasi 000/104Ka 10Jy4yaeT BO3MOXKHOCTb NMYTEM Pe(IeKTOPHOTO CYKEHUS U
pacUIMpeHHs 3payka peryjupoBaTh MOTOK IPOHUKAIOUIMX BHYTPb IJ1a3a CBETOBBIX
Jydel, MpUUEM AUaMeTp 3pauka MOXKeT U3MeHsSThesl oT 2 1o 8 mm [21].

2. Dbuomerpus
2.1. OcHOBHBIEe TOHATUH

BHOMeTpI/IH — 39TO HayKa, NpencTaBJ/idiolldsd COBOKYITHOCTb MaT€eMaTHUYECKHUX Me-
TOAOB, MPHMEHSEMBIX B OHOJIOTHM W 3aUMCTBOBAHHBIX TJIaBHBIM 06pa30M Hu3 06-
JJaCTH MaTeMaTH4YeCKOH CTATUCTUKH U TEOPUH BepOﬂTHOCTeﬁ, HO HMeromiasa CBOIO
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Puc. 4. Crpykrypa panyxHoit o6osouku [10]

cneuucuky [13].

Buomerpruyeckue TeXHONOTMM OCHOBAHbl Ha OMOMETPHUH, U3MEPEHUM YHHKaJb-
HBIX XapaKTePUCTHK OTAEJbHO B3ATOTO UeJoBeKa. DTO MOTYT ObITh KaK YHHKaJbHblE
MPU3HAKHU, TIOJyUeHHBIE UM C POXKAEHHS, HallpUMep: OTIeUaTKH MaJjblieB, paLyxKHas
060/10UKa TJa3a; TaK U XapaKTePUCTHKH, MPUOOPETEHHBIE CO BpPEeMEHeM HJIH Ke
CrocoOHble MEHSITbCS C BO3PacTOM WJIM TOJ BHELIHUM Bo3jaedcTBHeM. Hampumep:
M0YepK, roJioC UK MOXOIKA.

OcHoBHbIE OMpefiesieHns], UCMONb3yeMble B cepe OHOMETPHUYECKHX MPUOOPOB
[37]:

YHUBepcabHOCTb — KaXKAbIH 4YeJIOBEK NOJIKeH 00/1aaTh U3MepsieMOH XapakTe-
PUCTHUKOH.

YHHKa/bHOCTb — 3TO HACKOJbKO XOpOLIO YeJ0BeK OTAEJSeTCs OT APYroro ¢
O6HOMETPUUECKOH TOYKH 3peHHUS.

[TocTosiHCTBO — Mepa Toro, B Kakoi cTeneHH BbIOpaHHble HHOMETPHUUECKHe YepThl
OCTalOTCsl HEM3MEHHBIMH BO BpeMeHH, HallpuMep B Mpolecce CTapeHHsl.

B3blckaHUs — NMPOCTOTa OCYLILEeCTBJIEHUS U3MEPEHHUSI.

[Tpon3BOANTENBHOCTD — TOYHOCTh, CKOPOCTb U HAaJEXKHOCTb HCIOJNb3YEMbIX TEX-
HOJIOTHUH.

[TpuemsieMoCTb — cTeMeHb JOCTOBEPHOCTH TEXHOJOTHH.

YcTpaHeHHe — MIPOCTOTA MCIOJMb30BAHUS 3aMEHBI.

B nocnenHee Bpemsi TepMuH «BHoMeTpuUsi» mpeTeprieBaeT U3MeHEHUs M YTOUHS-
ercs1. Tak B MoHorpaguu [6] mpuBeneHo clenyroliee onpeneseHHe.

Buomempus — 3To Hayka 00 UAEHTU(MUKALUU WA BepUPUKALMUNA JUUHOCTH M0
(DU3HOJIOTMUECKUM HJIM TIOBEEHUYECKUM OTJIHUHUTENbHBIM XapaKTepUcTUKaM [6].

Hrak, 6uomerpruyeckas cucteMa MoxKeT paboTaTb B IBYX peXHUMaXx:



50 H.II. I'pumrenkoBa, /.H. JlaBpo. (0O630p MeTOn0B HAEHTH(HKALHH. . .

— sepuuKrayus — cpaBHeHHe OIHWH K OJHOMY C OMOMETPHUUECKHM IL1a0JOHOM.
[IpoBepsier, uTO YesiOBEK TOT, 3a KOro OH cebs BbAaéT. Bepudurkauus moxer
OBbITh OCYIlleCTBJIEHA 110 CMapT-KapTe, UMeHH M0J1b30BaTe sl WU HIeHTH(UKA-
IMOHHOMY HOMEDY;

— udenmu@uKkayus — cpaBHeHUEe OAUH KO MHOTHM: MOCJe «3axBaTa» OHOMET-
pUYECKHUX NaHHBIX WIAET COoelHMHEHHe ¢ OUOMeTpHYecKoW 0a30i AaHHBIX AJS
onpezeseHus JUUHOCTH. MieHTUpHUKALHS JUUHOCTH MPOXOAUT YCIELIHO, eC/H
o6romeTpUuecKuid obpasel] yKe ecTb B 0a3e JaHHBIX.

2.2. Crarnyeckue M TUHAMUYECKHE METOMbI

OG6BIUHO MPH KJIacCU(DUKALUYU GHOMETPHUECKUX TEXHOJOTUH BBIIESIOT 1BE IPYII-
Mbl CUCTEM I10 THITy MCIO0Jb3yeMbIX OMOMETPHUECKHX MapaMeTpoB.

[lepBasi Tpymma CHCTEM HCIIOJNb3yeT CTaTHUECKHE OMOMETPHUYECKHE MapaMeTphi:
OTMeYaTKH MaJjblieB, FeOMETPUST PYKH, CeTyaTka rjasa u T. .

Bropast rpymmna cHcTeM HCMOJb3yeT A WACHTH(DHKALMH JUHAMHYECKHe Napa-
MeTpbl: TUHAMHKA BOCIIPOM3BENEHHMSI TOAINUCH HJIH PYKOMMCHOTO KJIKOYEBOTO CJIOBA,
rojsioc u T. 1. [13]

2.3. XapakTepuCTHUKH OHMOMETPUYECKUX CHCTEM

OnucaHHble HMXKe TapaMeTpbl HCMOJB3YeTCsl Kak MokasaTead 3()PeKTHBHOCTH
6ruoMeTpHUecKUX cucteM [37].

Kosdduuuent noxuoro npuéma (FAR) u xosapduumeHT J0KHOTO COBMaIeHUS
(FMR).

FAR (False Acceptance Rate, KoahHIIHEHT JIOXKHOTO TPOMYCKa, BEPOSITHOCTD
JIO)KHOH HMIEHTH(PHUKALHUH) — BEPOSATHOCTb TOTO, UYTO CHCTeMa OMOWAEHTH(DHUKALUU
Mo olIKMOKe MPU3HAET MOAJHWHHOCTD T0Jb30BaTeNsl, He 3apETUCTPUPOBAHHOTO B CH-
cTeMe.

