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Approximate gradient is used for investigation of extremal properties of nondifferential

fun
tions. In this paper approximate gradient is presented as 
onvolution operator of

investigated fun
tion and some weight fun
tion. The 
onne
tion between this 
on
ept

and garmoni
 analysis is established. Proposed interpretation of approximate gradient

demonstrates it 
onne
tion with Riesz transformation. It is shown that approximate

gradient is the gradient of Poisson integral, Bessel and Riesz potentials when the

weight fun
tion is spe
ially 
hosen.

Ââåäåíèå

Ïîíÿòèå àïïðîêñèìàöèîííîãî ãðàäèåíòà áûëî ââåäåíî Â.Ä. Áàòóõòèíûì è

Ë.À. Ìàéáîðîäîé [1℄. �åøàÿ ïðèêëàäíûå çàäà÷è íåäè��åðåíöèðóåìîé è ðàç-

ðûâíîé îïòèìèçàöèè, îíè ïðåäëîæèëè èññëåäîâàòü ýêñòðåìàëüíûå ñâîéñòâà

íåäè��åðåíöèðóåìîé �óíêöèè íåñêîëüêèõ ïåðåìåííûõ ñ ïîìîùüþ ãðàäèåí-

òà ëèíåéíîé �óíêöèè, èìåþùåé íàèìåíüøåå ñðåäíåêâàäðàòè÷åñêîå îòêëîíåíèå

âáëèçè ðàññìàòðèâàåìîé òî÷êè èññëåäóåìîé �óíêöèè.

Â ñëó÷àå äè��åðåíöèðóåìîé �óíêöèè ýòîò âåêòîð áóäåò ÿâëÿòüñÿ ñðåäíå-

êâàäðàòè÷åñêîé àïïðîêñèìàöèåé åå ãðàäèåíòà, à ïðè ñòÿãèâàíèè îáëàñòè èíòå-

ãðèðîâàíèÿ â òî÷êó áóäåò ñ íèì ñîâïàäàòü. Êîãäà æå �óíêöèÿ íå ÿâëÿåòñÿ äè�-

�åðåíöèðóåìîé, òî àïïðîêñèìàöèîííûé ãðàäèåíò îïðåäåëÿåòñÿ íåîäíîçíà÷íî è

ïðåäñòàâëÿåò ñîáîé èíòåãðàëüíûé îïåðàòîð, çàâèñÿùèé îò òîãî, ïî êàêîé ìåðå

è ïî êàêîé îáëàñòè îñóùåñòâëÿåòñÿ èíòåãðèðîâàíèå.

Èññëåäîâàíèÿ ïîñëåäíèõ äâàäöàòè ëåò, ïðîâîäèìûå Â.Ä. Áàòóõòèíûì,

Ë.À. Ìàéáîðîäîé è èõ ó÷åíèêàìè, ïîêàçûâàþò, íàñêîëüêî ýòà äîñòàòî÷íî ïðî-

ñòàÿ èäåÿ îêàçàëàñü ïëîäîòâîðíîé è ý��åêòèâíîé ïðè èññëåäîâàíèè ýêñòðå-

ìàëüíûõ ñâîéñòâ �óíêöèé.

Ñ îäíîé ñòîðîíû, ÿâëÿÿñü â îïðåäåëåííîì ñìûñëå àíàëîãîì ãðàäèåíòà äè�-

�åðåíöèðóåìîé �óíêöèè, àïïðîêñèìàöèîííûé ãðàäèåíò ïîçâîëèë ñîçäàâàòü àï-

ïàðàò, îáîáùàþùèé êëàññè÷åñêèé àíàëèç è ìåòîäû ÷èñëåííîãî ðåøåíèÿ çà-

äà÷ íåäè��åðåíöèðóåìîé îïòèìèçàöèè, â êîòîðûõ îí èãðàë ñîîòâåòñòâóþùóþ

ðîëü. È ïåðâîíà÷àëüíîå ðàçâèòèå îñíîâíîé èäåè îñóùåñòâëÿëîñü â ýòîì íà-

ïðàâëåíèè. Áûë ïîëó÷åí ðÿä èíòåðåñíûõ òåîðåòè÷åñêèõ ðåçóëüòàòîâ, êîòîðûå

ïîñëóæèëè îñíîâîé äëÿ íàïèñàíèÿ ìîíîãðà�èé [1, 2℄. Íà áàçå òåîðèè áûëè
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ñîçäàíû äîñòàòî÷íî ý��åêòèâíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ ðàçðûâíûõ ýêñ-

òðåìàëüíûõ çàäà÷, íå èìåþùèå àíàëîãîâ íè ó íàñ â ñòðàíå, íè çà ðóáåæîì

[3, 4℄.

