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The geometri
 proof of Bian
hi identity in the Riemannian geometry without torsion

is given.

Â ðèìàíîâîé ãåîìåòðèè èçâåñòíî òîæäåñòâî Áèàíêè äëÿ òåíçîðà êðèâèçíû
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Â äàííîé ñòàòüå äàåòñÿ íîâîå äîêàçàòåëüñòâî òîæäåñòâà (1) â ïðîñòðàíñòâå áåç

êðó÷åíèÿ. Îíî ïîçâîëÿåò âñêðûòü ãåîìåòðè÷åñêèé ñìûñë òîæäåñòâà.

1. Àíàëèòè÷åñêîå äîêàçàòåëüñòâî òîæäåñòâà Áèàíêè

Âî âñåõ ó÷åáíèêàõ òîæäåñòâî Áèàíêè äîêàçûâàåòñÿ ñëåäóþùèì îáðàçîì
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, ïîëó÷àåì òîæäåñòâî (1). Êàê âèäèì, äîêàçàòåëüñòâî ïðîñòîå, íî, êàêîé

ãåîìåòðè÷åñêèé ñìûñë ñêðûâàåòñÿ çà òîæäåñòâîì � îñòàåòñÿ íå èçâåñòíûì.
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2. Ïðèáëèæåííûå �îðìóëû äëÿ ïàðàëëåëüíîãî ïåðåíîñà
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Îðèåíòèðóåì êóáèê òðåìÿ âåêòîðàìè, èäóùèìè ïî ðåáðàì, è îðèåíòèðóåì åãî

ãðàíè ñ ïîìîùüþ èíäóöèðîâàííîé îðèåíòàöèè, à òàêæå ââåäåì èíäóöèðîâàííûå
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�àññìîòðèì îðèåíòèðîâàííûå êîíòóðû (ðèñ.1):

L

1;2

: �

(1;2)

+ l

3

+ �

1

(1;2)

+ l

�

3

;

L

2;3

: �

(2;3)

+ l

1

+ �

1

(2;3)

+ l

�

1

; (8)

L

3;1

: �

(3;1)

+ l

2

+ �

1

(3;1)

+ l

�

2

:

Çäåñü êîíòóð �

(1;2)

ëåæèò â ãðàíè x

3

= 0 è ÿâëÿåòñÿ ïðîèçâåäåíèåì ÷åòûðåõ

ðåáåð, ò.å. ïîñëåäîâàòåëüíî îáõîäÿòñÿ ðåáðà êóáà; êîíòóð �

1

(1;2)

â ãðàíè x

3

= h

àíàëîãè÷åí êîíòóðó �

(1;2)

; îòðåçîê l

3

èäåò âäîëü îñè x îò çíà÷åíèÿ 0 äî çíà÷åíèÿ

h, à îòðåçîê l

�

3

� ýòî îòðåçîê l

3

, íî ïðîõîäèìûé â îáðàòíîì íàïðàâëåíèè (ñì.

ëåâûé êóá íà ðèñ.1). Àíàëîãè÷íî îïðåäåëÿþòñÿ îñòàëüíûå êîíòóðû â �îðìó-

ëàõ (8).

�èñ. 1. Êîíòóðû L

1;2

, L

2;3

è L

3;1

�àññìîòðèì êîíòóð, êîòîðûé ÿâëÿåòñÿ ïðîèçâåäåíèåì ýòèõ òðåõ:

L = L

3;1

L

2;3

L

1;2

:

Ïåðåíåñåì ïàðàëëåëüíî âåêòîð �

0

ïî êîíòóðó L. Âîñïîëüçóåìñÿ �îðìóëàìè (5),

(6), â êîòîðûõ âìåñòî t ïîäñòàâèì 30h (30 � ÷èñëî ïðîõîæäåíèé ðåáåð, âõîäÿùèõ

â êîíòóð L). Òîãäà ðàçíèöà (��)

L

= �

3

� �

0

ìåæäó èñõîäíûì âåêòîðîì �

0

è

ðåçóëüòàòîì åãî ïàðàëëåëüíîãî ïåðåíåñåíèÿ ïî çàìêíóòîìó L èìååò ïîðÿäîê

ìàëîñòè âûøå, ÷åì h

3

.

Ôîðìóëà (6) ïðåäñòàâëÿåò ñîáîé ñóììó êðèâîëèíåéíûõ èíòåãðàëîâ âèäà

Z

�(X)

dx

j

d�

d�;

ãäå �(X) � �óíêöèÿ òî÷êè, � � åñòåñòâåííàÿ ïàðàìåòðèçàöèÿ îðèåíòèðîâàííîé

äóãè. Ñëàãàåìûå âèäà

b

j

�x

j

Z

�(X)

dx

j

d�

d� = 0;
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òàê êàê �x

j

= 0 äëÿ âñåãî êîíòóðà L.

Ïîñêîëüêó êîíòóð L ñîñòîèò èç îðèåíòèðîâàííûõ ðåáåð è êàæäîå ðåáðî ïðî-

õîäèòñÿ îäèíàêîâîå ÷èñëî ðàç â ïðîòèâîïîëîæíûõ íàïðàâëåíèÿõ, òî

(��)

L

| {z }

=0

= �

�

0

[g

i

�

(L

1;2

) + g

i

�

(L

2;3

) + g

i

�

(L

3;1

)℄

| {z }

=0

+o(h

3

) = 0: (9)

Âû÷èñëèì òåïåðü (��)

L

1;2

, èñïîëüçóÿ �îðìóëû (5), (6) è (7). Ïîëó÷àåì, ÷òî

��

i

= ��

�

0

10h

Z

0

�

i

�l

dx

l

d�

d� + o(h

3

):

Ïóñòü L

0

1;2

, L

00

1;2

� ÷àñòè êîíòóðà L

1;2

, ñîîòâåòñòâóþùèå íèæíåé è âåðõíåé ãðà-

íÿì.