FMR (K03 (HIIHEHT JIOXKHOTO COBMANeHHs1) — BEPOSITHOCTh, YTO CHCTEMA HeBep-
HO CpPaBHMBaeT BXOAHOH oOpasell ¢ HECOOTBETCTBYIOLIMM 1IA0JOHOM B 0a3e JaHHbIX.

Kosdduuuent noxuoro otkjaoneHus: (FRR) u koadduumeHT J0xHOTO HecoBmna-
neunst (FNMR).

FRR (False Rejection Rate, KoadhuiieHT J0XKHOIO O0TKa3a A0CTYINa) — BEpOsiT-
HOCTb TOTO, YTO CHUCTeMa OMOUAEHTHU(MKALMK He NPU3HaeT MOAJHMHHOCTb 1abJioHa
3apEeruCTPUPOBAHHOTO B HEH MOJb30BATENs.

FNMR (ko3¢ hHUIIHEHT JI0)KHOTO HECOBMAJEHHs])) — BEPOSTHOCTb TOTO, UYTO CH-
cTeMa OLIMOGETCS B ONpelesieHHH COBMaJeHUH MeXIy BXOAHBIM 00pas3loM U COOT-
BETCTBYIOIIUM 1I1abJoHOM U3 6asbl AaHHbIX. CHcTeMa HM3MepsieT IMPOLEHT BEePHBIX
BXOJIHBIX AHHBIX, KOTOpble ObIJIU MPUHSATHl HEMPAaBUJbHO.

Pabouasi xapakTepucTUKa CUCTEMBl HJIM OTHOCHTEeJbHAsA paboyasi XapaKTepUCTH-
ka (ROC).

I'papuxk ROC — 370 BH3yanu3anusi KOMIPOMHCCA MeXIY XapaKTepUCTHUKaAMH
FAR u FRR. B ofuiemM ciyyae cpaBHUBAWOIIMHA ajJrOPUTM MPUHUMAET pelleHHe Ha
OCHOBAHHHM MOPOra, KOTOPBIK ONpeaessieT, HACKOJAbKO OJIU3KO NOJIKEH ObITh BXOAHOH
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obpasel K wWabJaoHy, 4TOObl CUUTATb ITO COBMAAeHHEM. Ecan nopor Obljl yMeHbIIEH,
TO OyIeT MeHbllle JIOXKHBIX HeCOBNaAeHUH, HO OoJiblile JOXHBIX NpuéMoB. CooTBeT-
CTBeHHO, BbICOKHH mopor ymeHblIMT FAR, Ho yBennuutr FRR. Jlune#nbiit rpaduk
CBHIETEJNbCTBYET O Pa3/JUUMIX [JIs1 BBICOKOH TPOU3BOAUTEBHOCTH (MeHbIle OHUOOK
— pexe BO3HHKAIT olIMOKK). PaBHBIN ypoBeHb omn6oK (Koadduuuent EER) nau
Koa(punureHt nepexoaHbix own6ok (CER) — 3To Ko3(h(UIMEHTB, TPU KOTOPBIX
o6e omubku (ownbKa npuéma M OmHOKA OTKJIOHEHHS) SKBUBAJEHTHbl. 3HaueHHe
EER moxeT 6bITh ¢ J€rkocThio nosydeHo u3 KpuBoirt ROC. EER — 310 OblcTphift
crnoco6 CpaBHUTb TOYHOCTb MPHOOPOB ¢ pasnndyHbMU KpuBbiMH ROC. B ocHoBHOM,
yerpoiictBa ¢ HU3KUM EER Haubosee Tounsl. Hem menblie EER, Tem 6oJiee TouHOM
OyneT cucrema.

Koagpduuunent orkasza B peructpauuu (FTE unu FER) u koadduunent omrnbdou-
Horo ynepxanus (FTC).

Koapduuuent otkasa B peructpauud (FTE uau FER) — koadduiuuent, npu
KOTOPOM TONBITKK CO3[aTh 1abJOH U3 BXOAHBIX AaHHBIX Oe3ycrnelliHbl. Yalle Bcero
3TO BbI3BAHO HHU3KHWM KAueCTBOM BXOJHBIX AaHHbBIX.

Koadduuunent omunbounoro ynepkanusi (FTC) — B aBToMaTH3MPOBaHHBIX CHCTE-
Max 3TO BEPOSITHOCTb TOT0, YTO CHUCTEMa He CrocoOHa onpeeuTb OHOMEeTpUYecKue
BXOJIHble [aHHbIE, KOTla OHU NPeACTaBJeHbl KOPPEKTHO.

EMKoCTb 1126/10Ha — MaKCHMaJbHOE KOJMYeCTBO HaGOPOB JAHHbIX, KOTOPHIE MO-
TYT XpaHUTbcs B cucreme [37].

2.4. Cxema paboThI

Bce Ouomerpuyeckue cuUCTeMbl pabOTAIOT MPAKTHUYECKU 1O OJHMHAKOBOH CXeMe.
Chauasa cucTemMa 3amoMuHaeT oOpasell GHOMETPUYECKOH XapaKTePUCTHKH (3TO H
Ha3bIBaeTCsl MPOLECCOM 3alMCH MJM perucTpanueii). Bo Bpems samucu HeKoTOpble
froMeTpUUeCKHe CUCTEMbl MOT'YT NONPOCUTb Clle/laTh HECKOJbKO 00pasLoB AJsl TOro,
4yTOOBl COCTaBUTb HauboJ/ee TOYHOe HM300pakeHHe OMOMETPUUECKOH XapaKTepUCTH-
KU. 3aTeM noJjyueHHas uHpopMauus o6padaTbiBaeTcsi U MpeoOpa3oBbIBAETCS B MaTe-
MaThyecku# kox. Kpome Toro, cuctemMa MoKeT MONMPOCUTb MPOU3BECTH €lllé HEKOTO-
pble IeHCTBUS AJs1 TOTO, YTOOBI CBSI3aTh OUOMETPUUECKUN 00pasell C onpeaeJEéHHbIM
yesoBekoM. Hamprmep, BBecTH nepcoHanbHbIH HaeHTHGHUKALHOHHBIH HOMep (PIN),
JUOO0 BCTAaBUTh B CUMTHIBAKOLLEe YCTPOHUCTBO CMapT-KapTy, COAEpKallylo o0paseL.

Wnentudukauus no noboi 6MOMeTpUYECKOH CHCTeMe MPOXOAUT YeThlpe CTaluH
[4]:

3anucet — (U3NUYeCKUH WM MOBeJeHYeCKHUH oOpasell 3alOMHUHAaeTCs CHCTEMOH;

gvi0eneHue — yHUKaJbHas MH(OPMAaLUs BBIHOCUTCS U3 oOpaslia U coCTaBJseTcs
OHOMeTpPUUECKUH oOpasel;

cpasHerue — COXpaHEHHBIH oOpasel] cpaBHHBaeTCs C MPeACTaBJeHHbIM;

cosnadenue/Hecosnadenue — CACTEMA pellaeT, COBNALAIOT Ji GHOMETPHUECKHe
00paslibl, 1 BIHOCUT pelleHHe.