Ñ äðóãîé ñòîðîíû, íåîäíîçíà÷íîñòü îïðåäåëåíèÿ àïïðîêñèìàöèîííîãî ãðà-

äèåíòà ïîçâîëÿåò ñîçäàâàòü ìåòîäû îïòèìèçàöèè, îñíîâàííûå íà èäåÿõ âûïóê-

ëîãî àíàëèçà è ìíîãîçíà÷íûõ îòîáðàæåíèé. Ýòî íàïðàâëåíèå ïðåäñòàâëÿåòñÿ

äîñòàòî÷íî ïåðñïåêòèâíûì. Îíî ïîçâîëÿåò ðàñøèðèòü ïîíÿòèå äè��åðåíöèðó-

åìîñòè, ðàñïðîñòðàíÿÿ åãî è íà êëàññ ñóììèðóåìûõ �óíêöèé, äè��åðåíöèàëü-

íûå ñâîéñòâà êîòîðûõ áîëåå ðàçìûòûå, ÷åì ó âûïóêëûõ è ëîêàëüíî ëèïøèöå-

âûõ �óíêöèé.

Òàêîé ïîäõîä ê àíàëèçó ýêñòðåìàëüíûõ ñâîéñòâ ñóììèðóåìûõ �óíêöèé åñòå-

ñòâåííûì îáðàçîì âïèñûâàåòñÿ â èññëåäîâàíèÿ â ýòîé îáëàñòè. Â ýòîì íàïðàâ-

ëåíèè ïîëó÷åí ðÿä èíòåðåñíûõ ðåçóëüòàòîâ [5�7℄. Áûëà óñòàíîâëåíà ñâÿçü ñ

ñóáäè��åðåíöèàëîì Ô. Êëàðêà, ñ ïðîèçâîäíûìè Ñîáîëåâà è óñðåäíåíèåì ïî

Ñòåêëîâó, ñ äè��åðåíöèðîâàíèåì â L

p

è ãàðìîíè÷åñêîì ñìûñëàõ. ×àñòü ýòèõ

ðåçóëüòàòîâ åùå íå îòðàæåíà â ïóáëèêàöèÿõ.

Â íàñòîÿùåé ðàáîòå àïïðîêñèìàöèîííûé ãðàäèåíò ïðåäñòàâëåí êàê èíòå-

ãðàëüíûé îïåðàòîð ñâåðòêè èññëåäóåìîé è òàê íàçûâàåìîé âåñîâîé �óíêöèè.

Çäåñü óñòàíîâëåíà ñâÿçü ýòîãî ïîíÿòèÿ ñ ãàðìîíè÷åñêèì àíàëèçîì. Â ïðåäëà-

ãàåìîé èíòåðïðåòàöèè ïðåîáðàçîâàíèÿ �èññà ãðàäèåíòû èíòåãðàëà Ïóàññîíà

è áåññåëåâûõ ïîòåíöèàëîâ ïðåäñòàâëÿþò ñîáîé àïïðîêñèìàöèîííûå ãðàäèåíòû

ïðè ñîîòâåòñòâóþùåì âûáîðå âåñîâîé �óíêöèè.

1. Îñíîâíûå ïîíÿòèÿ

Îáîçíà÷èì ÷åðåç j s j åâêëèäîâó íîðìó âåêòîðà s, à B

r

- øàð ðàäèóñà r ñ öåíòðîì

â íà÷àëå êîîðäèíàò è ââåäåì íåñêîëüêî ïîíÿòèé.