�èñ. 2. Êîíòóð L

1;2

Äëÿ L

0

1;2

èìååì

10h

Z

0

�

i

�q

dx

q

d�

d� =

I

L

0

1;2

�

i

�q

�x

q

�u

1

du

1

+ �

i

�q

�x

q

�u

2

du

2

=

=

Z

D

Z

��

i

�q

�x




�

�x




�u

1

�x

q

�u

2

�

�x




�u

2

�x

q

�u

1

�

du

1

du

2

=

Z

D

Z

 

��

i

�q

�x




�

��

i

�


�x

q

!

x


q

du

1

du

2

=

=

Z

D

Z

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!

1

2

du

1

du

2

+

Z

D

Z

 

��

i

�i

1

�x

i

2

�

��

i

�i

2

�x

i

1

!

(�

1

2

)du

1

du

2

=

=

Z

D

Z

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!

du

1

du

2

;

òàê êàê ìû èíòåãðèðóåì ïî ïëîùàäêå, íèæíåé ãðàíè, ñîñòàâëåííîé èç êîîðäè-

íàòíûõ ëèíèé i

1

è i

2

.
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Äëÿ L

00

1;2

ïðîâîäèì àíàëîãè÷íûå âûêëàäêè, íî ñ ó÷åòîì òîãî, ÷òî äëÿ âåðõíå-

ãî êîíòóðà îðèåíòàöèÿ çàäàåòñÿ ïðîòèâîïîëîæíàÿ (íî è ñèìâîëû Êðèñòî��åëÿ

� êîíå÷íî ¾ñâîè¿, ò.ê. îíè âû÷èñëÿþòñÿ â äðóãèõ òî÷êàõ)

L

00

1;2

:

Z

D

Z

�

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!

du

1

du

2

:

Ïî ¾ïåðåìû÷êå¿ l

3

[ l

�

3

âêëàä â (��

i

)

L

1;2

î÷åâèäíî íóëåâîé, ïîýòîìó èíòåãðàë

ïî L

1;2

ñêëàäûâàåòñÿ èç èíòåãðàëîâ ïî L

0

1;2

è L

00

1;2

.

Èòàê

(��

i

)

L

1;2

= ��

�

0

Z

D

Z

�

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!

du

1

du

2

; (10)

ãäå ïðèðàùåíèå áåðåòñÿ ïðè ïåðåõîäå ñ íèæíåé ãðàíè íà âåðõíþþ, ò.å. ïðè

èçìåíåíèè êîîðäèíàòû x

i

3

íà h.

Ïðåäïîëàãàåì, ÷òî ïîëå ñâÿçíîñòè ÿâëÿåòñÿ ãëàäêèì, òî÷íåå êëàññà C

2

. Òî-

ãäà

�

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!

=

"

�

�x

i

3

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!#

0

h + o(h):

Ïîäñòàâëÿÿ ýòî â (10), èìååì ñ ó÷åòîì âûðàæåíèÿ äëÿ òåíçîðà êðèâèçíû

(��

i

)

L

1;2

= ��

�

0

"

�

�x

i

3

 

��

i

�i

2

�x

i

1

�

��

i

�i

1

�x

i

2

!#

0

h

3

+ o(h

3

) =

= ��

�

0

r

i

3

R

i

i

2

i

1

; �

h

�

+ o(h

3

) = �

�

0

r

i

3

R

i

i

1

i

2

; �

h

�

+ o(h

3

):

Ââèäó òîãî, ÷òî äëÿ êîíòóðîâ L

3;1

è L

2;3

ìîæíî âûïîëíèòü ïîäîáíûå âû÷èñëå-

íèÿ, â ðåçóëüòàòå ïîëó÷èì, ó÷èòûâàÿ (9):

(��

i

)

L

= (��

i

)

L

1;2

+ (��

i

)

L

2;3

+ (��

i

)

L

3;1

=

= �

�

0

(r

i

3

R

i

i

1

i

2

;�

+r

i

3

R

i

i

2

i

3

;�

+r

i

3

R

i

i

3

i

1

;�

)h

3

+ o(h

3

) = o(h

3

): (11)

Äåëÿ (11) íà h

3

è ïåðåõîäÿ ê ïðåäåëó ïðè h ! 0, ïîëó÷àåì â ñèëó ïðîèçâîëü-

íîñòè âåêòîðà �

�

0

r

i

3

R

i

i

1

i

2

;�

+r

i

3

R

i

i

2

i

3

;�

+r

i

3

R

i

i

3

i

1

;�

= 0:

Òåì ñàìûì òîæäåñòâî Áèàíêè äîêàçàíî.

Çàìå÷àíèå 1. Äëÿ âûâîäà òîæäåñòâà Áèÿíêè äëÿ ïðîñòðàíñòâà ñ êðó÷åíèåì

íåîáõîäèìî âîñïîëüçîâàòüñÿ �îðìóëàìè (5), (6) áåç êàêèõ-ëèáî óïðîùåíèé.
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