BonblIIMHCTBO COBpEMEHHBIX CUCTEM XPAaHST B ClelHasbHOH 6a3e NaHHBIX LU(-
pPOBOM KO, KOTOPbIH CBfI3bIBa€TCS C KOHKPETHBIM UYeJIOBEKOM, MMEIOLIHMM IPaBO [0-
cryna. CkaHep usu mob6oe Apyroe yCTPOHCTBO, UCIO/Ib3yeMOe B CHCTEME, CUMTHIBA-
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eT onpeae/EéHHbIH OHOJOrMUeCKU napameTp yesnoBeka. Jlajsee mosydyeHHble NaHHble
oOpabaTeiBatOTCs MyTEM NpeoOpa3oBaHUs UX B UH(PPoBoi Koi. FIMEHHO 3TOT KJitou
U CpPaBHUBAeTCs C CONEP:KUMBIM CIelHasbHOH 6a3bl JAHHBIX AJs HAEHTU(PUKALHUN
JIMUHOCTH [D].

Jns mosydyeHHs KJrouya M3 3aMHMCAHHOTO OHOJIOTMUECKOro rnapameTpa 4acTo HC-
MOJb3YIOTCS 11a0JOHBI. DJeMeHThl OHOMETPUYECKOr0 H3MepeHHs, KOTOpble He HC-
MOJIb3YIOTCSl B CPAaBHUTEJNbHOM aJITOPUTME, He COXPaHSAITCS B 1IabJoHe, YTOOBI
YMEHbIIUTb pa3Mep (alja U 3alUTUTh JUYHOCTb PETUCTPUPYEMOro, ClesaB HeBO3-
MOXKHBIM BOCCO3/IaHH€ MCXONHBIX NAHHBIX MO MH(OpPMALKUU U3 oOpasua.

3. IIpouecc naeHTHUKaLINH
3.1. IlonyuyeHue n3o0paxkeHus

[IpakTHUeCKH BCe HCCJEN0BAaHHs BeIyTCs HAa OCHOBE M300paXkKeHHH, B3SITHIX U3
6a3 CASIA (Chinese Academy of Sciences Institute of Automation).

HMHucTuTyTOM nponenaHa orpoMHas padora mo c6opy oOWIMPHBIX 6a3 NaHHBIX.
Baser CASIA cozmepXat HECKOJIBKO Pa3yiesioB.

Camoit yacto ucnosnb3yemoit 6asoii siBasiercsi CASIA-Iris-Interval. Mso6paxe-
HUS U3 3TOH 6asbl MOJIyYeHbl B OJIF>KHEM HH(PAKPaCHOM JHANa30He C pa3pelieHHeM
320x280 nukcesnedd. CrnekTp GJHXKHEr0 MH(PAKPACHOTO H3JYYEHHS BBIIEJSET 0CO-
GEeHHOCTH CTPYKTYPBl Paay»KKu, oOJjerdasi TocjefyIollde U3MepeHUs B Tpolecce
UIeHTU(PUKALHH.

JL1s1 u3ydyeHUst U3MEHEHHsI CTPYKTYPbl pafy’KHOH 060JIOUKH NPH U3MEHEHUH pas3-
MepoB 3pauka ucnosbadyercss 6aza CASIA-Iris-Lamp. M3o6paxkenus u3 3Toi 6asbl
coziepKaT CHUMKHU C BKJ/IOUEHHOH M BBIKJIIOUEHHOH JaMmol ¢ pasperieHueM 640x480
TUKCEeJeH.

JlJist ¥iccsieoBaHUH HHAMBUIYAJbHBIX OCOOEHHOCTEH CTPOEHHSI PadyKKH 4acTo
ucnosb3yercsi 6aza CASIA-Iris-Twins. OHa comepKUT H300paxKeHUS] paly’KHbIX
o6oJsioyek Gosee 100 map ogHOSALOBBIX GJM3HELOB Pa3/HUHOrO MOJa U BO3pacTa.

Basza CASIA-Iris-Distance ucnosb3yercst njsi pa3paboTKH MeTONOB MIAEHTH(DH-
KalluK, paboTaoLMX Ha 3HAUUTeJbHBIX PACCTOSIHUAX, U 1J5 pa3pabOoTKH MHOrona-
paMeTpUUeCKUX MeTO0B OHouneHTH(UKaLKK. F306parkeHus B 3TOH 6a3e MoJydeHbl
C MOMOILBIO KaMephl BBICOKOTO paspelleHHsi ¢ paccTosiHUs 3 M. Paspelenue 13006-
paxkeHu# 2352%1728.

bBbasza CASIA-Iris-Thousand comepXHUT H300pakeHHsI PagyKHbIX 060J04eK 00-
qee 1000 yenoBek. dta 6a3a UCMOJb3yeTCs AJS U3yUEHHUS] YHUKaJbHBIX 0COOEHHO-
CTell CTPYKTYPBl Pady»KKH, NPOBEPKH METOLOB OMpeNeseHUs PaLyKHOH 000J0YKH
1 UIEHTH(UKAIMK, a TaK¥Ke [Js1 YCOBEPLIEHCTBOBAHMS 3THX METONOB TPHU YCJOBUHU
HaJMU4uusl OJMKOB, HOLIEHHUS] OUKOB M KOHTAKTHBIX JIMH3.

bBaza CASIA-Iris-Syn comepXHUT CHHTEe3HPOBaHHBlE H300paxKeHHs1 palyKHOU
o6osouku [40].
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3.2. BepigeneHue 3pauka
3.2.1. OnpeneneHue rpaHuIl

Ha usobpaxkeHuu rsasa 3padyok NpeacTaB/sieT COOOH OueHb OTUETIMBBHIA Uép-
HBIH KpyT. DTO MO3BOJSIET JIeTKO HAHUTH ero BHellHIOI rpanuiuy. Kpome Ttoro, ypo-
BeHb 'PAHULbl MOXKET ObITb YCTaHOBJIEH OUYeHb BBICOKMM [J51 TOTO, YTOObl OMYCTHUTh
MeJIKMe HeKOHTpPAcCTHble 00J1aCTH T'PaHMLBl, TOKa He OYHeT 3aHAT BeCb MEPUMETP
3pauka. JIydymui anropuTMm A/ OmNpefesieHHsl TPAHULBI 3padyka — 3TO alrOPUTM
KaHHH. DTOT aJqropuT™M HCMOJAb3yeT TOPU30HTAJbHbIE U BepTHUKAJbHbIE PAJUEHTHI,
4yToObl OMpeNesNUTh FpaHUlbl HAa H300paxkeHuu. [locse o6paboTku H30OparkeHUs ¢
MOMOLLbIO ajroputMa KauHu, OyfeT HaljfieHa OKPYKHOCTb, TOYHO OIpefessiolias
rpaHuily 3pauka [35].