Îïðåäåëåíèå 1. p

r

(s) = ~p

r

(j s j) - âåñîâàÿ �óíêöèÿ, åñëè

1

o

äëÿ 8r > 0 p

r

(s) � 0 8s 2 R

n

, 0 < d

r

=

1

n

R

R

n

j s j

2

p

r

(s)ds <1 è p

r

ìîæåò

èìåòü îñîáåííîñòü òîëüêî â íóëå, ò. å. p

r

2 L

1

(A) � äëÿ ëþáîãî èçìåðèìîãî

ìíîæåñòâà A, äëÿ êîòîðîãî 0 62 A;

2

o

äëÿ ëþáîé ñóììèðóåìîé �èíèòíîé �óíêöèè ( supp ' - êîìïàêò) [8℄ òàêîé,

÷òî '(s) = Æ(j s j) ïðè j s j! 0 âûïîëíÿåòñÿ:

J

r

=

1

d

r

Z

R

n

j s j j '(s) j p

r

(s)ds ! 0 ïðè r ! +0:

Â äàëüíåéøåì ìíîæåñòâî âåñîâûõ �óíêöèé áóäåì îáîçíà÷àòü áóêâîé P.

Îòìåòèì, ÷òî âî 2

o

ïóíêòå îïðåäåëåíèÿ äëÿ 8r > 0 J

r

<1. Äåéñòâèòåëüíî,

äëÿ �óíêöèè ' ñ óêàçàííûìè ñâîéñòâàìè 9
; 0 < 
 < 1 è 9a > Æ > 0 òàêèå,

÷òî supp ' � B

a

è j '(s) j� 
 j s j 8s 2 B

Æ

. Ïðåäñòàâèì èíòåãðàë â âèäå ñóììû

äâóõ èíòåãðàëîâ:

J

r

= J

1r

+ J

2r

; (1)

ãäå

J

1r

=

1

d

r

Z

B

a

nB

Æ

j s jj '(s) j p

r

(s)ds; J

2r

=

1

d

r

Z

B

Æ

j s jj '(s) j p

r

(s)ds:
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Íî èíòåãðàë J

2r

îãðàíè÷åí ïîñòîÿííîé 
, à

J

1r

�

a

d

r

k p

r

k

L

1

(B

a

nB

Æ

)

k ' k

L

1

(B

a

nB

Æ

)

<1 (2)

â ñèëó íåðàâåíñòâà �åëüäåðà [8℄.

Óñëîâèå ïðèíàäëåæíîñòè âåñîâîé �óíêöèè ïðîñòðàíñòâó L

1

(A) â ïóíêòå

1

o

îïðåäåëåíèÿ ñóæàåò ìíîæåñòâî âåñîâûõ �óíêöèé, íî ðàñøèðÿåò ìíîæåñòâî

�óíêöèé ', äëÿ êîòîðûõ ìîæíî ïðèìåíÿòü ñâåðòêó ñ âåñîâîé �óíêöèåé.

Íåòðóäíî çàìåòèòü, ÷òî ïóíêò 2

o

áóäåò âûïîëíåí, åñëè äëÿ 8r > 0

supp p

r

� B

r

.

Äåéñòâèòåëüíî, â ýòîì ñëó÷àå äëÿ ëþáîé �óíêöèè ' èç ýòîãî ïóíêòà

�

�

�

1

d

r

Z

R

n

j s j '(s)p

r

(s)ds

�

�

�

=

�

�

�

1

d

r

Z

jsj�r

j s j '(s)p

r

(s)ds

�

�

�

�

�

1

d

r

Z

jsj�r

j s j j '(s) j p

r

(s)ds =

1

d

r

Z

jsj�r

j s j Æ(j s j)p

r

(s)ds = Æ(1)

ïðè r ! +0; òàê êàê çäåñü d

r

=

1

n

R

jsj�r

j s j

2

p

r

(s)ds:

Ñëåäóþùåå óòâåðæäåíèå äàåò áîëåå îáùåå äîñòàòî÷íîå óñëîâèå òîãî, ÷òî

�óíêöèÿ ÿâëÿåòñÿ âåñîâîé.

Ïðåäëîæåíèå 1. Ïóñòü �óíêöèÿ p

r

óäîâëåòâîðÿåò óñëîâèÿì ïóíêòà 1

o

îïðåäåëåíèÿ 1 è äëÿ ëþáîãî èçìåðèìîãî ìíîæåñòâà A òàêîãî, ÷òî 0 62 A

âûïîëíÿåòñÿ:

1

d

r

k p

r

k

L

1

(A)

! 0 (3)

ïðè r ! +0. Òîãäà �óíêöèÿ p

r

ÿâëÿåòñÿ âåñîâîé.

Äîêàçàòåëüñòâî. Ïóñòü ñóììèðóåìàÿ �èíèòíàÿ �óíêöèÿ '(s) = Æ(j s j) ïðè

j s j! 0 è supp ' � B

a

äëÿ íåêîòîðîãî a > 0.

Òîãäà äëÿ 8" > 0 9Æ = Æ(") > 0 è Æ < a òàêîå, ÷òî j '(s) j�

"

2

j s j äëÿ

8s 2 B

Æ

.

Òàê æå, êàê â (1), èíòåãðàë J

r

ïðåäñòàâèì â âèäå ñóììû èíòåãðàëîâ J

1r

è

J

2r

. Â ñèëó îöåíêè (2) è óñëîâèÿ (3) íà �óíêöèþ p

r

lim

r!+0

J

1r

= 0. Âûáåðåì r

?

> 0

è íàñòîëüêî ìàëîå, ÷òî J

1r

�

"

2

äëÿ ëþáîãî r 2 (0; r

?

).

Â ðåçóëüòàòå J

r

�

"

2

+

"

2

= " äëÿ 0 < r < r

?

= r

?

(") è, ñëåäîâàòåëüíî,

9 lim

r!+0

J

r

= 0.

Îïðåäåëåíèå 2. Ïóñòü f - ñ êîìïàêòíûì íîñèòåëåì ñóììèðóåìàÿ �óíêöèÿ

ïî ìåðå Ëåáåãà íà âñåì ïðîñòðàíñòâå R

n

, ò.å. f 2 L

1

(R

n

). Àïïðîêñèìàöèîííûì

ãðàäèåíòîì �óíêöèè f â òî÷êå x áóäåì íàçûâàòü èíòåãðàëüíûé îïåðàòîð ñâåðò-

êè

a

r

(f)(x) = K � f =

Z

R

n

K(s)f(x+ s)ds;
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ãäå ÿäðî K(s) =

1

d

r

sp

r

(s), p

r

2 P .

�àññìîòðèì íåêîòîðûå ïðèìåðû âåñîâûõ �óíêöèé è èíòåãðàëüíûõ îïåðàòî-

ðîâ, ñâÿçàííûõ ñ àïïðîêñèìàöèîííûì ãðàäèåíòîì.

Â ðàáîòàõ [1, 2℄ àïïðîêñèìàöèîííûé ãðàäèåíò îïðåäåëÿåòñÿ íà �óíêöèÿõ

p

r

(s), êîòîðûå çàäàþò âåðîÿòíîñòíóþ ìåðó, ñîñðåäîòî÷åííóþ â øàðå B

r

. Ïðè

ýòîì íå òðåáóåòñÿ, ÷òîáû �óíêöèè p

r

çàâèñåëè òîëüêî îò j s j. Îäíàêî, êàê ïîêà-

çàíî â [6℄, áîëåå ñëîæíàÿ çàâèñèìîñòü �óíêöèè p

r

îò âåêòîðà s ìîæåò ïðèâåñòè

ê òîìó, ÷òî ïðè r ! +0 àïïðîêñèìàöèîííûé ãðàäèåíò íå áóäåò ïðèíàäëåæàòü

ñóáäè��åðåíöèàëó äàæå äëÿ âûïóêëîé �óíêöèè f . Åñëè æå p

r

(s) = ~p

r

(j s j), òî

äëÿ ëîêàëüíî ëèïøèöåâîé �óíêöèè f ïðè (y; r)! (x;+0) àïïðîêñèìàöèîííûé

ãðàäèåíò a

r

(f)(y)! � 2 �

Cl

f(x), ãäå �

Cl

f(x) - ñóáäè��åðåíöèàë Ô. Êëàðêà [6℄.

Êàê áóäåò ïîêàçàíî íèæå, äàííîå çäåñü îïðåäåëåíèå àïïðîêñèìàöèîííîãî

ãðàäèåíòà ïîçâîëÿåò åãî ðàññìàòðèâàòü êàê íåêîòîðîå ñåìåéñòâî ïðåîáðàçîâà-

íèé �óíêöèè f . Ïðåæäå âñåãî ðàññìîòðèì èíòåãðàë Ïóàññîíà.