3.2.2. Auroputm Kanuu

HaxoxieHre KOHTYpOB CBOAUTCS K 0OHAPYKEHHIO Pa3pblBOB MHTEHCUBHOCTH MPHU
nepexofe OT OAHOH 00JacTH U300pakeHHs K APYyroi. DBoJbIIMHCTBO aJropuTMOB
aHa/M3a U300paKeHNsl PaCCMaTPUBAIOT ee MPOCTO KaK HEKOTOPYIO CKaMSPHYIO (DYHK-
LIMI0 OT MPOCTPAHCTBEHHBIX MepeMeHHbIX, abCTparupysicb OoT (PU3HUECKOro CMbIC/IA.
T.e. mom MHTEHCHBHOCTBIO MHUKCENs MOXET MOAPa3yMeBaTbCsl, HANPUMEp, YPOBEHb
KPacHOro, CBETJIOTa, HACBILEHHOCTb, PKOCTb U T.[.

Jlns o6HapyKeHHUs MepenagoB SPKOCTH OylneM NMPUMEHSITb AMCKPEeTHble aHaJIOrH
MePBBIX MPOU3BOIHBIX.

[IpubnuKEHHble 3HAYEHHs MEPBBIX UYACTHBIX MPOM3BOAHBIX G4(i,7) u Gy (i, ))
B KaXKIOH Touke (i,7) u300paxkeHHs [ OOBIYHO ONMpEeNEJSIOTCS KaK CBEPTKH 3X3-
OKPECTHOCTH C MaTpHULAMH IUCKPETHBIX NU(QepeHLHalbHbIX ONepaTopoB. Bynem
MCI0Jb30BaTh NUCKpPeTHble AU epeHunanbHble onepatopsl Cobens (Sobel), ompe-
flesisieMble MaTpHLIAMH:

-1 -2 -1 10 1
D,=|0 0 0|D,=|-20 2
1 2 1 10 1

[IpMMeHeHHe OmepaTopoB K M300DPa’keHHIO OMPeesieTcs uepes OnepaTop CBEPT-
KH:
Gz = Dz * f7
Gy =D, * f.

[ToroyeuHele GopmyJ/ibl CBEPTKH AAIOT OLEHKY 110 HaNpaBJEHUIO X

1) fli—1,7—-1)+(=2)  fli —1,j) +(=1)-

0) - f(i,5 = 1)+ (0) - f(i,5) +(0) - f(4,5 +1) +

+(1) - fli+1,5 -4+ @) - fi+1,5)+ 1) fli+1,j+1) =

= —f-Lj-1)—=2-fli—1,7)—f—-17+1)+
+fi+1,7—1)+2-fli+1,5)+ fli+1,54+1)

Go(i,j) = fa—1j+1)+

_‘_/\
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U, aHAJOru4YHO, IO HallpaBJIEHUIO Y

Gy(t,j) = (=1)-fli—-17-1)+(0)- f—17)+@)-fEe—-17+1)+
+(=2) - f(, 5 = 1)+ (0)- f(i,5) +(2) - f(i, 5+ 1)+
+(=1) - fle+1,7—D)+©) - fG+1,)+1)-fli+1,j+1)=
= —fl-17-1)=2-f(i,j =)= fli+1,j—-1)+
+fE =1+ +2- f(i,j+ 1)+ fli+1,5+1).

Hanpasanenue rpanuenta Vf = G = (G, G,)" onpenesnsiercsi yrioMm Mexniy ero

HanpaBJ/JeHHeM U 0CbI0 abCLuce
G
¥ = arctg | =2 ).
g ( -

BenuunHa rpanueHTa onpenessieTcs, Kak npasuio, jao60i ['énbrepoBoil HOpMOH

WJIM TIpeieJIbHOH HOPMO#H (p — 00)
lelluo = max]a]|.

Yale Bcero UCMoJ/b3yoT HOPMBL IpU p =1, p =1 U p = 0.

B nawewm caywae [|G[l; = |G| + |Gyl, |[G]l2 = /G2+GE n [|[Glle =
= max; |G|, |Gyl

JlnuHa BekTOpa rpagveHTa B TOUKe OYyAeT BJAMATH Ha TO, BOUAET JIM MHUKCEJb
B COCTaB I'PaHULBL. YTOJ HCHOJb3YIOT AJs ONpefesieHHs HalpaB/eHUs KOHTypa B
TOYKe. DTOT YroJl UCIOJb3yeTCsl AJIs MPOLEAYPbl YTOHUEHHS TPAaHHUIBl — CBETJIbIE
MUKCeNN Pe3y/bTHPYIOLIET0 H300paKeHHs, KOTOpPbIe He JieXKaT B HalpaBJeHUH MyTH
10 rpaHuLe, NOAABJSIOTCS.

[Tocnenuuii war aaropuTMa — ABYXIIOPOrOBO€ OTCEUEHHe ¢ FUCTepe3ncoM. Eciu
BbIOpaTb CJMIIKOM BBICOKHH MOPOT, TO BO3MOXKHbBI OLIMOKH IepBOro poga — MHoTepst
TOYeK, KOTOpble JexaT Ha rpaHuue. Eciau BbIOpaTh CJAMIIKOM HU3KHE MOPOT, TO
yuyacTATCs OWMOKM BTOPOro poia — JHUIHWE TOUYKH NPUHHUMAIOTCS 3a (DparMeHThl
rpanuubl. [losTomy ncnosnbsyioT aBa mopora. CHauasa MpUMEHSIOT BBICOKHE TOpOT,
KOTOPBIN BBIJEJSIET MTUKCENH, TOCTOBEPHO TPUHAIeKAIHMe TpaHuIle. 3aTeM 0O6X0asT
TPaHULLY M, UCNOJb3ys MH(POPMALMIO O HaNpaBJeHHUSX, JOCTPAUBAIOT €&, NMPUMeHss
HU3KUH mopor. Takoll ajaropuTM OTHAET MNpeAnodyTeHHe HEeNpepbiBHBIM KPHUBBIM B
KayecTBe KOHTYPOB M UTHOPUPYeT MeJKHe M3MeHeHUs MHTeHCHUBHOCTH. Bcs 3Ta mo-
CJIel0BaTeIbHOCTD [IaroB HaseiBaetTcs airoputMoM Kanuu [28]. B pesysnbrate u3
4épHO-6eJioro U300paKeHHst Mbl MOJydaeM OWHApHOe H300pakKeHHe KOHTYPOB (cM.
puc. 5).
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Puc. 5. CneBa ucxonHoe usobpaxeHue, crpaBa — H300paKeHHe KOHTYPOB [35]

3.3. Oumucrka usobpakeHus

Jlnsa nosydeHuss MHQOpPMAaLMKM B MecCTe T'PaHMIBI BO3MOXKHO HCIOJb30BaHHE
¢uabTpoB. [lepBhiil War ouncTKU H300paKeHUs1 — 3TO pacllhpeHHe BceX HaWleH-
HBbIX TPaHHUL. YBe/JUUeHUeM pa3Mepa JHUHUHA BOKDPYT HalIeHHBIX KOMIIOHEHTOB MbI
no6rBaemMcsi 00beAUHEHUs] UX B OoJibliMe JHHeHHble cerMeHThbl. B KOHLEe KOHIOB,
JIMHWHW, He TOJIHOCTBbIO ONpele/iéHHble BO BpeMsl NeTEeKTUPOBAHMS TPaHHUL, MPHOO-
perailoT ¢dopmy. DTO AaéT OOJBLIYI0O BEPOSTHOCTb, UTO MEPUMETP 3paykKa MPUMET
(hopMy 3aMKHYTOH OKPY>KHOCTH.