2. Èíòåãðàë Ïóàññîíà

Èíòåãðàë Ïóàññîíà ïðåäñòàâëÿåò ñîáîé ñâåðòêó ñëåäóþùåãî âèäà [9℄:

u(x; r) =

Z

R

n

P

r

(t) f(x� t)dt = P

r

� f;

ãäå r > 0, P

r

(t) - ïóàññîíîâñêîå ÿäðî,

P

r

(t) =




n

r

(j t j

2

+r

2

)

n+1

2

; 


n

=

�(

n+1

2

)

�

n+1

2

;

� - ãàììà-�óíêöèÿ.

Èíòåãðàë Ïóàññîíà äàåò ðåøåíèå çàäà÷è Äèðèõëå äëÿ R

n+1

+

= f(x; r) : x 2

R

n

; r > 0g : íàéòè ãàðìîíè÷åñêóþ �óíêöèþ íà R

n+1

+

, ãðàíè÷íûì çíà÷åíèåì

êîòîðîé íà R

n

ÿâëÿåòñÿ f(x).

Ñâîéñòâà ïóàññîíîâñêîãî ÿäðà äåòàëüíî èçó÷åíû. Íàïîìíèì íåêîòîðûå èç

íèõ [10℄:

1) P

r

(t) > 0.

2)

R

R

n

P

r

(t)dt = P

^

r

(0) = 1, ãäå P

^

r

(t) = e

�2�jtjr

- ïðåîáðàçîâàíèå Ôóðüå.

3) P

r

2 L

p

(R

n

); 1 � p <1.

4) Åñëè f 2 L

p

(R

n

) ïðè 1 � p � 1, òî 4u = 0 ò.å. u - ãàðìîíè÷åñêàÿ �óíêöèÿ

â R

n+1

+

.

5) lim

r!+0

u(x; r) = f(x) ï.â. äëÿ f 2 L

p

(R

n

); 1 � p � 1. Åñëè p < 1, òî

k u(x; r)� f(x) k

L

p

! 0 ïðè r ! 0.

Îñóùåñòâëÿÿ çàìåíû ïåðåìåííîé èíòåãðèðîâàíèÿ t = �s è s = y�x, ìîæíî

ñîîòâåòñòâåííî äëÿ èíòåãðàëà Ïóàññîíà ïîëó÷èòü:

u(x; r) =

Z

R

n

P

r

(s) f(x+ s)ds =

Z

R

n

P

r

(y � x) f(y)dy:
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Òàê êàê

�P

r

(y � x)

�x

i

=




n

r(n+ 1)

(j y � x j

2

+r

2

)

n+3

2

(y

i

� x

i

);

òî

�u

�x

i

=

Z

R

n

s

i

f(x+ s)




n

r(n+ 1)

(j s j

2

+r

2

)

n+3

2

ds:

Ôóíêöèÿ p

r

(s) =




n

r(n+1)

(jsj

2

+r

2

)

n+3

2

� 0 è d

r

=

1

n

R

R

n

j s j

2

p

r

(s)ds = 1: Äåéñòâèòåëüíî,

Z

R

n

j s j

2

p

r

(s)ds = 
J

n

;

ãäå 
 = 


n

r(n + 1); J

n

=

R

R

n

jsj

2

(jsj

2

+r

2

)

n+3

2

ds =

1

R

0

�

2

(�

2

+r

2

)

n+3

2

�

n�1

d�

R

S

d�; d� - ìåðà

Ëåáåãà íà åäèíè÷íîé ñ�åðå S = ft 2 R

n

: j t j= 1g è

R

S

d� = �(S) =

2�

n

2

�(

n

2

)

[11℄.

Äëÿ èíòåãðàëà J

n

ïîëó÷èì:

�(

n

2

)

2�

n

2

J

n

= r

�1

1

Z

0

�

n+1

(�

2

+ 1)

n+3

2

d� =

= (2r)

�1

1

Z

0

t

n

2

(t+ 1)

n+3

2

dt = (2r)

�1

�

�

n + 2

2

;

1

2

�

;

ãäå �(p; q) =

1

R

0

t

p�1

(t+1)

p+q

dt =

�(p)�(q)

�(p+q)

- ïîëíàÿ áåòà-�óíêöèÿ.