3Hasg O TOM, YTO 3payoOK XOPOLIO OINpenesiéH, MOXHO HCIO0Jb30BaTh OO0Jbllie
¢uabTpoB 6e3 GOSI3HU MOTepHU 3TOH BakHOH MHpopmauuu. [lonyckas, 4To uzobpa-
’KeHHe LEeHTPUPOBAHO, (PUIBTP MOXKET OBITh UCIONb30BAH JJIsl 3aJUBKH Kpyra, BHYT-
pY rpaHUL 3padka. TakuM oOpa3oM, Mbl TOYHO ONpefessieM BHYTPEHHIOW 00JacThb
3pauka. [locse aToro uAbTP, KOTOPBLIE MPOCTO OTHAE/seT 00JacTb COeAUHEHHBIX
MUKCeseld, MOXeT ObITb MCIOJIb30BAH [JI1 MaJeHbKUX HeCBSI3aHHBIX 4YacTed u300pa-
»KeHHs, KOTopble OblIM HalleHbl NpU omnpeleseHun rpaHul. HakoHel, Kakue-a160
O/MMKH Ha 3pauke, BbI3BaHHbIE OTpPaKeHWeM WJW IPYTMMHU NPUYHMHAMH, MOTYT OBITh
3aroJIHeHbl TyTEM CPaBHeHHs 00JiacTel CBEeTJ/bIX MUKCeJed ¢ 00/1acTbi0 HUXKE T0PO-
ra. [Tocsie aToro npouecca Mbl coxpaHsieM H300paxKeHHe, Ha KOTOPOM SIPKO BbIesIeHa
00J1aCTb 3pauka, 10 TeX IMOop, M0Ka He OUHCTHUM ero OT MOCTOPOHHUX HAHHBIX.

3.4. OnmnpeneseHue napameTpoB 3pavyKa

Ha cnexktpe nsobpakeHusi BUieH OOJBLIOHW KpPYT, MJOLLAAb KOTOPOro 3agaéTcs
COBOKYMHOCTBhIO NMHUKcesed. [lockonbKy 3payok — caMmblil OOJBLIOH M SAPKUH KpPyT
Ha BCeM H300paKeHWH, TO HHTEHCHBHOCTb CHEKTpa B 006/laCcTH 3payka OymeT mo-
CTUraTh NMukKa. B obmacTu 3payka CTPOro B LEHTPe 3HAaUeHHWe WHTEHCUBHOCTU OyneT
MaKCUMaJbHO. DTO MPOUCXOAUT MOTOMY, YTO LIEHTP — TOYKa BHYTPH Kpyra, Hau-
6oJiee ynanéHHas oT BcexX ero rpaHui. [lo3ToMy MakcHManbHOe 3HauyeHHe NOJKHO
COOTBETCTBOBATh LIEHTPY 3pauka, U, KpOMe TOro, PacCTOSIHHE OT LEeHTpa 3pauka Mo
TpaHHIIbl JOKHO ObITH PaBHO paauycy 3pauka [35].
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4. BbigeneHnue paayxKkKu
4.1. HaxoxaeHue pagyxHoH 000JOUYKU riasa

Korna onpenesneHa uHgopMauus o 3payke, MOXKHO NPUCTYNUTb K ONpeleseHHI0
napaMeTpoB palyKKH. BaxKHO MOMHHUTB, YTO 3pavyoK MU pafyKKa SBJSIOTCS NPaKTH-
YeCKH KOHLEHTPHUUECKHMH OKpYKHOCTAMH. CjiefoBaTesNbHO, 3HAasi LUEHTP U Paguyc
3pauka, Mbl He MOXKEM ONpe/ieJUTh U3 HUX 3TH XKe NnapaMeTpsl A5 pagyxkku. OnHa-
KO MH(OpMaLHKs O 3pauke AT XOPOLIYIO OTIPABHYIO TOUKY B BHJE LEHTpa 3payka.

Camble cOBpeMeHHble a/rOPUTMBl OINpeleseHUs] PafyKKH HCIOJIb3YIOT MPOM3-
BOJIbHblE OKPY2KHOCTH JIJIsl ONIpe/ie/leHHs mapaMeTpoB paayKKd. HaunHas ot 3pauka,
3TH aJTOPUTMBbI lepebUpaloT NOTeHHa/NbHble 3HAUEHHS] LIeHTPa U pafuyca pamgyKKH.

[lepBbIM 1Iarom B MOWCKe peasibHOrO paguyca paiyKKH SIBASeTCS HaxXOXAeHHe
NPUOIU3UTENBHOIO paguyca paayXKKH. DTO NPUOJHIKEHHE MOMKET MOTOM I[0MOYb
HalTH peasibHble napameTpsl. [l Toro uTobbl HAUTH 3TO MPUOJUKEHNEe, HeOOXOoU-
MO HaWTH XOTSl OBl OAHY TOUKY TPAHHIbI PaayXKKH. 3HAsl, UTO BEPXHSS U HMXKHSSA
YacTH IV1a3a 4yacTo MOT'YT ObITb 3aKPbIThl BEKAMU U PECHHUIAMH, JYYILIHM BapUAHTOM
IBJISIETCS TTOUCK HE3aKPBITOW I'PAHULBI BAOJNb FOPU3OHTAIbHON JUHUM, MPOXOASIIeH
yepe3 LIeHTP 3pauka.

[IpenBapuTesibHO cjefyeT UCIIONb30BATh CIellMaNbHbIH Cr/IaXKUBAOLWKK (DUBTP,
TaKOH KaK MelHaHHbIH (PUIbTP, K UCXOAHOMY H300paxKeHHU10. DTOT PUIbTP YCTPaHS-
eT MeJIKMe IIyMbl, COXpaHsisi KOHTYpbl u3obpaxeHus. [locse ncnonb3oBaHus Menu-
AHHOTO (PUJIBTPA MOXKeT MOTPeOOBaTbCS yBeJHUYEHHE KOHTPACTHOCTH M300pakKeHHUs.

Teneps, Korna nzobpakeHue MOArOTOBJNEHO, MOXXHO NMPUCTYIHUTh K OINpeleeHUI0
rpaHul. MHTepecymouias Hac 00/1acTb He SBJIS€TCS NPOCTO FOPU3OHTAIbHOH JUHUEH,
NpoXoAsilllel uepe3 paay>KKy, Hac MHTepecyeT 4YacTb 3TOH JIMHUM MpaBee 3paudka.
YBesiMueHUe SIPKOCTH TIPH Mepexofie OT PalyKKU K CKJepe sIBJASeTCs eIHHCTBEHHbIM
KPYIHBIM L1aroM.

Panyxka noskHa NpeicTaB/siTb COOOH IOLIArOBOE HU3MEHEHHE SPKOCTH B MH-
Tepecytouleil Hac ob6saactu. CrenoBaTenbHO, 3Ta 00/aCTb H300paxKeHUsS [OJKHA
COOTBETCTBOBATh KOMIIOHEHTY C HaMBBICIIMM 3HayeHHeM Ha BbIXole M3 (UJIbTPA.
Haxons Makcuma/sbHOe 3HaYeHMe CrpaBa OT 3pauyka, Mbl HAUIEM FpaHULy PafyKKH.
Crnenyer 3aMeTHTb, UTO T.K. pafly’kKa M 3pauoK MOTYT He ObITb KOHLIEHTPHYECKH-
MU OKPY?KHOCTSIMH, TO PacCTOSIHUe OT LeHTpPa 3pauka A0 3TOH I'PAHULIBI MOXKET He
COOTBETCTBOBATh PAAMYCYy PaLYXKKH.

4.2. Hacrtpoiika KOHTpacTa

OtmeTuM, 4TO BTOpOe U TpeTbe M300paxkKeHHs PUCYHKa 6 ABJs0TCS Oosee KOH-
TpPacTHBIMH, yeM H3o06paxkeHue 1. KoHTpacTHOCTb 3THX PUCYHKOB Obljia MOACTPOEHA
TakuM 00pa3oM, 4TOObl YBEJUUHUTh Pa3HULLY B SIPKOCTH 3HaYyeHUH M300pakeHUs pa-
LYKKH. DTO YUCJEHHO YIpOlllaeT aHaIu3 JaHHbIX pafyKHo# o6osouku. [logcTpoiika
BBITOJIHSETCS [IPH [TOMOLILM TIOCTPOEHHsI THCTOIPAMMBI IPKOCTH U300pakKeHHsl U pac-
TATMBAaHUEM BEPXHHUX M HUXKHUX I'PAHHULl THCTOIPAMMBI K JIeJIeHHIO BCero pa3bueHus
M0 3HAUYeHHUsIM SIPKOCTH B nuana3oHe oT O no 255. PucyHok 7 neMOHCTpUpPYeT 3TOT
npouecc [35].
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Puc. 7. IameHeHHe KOHTPaCTHOCTH HM3obpaxkeHus [35]

5. OmnpepeneHue rpaHul pagyxKKu
5.1. OnpepeseHue napamMeTpoB paayKKu

Pany»xka mo/KHA MPeCTaB/siTh COGOH MOIIaroBoe H3MeHEeHHe SIPKOCTH B MHTE-
pecytouied obmactu. CienoBaTesbHO, 3Ta 00/1aCTh H300paXKeHHUs NOJ/KHA COOTBET-
CTBOBaTb KOMIIOHEHTY C HAMBBICIIMM 3HaueHHeM Ha Bbixoje (DUJIbTPA BbIIEJIEHHUS
rpanuil. [ToMCKOM MaKCHMaJIbHOTO 3HAUEHHUs ClIpaBa OT 3payka HAaXOAUTCS rpaHHLa
panyxKu. Tak Kak paay»ka ¥ 3pauoOK MOTYT He ObITh KOHIIEHTPUUECKUMHU OKPY K-
HOCTSIMM, TO PacCCTOSIHHe OT LEHTPa 3pauka [0 ITOH TPaHHUIIbl MOXKET He COOTBET-
CTBOBaTh PafiuyCcy paay»ku [26].

st onpenesiennsi Kpasi (TpaHHUIlbl) PaLyKKH MOXKHO MCIOJIb30BATh HECKOJBKO
noaxonoB. OnuinemM OAWH W3 HUX, caenyst [26]. AJropuT™M BBINISIAHUT CJEMYIONIAM
o6pa3om:

1. PaHee onucaHHBIM aJATOPUTMOM HAXOAUM LIEHTP 3pauka WU ero paauyc.

2. Onpenensiem rpyOylo OUeHKY paauyca panyxxKu. Buayasne npumeHsieM Menu-
aHHBIA (UABTDP. BrluMTaHHEM H3 HCXONHOTO H300pakeHHUs OT(PUIBTPOBAHHOTO
1300paxKeHHus1 noJyuaeM rpybyio OleHKY IpaHULbl. DTO MO3BOJSET OTNPENeNUTh
MHTEpPeCYILlyl0 Hac 06JacTh BIOJb MOPU3OHTAJIbHOH JIMHHHU, TPOBENEHHON K
rpaHHUle OT LEeHTpa 3payka.

3. 3aTeM aHaau3uWpyeM [eTajd OUCKPETHOrO B3HUBJET-MpeoOpa3oBaHUs BOJb
3TOH JMHUHU. MakcUMyM B JleTa/ax OJiMxkKe K rpyOol OLleHKe YTOYHSIeT pajnyc
panyxKu. Tak Kak paguyc pajy>kKH, Kak MpaBUJO, He COBNALaeT C paguycoM
3pauyka, To He0OXOAUMO [OMOJHUTENbHOE YTOUHEHHUE.

4. OmnpeneneHre HeHTPa PaLyKKHW OCHOBAHO Ha MOCTPOEHHUH ABYX XOPH, MPOXOLsi-
KX Yepe3 LEHTP 3pauka (xkesatesnbHo mox yriaoMm 90°). LleHTp ompenensiercs
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npecevyeHrWeM MepreHAUKYASIPOB, IPOBeAEHHBIX Yepe3 cepelnHbl XopA. B kaue-
CTBe HOBOH OLIEHKM panuyca OepéTcsi cpejfiHee 3HaueHWe MJHWH XOpH. DTO He
TOYHAsl OLlEHKA, HO BIIOJIHE TIpHeMJieMast [ paboThl airoputma [26].

Ocraércst OTKPBITHIM BOMPOC BBIGOpA XOpA C KOHIAMH, JIEXKAIIUMU Ha TpaHHIle
pafy>kKKH, MaKCHMaJbHO TEPHIEeHIUKYISIPHBIMU U MAKCHMAJbHO MPHOJHKEHHBIMHE K
BeKaM. B pa6ore [26] 5TOT airopuT™M 4€TKO He MPOIHCAH.

Jlanee, uMesi OLEHKH pajdyca W LEHTPa pPaiy» KW, MPOU3BOIAUTCS pasBEPTKa
M300paKEHHUST: MEPEXOI OT MOJISPHBIX KOOPAMHAT B JIE€KAPTOBBHl C HOPMHPOBKOH IO
pajycy [Jisi KOMIIEHCALHH JUHEHHOTO CXKATHSI U PACTSIXKEHHsI PalyKKH B CJIEICTBHE
HM3MEHEeHWH pa3MepoB 3pavka.

6. HaxoxXIeHue KJIIUEBbIX TOYEK
6.1. Komnosuuusa ¢puastpoB I'aycca u oneparopa Jlanmaca

OtnnyuTeNbHBIE MPOCTPAHCTBEHHbBIE XAaPAKTEPUCTUKH PalyKKH UeJ0BeKa MposiB-
JISIIOTCS PAa3JIMUHO B Pa3JHUHBIX MaciiTabax. Hanmpumep, oTiHUUTENbHBIN AHANA30H
CTPYKTYp U3 oOuieil (hopMbl pafyKHOH 000JOYKH K pacnpenesieHUI0 MeJKHUX KPUIIT U
JeTany TeKCTyphel. J{/ig 3axBara 3Toro nuanasoHa NpOCTPAHCTBEHHBIX AeTajiell pef-
MOYTUTEJIBHO HCII0/b30BaTh PasJjoxkKeHHe MPeACTaB/IeHUs] Ha HECKOJbKO MaclITaboB.

Cuctema [esaeT U30TPONHOE MOJNOCOBOE pasJioxKeHHe, MOJyYeHHOe OT MpHUMeHe-
Hus omeparopa Jlammaca rayccoBbix GuabTpoB [33,36] K mHaHHBIM H300pa’KeHHS.
ITH QUABTPHl MOTYT OBITH OINpeaeseHbl Kak

rie 0 — CpelHeKBaJpaTHYHOe OTKJOHEeHHe, p — PacCTOsSIHHE OT LeHTpa (pUJIbTpa 10
ToukHu. Ha npakTrke guibTpoBaHHOE M300pakKeHHe peasiU3yeTcsl B BUAE NMHPaMUIbI
Jlannaca [31,36]. DTo npencTaBieHre OMUCHIBAETCS MPOLENYPHO B TEPMUHAX KacKa-
na maqbix ¢puabtpos [aycca. Tak ecam w = (1 4 6 4 1)7 /16 siBasieTcst ogHOMEpPHOH
Mackod, T0 W = ww! saBiasgercs IByMepHOH MackoH, KOTOpasi MOJydaeTcsl Kak
pe3y/ibTaT BHelLIHero npousBeneHus. s 3agaHHON UHTepecyolleld Hac obsaacTtu [
noctpoeHue nupamuabl Jlansnaca HauuHaeTcsl co cBepTKH I ¢ W, s Toro utobsl
NOJYYUTb HAabop U300paKeHHUH gy, MOJYyUYEHHBIX HU3KOUACTOTHOH (pUJbTPALUEH M3
Jx—1 10 popmy.ie
g = (W * g—1) 2,

rie go = I u (| 2) o6o3HayaeT yMeHblleHHe NBa pasza H300paxKeHUST B KaKIOM
HanpaserHud. OuepeqHod k-blil ypoBeHb nupamuibl Jlamiaca [, GopMupyercs Kak
pasHHIla MeXIY ¢r U (ri1, PACIUIMPEHHBIM Mepe] BbIYMTAHMEM, TaKHUM 06pa3oM,
YTO OH COOTBETCTBYET YAaCTOTE MMCKPETU3ALUHU gi. PaciidpeHre N0CTHraeTCs MyTEM
YBEJIMYEHHS] YaCTOThl AUCKPETH3ALMH U UHTEPIIOJISIIIUH

Ik = gr — AW * (Grt1)12,
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rae (1 2) o3HauaeT yBeJMyeHHe H300paXKeHUsI B 2 pasa MyTéM H00aBJeHHUs HYJIEBBIX
CTPOK M CTOJIOLIOB MeXAY CTPOKAMH M CTOJNOLLAMH MCXOLHOrO H3o0parkeHus. ['eHe-
pupyeMoe sapo W ucnosnbsyercss B KauecTBe (DUJAbTPA HUHTEPIIONSLHH, a JeseHHe
Ha 4 HeoOXOOUMO MOTOMY, 4TO 3/4 3HaueHWH B M300paXKEHHH — 3TO TOJBKO UTO
BCTaBJ/leHHble Hyau. [losmyuennas nupamupa Jlannaca, cocrosimias U3 4eTbIPEX ypoOB-
HeH, CJYKUT OCHOBOH AJisl mocJgenyoled oo6pa6otku. [Ipu moctpoeHun nupamuisl
Jlanaca cienyer HampsIMylo CO3/aBaTh €€ COIJIACHO OINpele/IEHHOH mpouerype.

[IpencraBsenne BEIBOOUTCS HEIOCPEACTBEHHO U3 (PUIBTPOBAHHOIO H300pakeHHs
C pa3MepoM MOpsiKa KoJuuecTBa OalT B 00/1aCTH Pady’KKH IepBOHAUAJIBHO IO-
JydeHHOro usoOpaxkeHus. CucTema coxpaHsieT 0oJblie HMelollelcs HHpOpPMaLHUU
0 palyKe U Morja Obl ObITb CIOCOOHA CAesNaTb OoJsiee TOHKHE Pa3/IUuUs MEXLy
pa3JUUYHBIMHU panyXKaMu [43].

6.2. Puantp I'abopa

DunbTpsl, OCHOBaHHBIE HA BelBJeTax [abopa, oueHb XOpOLIM AJs BBIAENEHUS
11a6J0HOB Ha H300pakeHWH. Paccmotpum ompHoMepHbIH usbTp [abopa ¢ ¢ukcu-
poBaHHOH yactoToil (fixed frequency 1D Gabor filter) nns moucka ma6m0HOB B
pa3BépHyTOM H300pakeHUU. BeliBneTsl [abopa cocTOSAT M3 ABYX KOMIIOHEHT, KOM-
MJeKCHOW CHHYCOWJAJbHOHU Hecyllleld U rayccoBoi orubaroulei:

9(z,y) = s(z,y) * wi(z,y).
Komn/iekcHasi Hecylasi umeet Gopmy:

S(ZE, y) _ ej*(?*ﬂ(uo*x—ﬁ—vo*y)—i-P)‘

[lapameTpel 4y U vy NpeacTaB/sAIOT COOOH YaCTOTHl TOPU3OHTAJbHOH M Bep-
TUKaJbHOH CHHYCOMJ COOTBETCTBEHHO. P — mpousBo/ibHBIA caBur (asbl. Bropoii
KOMIIOHEHT INpeobpa3oBaHusl ['abopa npencras/isieT NPOU3BOJbHBIA (ha30BbIH CIBHI.
Hroroseiéi BeliBsieT pOpPMUPYETCS U3 CHHYCOMJAJNBHON Hecylled U 3TOH orudaroles.
Orubatoiiast UMeeT rayCCoBCKHH MPO(UIb U ONUCHIBAETCS CJEAYIOLUIUM BbIpa’KeHH-
eM:

we(z,y) = K % e~ ™(@)@=00) " +6)-v0).”

)

rge:

(x—20)r = (v —x0)*cost+ (y —yo) *sind,
(y—vo)r = —(z—x0)*sind+ (y —yo) * cosb,

K — mocTtosiHHasi MaclITabupoBaHus, (a,b) — MOCTOSIHHBIE MacIITaOUPOBAHUS OCeH,
0 — nocTosiHHasi MOBOPOTa, (Zg,Yo) MUK orubatoiied. UToObl MOJYYUTb BeHBJIET
[abopa, mbl nepemHokaeM s(z,y) U w,(x,y). [loayueHHbIll BeliBIeT M300pakEéH Ha
pucyHke 8.

PaccmoTpuM mpolece BblieseHHsT HHAUBUIYaNbHBIX OCOOEHHOCTEH C TOMOLILbIO
¢unprpa ['a6opa. CHayasna Mbl BO3bMEM KOJIOHKY LIMPHHOH B 1 MHUKCe/b U BBIIOJIHHUM
CBEPTKY ero ¢ ofHoMepHbIM BeiiBjeToM [abopa. T.k. ¢puabTp [abopa KomMmieKCHBIH,
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Puc. 8. OnnomepHniit BeiiBet [abopa G(x) = exp (—%) cos(2mdz) mpu 0 =3 u ¥ =0.5

B pe3ysbTaTe Mbl NMONYYUM OTAEJNbHO NEHCTBUTEJNbHYIO U MHUMYIO 4yacTH. Ecau mo-
Jy4eHHOe 3HauyeHHe Oosblle HyJsl, coxpaHsieM 1, uHaue — coxpansieM 0. Korna
BCce CTOJNOLUBI H300pakeHUs1 oOpaboTaHbl, Mbl MOXeM C(OPMHPOBaTb udepHO-Oesoe
1300paKeHHe, COCTaB/sAS KOJOHKH APYT K Apyry. JelcTBUTeNbHAS U MHUMas 4acTH
M300pakeHHs1 MoKa3aHbl Ha pucyHke 9 [35].

Jnst hopMupoBaHuUsi Kofa panyKKH HEOOXOOUMO CPAaBHUTH 3HAUEHHsST MHUMOH U
IeHCTBUTEJIbHON 4acTH B KaxKJA0H Touke. Ecau xota Obl 1 U3 3TUX 3HAUeHUH OOJbllle
HyJs, coxpaHsieM 1, uHadye — coxpansiem 0.

Puc. 9. (a) — meficTBUTe/IbHAS YacTb Koia panyXKkH; (b) — MHMMAasi yacTb Koia paayXku [35]
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3akJjrueHue

B pa6ote 6bl1 npousBenéH 0030p METONOB, NMPUMEHsIEMbIX NMPHU HAEHTHU(HUKALNN
yeJIOBEKa 0 pafly’KHOH 060JI04Ke Ij1asa.

[Ipu onpenesneHuu rpanuil 3pauka HauboJsiee 4acTO UCMOJb3yeTcsl aaroputm Kau-
HU uau Meton [layrmana.

[Ipu onpeneneHuu rpaHull pagyKHoH 000J0UKH HauboJiee 4acTO UCMOJb3YyEMBbI-
MU MeTofaMu siBasitoTcs Mmeton [ayrmana, meton Xoy u merton Xaapa. HMuterpo-
nuddepeHurasbHbll MeTon JlayrmaHa siBAsieTCsl KAHOHUUYECKHMM B JAHHOU 00J/1acTH.
Ho npu Hanuuuu 671uKoB MeTon JlayrmMaHa naét HeynOBJNETBOPUTEJbHbIE pe3yJ/bTa-
Tel. [lo3TOMY OH YacTo McHOJb3yeTCss COBMECTHO C MeTOoAoM XOYy.

[TpuBenéH Tak:ke MeTON HaXOXIEHHs MapaMeTPOB Pafy>KKH C TOMOLIbIO ABYX
XOpA. DTOT METOA, XOTS U SBJSETCS NMPUOJU3UTENbHBIM, TAET NOCTATOUHO TOUHYIO
OLEHKY U He TpebyeT 60JbIINX BBIYUCIUTENbHBIX MOLIHOCTEH.

Jlns HaxoXKIeHUs1 KJI0YeBBIX TOUEK yYallle BCero HcroJgb3yercss Gpuabtp ['abopa.
OH coueraer B cebe MPOCTOTY peaju3aldd U TOUYHOCTb, CTOJNb HEOOXOAUMble B
naHHo# o6sacTH. OfHAKO TaKxkKe MOXeT ObITb HCIOJb30BaHA KOMIO3ULIUS (DUIBTPOB
['aycca u onepatopa Jlannaca.

HecmoTpsi Ha HekoTOpble HEOCTAaTKH, TEXHOJOTUSI UAEHTHU(HUKALHUK U BepUdU-
KallM¥ yeJioBeKa MO pafyKHOH 0060/0uKe Ta3a siBASETCS BeCbMa IMepPCleKTHBHOM.
Oco6enHo xopolia oHa Osarofapsi cBoed Haa€XHOCTH U XOpOLUeMYy COOTHOLIEHHIO
OLIMOOK MepBOro U BTOPOTO poja I/l CUCTEM AOCTYIa K pa3inyHbIM 00beKTaM. JTo
MOATBEPKIAETCS PACTYLIMM C KaXKIbIM T'OfOM HHTEpPEecoM K 3TOH o6JacTH, a Tak-
JKe yBeJMUYeHUeM J0JU PbIHKa MeTolda MIeHTHU(UKALUUHU MO pagyXkKKe Cpeld NPYyrux
61OMeTPUUECKUX TEXHOJOTUH.
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A REVIEW OF PERSON IDENTIFICATION METHODS USING IRIS
RECOGNITION

N.P. Grishenkova!, Software engineer / Software developer,
e-mail: natalia.grishenkova@gmail.com
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Abstract. The article presents an overview of current methods of person identification
and verification using human iris. At first we state some well-known facts about the
structure of the eye and its iris. Then the basic principles and quality metrics of
biometric systems are described. The next chapter describes the known methods:
eye and iris localization, histogram normalization and iris boundaries determination.
After that we consider keypoint detection algorithms based on wavelet transforms
including those using Gabor filters. Methods of pattern matching based on the Ham-
ming distance and projective phase correlation are described. Finally, we discuss the
advantages and disadvantages of the considered approaches.

Keywords: iris, Gabor transform, edge detection, verification, identification, recog-
nition.
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