Òàê êàê �(x+ 1) = x�(x) è �(

1

2

) = �

1

2

, òî

Z

R

n

j s j

2

p

r

(s)ds = 
J

n

=




n

r(n+ 1)2�

n

2

�(

n

2

)

(2r)

�1

�

�

n

2

+ 1;

1

2

�

=

=

�(

n+1

2

)

�

n+1

2

(n+ 1)�

n

2

�(

n

2

)

�(

n

2

+ 1)�(

1

2

)

�(

n+1

2

+ 1)

=

n+ 1

�(

1

2

)

�(

n+1

2

)

�(

n

2

)

n

2

�(

n

2

)�(

1

2

)

n+1

2

�(

n+1

2

)

= n

è d

r

= 1.

×òîáû äîêàçàòü, ÷òî �óíêöèÿ p

r

(s) =




n

r(n+1)

(jsj

2

+r

2

)

n+3

2

ÿâëÿåòñÿ âåñîâîé, îñòà-

ëîñü ïðîâåðèòü âûïîëíåíèå ïóíêòà 2

o

îïðåäåëåíèÿ 1. Ýòà �óíêöèÿ óäîâëå-

òâîðÿåò óñëîâèÿì ïðåäëîæåíèÿ 1. Äåéñòâèòåëüíî, ïðè ëþáîì r > 0 �óíêöèÿ

~p

r

(j s j) íåïðåðûâíà è ìîíîòîííî óáûâàåò ïî j s j. Äëÿ ëþáîãî �èêñèðîâàííîãî

a > 0 ~p

r

(a) ! 0 ïðè r ! +0, à d

r

= 1. Ñëåäîâàòåëüíî, äëÿ ëþáîãî èçìåðèìîãî

ìíîæåñòâà A : 0 62 A áóäåò âûïîëíåíî

1

d

r

k p

r

k

L

1

(A)

= ~p

r

(inf

s2A

j s j) ! 0 ïðè

r ! +0 â ñèëó çàäàíèÿ íîðìû â êëàññå �óíêöèé L

1

[12℄.

Ñîìíîæèòåëè, íå çàâèñÿùèå îò s, â âåñîâîé �óíêöèè ìîãóò áûòü îòáðîøåíû.

Ôóíêöèþ p

r

(s) = (j s j

2

+r

2

)

�

n+3

2

íàçîâåì ïóàññîíîâñêîé âåñîâîé �óíêöèåé.
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Òàêèì îáðàçîì, èíòåãðàë Ïóàññîíà ïðåäñòàâëÿåò ñîáîé ïîòåíöèàë àïïðîê-

ñèìàöèîííîãî ãðàäèåíòà, âû÷èñëåííîãî íà ïóàññîíîâñêîé âåñîâîé �óíêöèè. Â

ñëåäóþùåé ÷àñòè ñòàòüè áóäåò ïîêàçàíî, ÷òî ïîäîáíûìè ïîòåíöèàëàìè ÿâëÿ-

þòñÿ è ïîòåíöèàëû �èññà.

3. Ïðåîáðàçîâàíèÿ �èññà

Ïðåîáðàçîâàíèÿìè �èññà [13℄ íàçûâàþòñÿ ñëåäóþùèå èíòåãðàëüíûå îïåðàòîðû

äëÿ �óíêöèè f 2 L

p

(R

n

) è 1 � p <1:

R

j

(f)(x) = 


n

Z

R

n

y

j

j y j

n+1

f(x� y)dy;

ãäå j = 1; n,




n

=

�(

n+1

2

)

�

n+1

2

:

Ïðè n = 1 ïðåîáðàçîâàíèå �èññà ñîâïàäàåò ñ ïðåîáðàçîâàíèåì �èëüáåð-

òà [14℄:

H(f)(x) =

1

�

Z

R

f(x� y)

y

dy:

Ïðåîáðàçîâàíèÿ �èññà ïðåäñòàâëÿþò ñîáîé îãðàíè÷åííûå ëèíåéíûå îïåðà-

òîðû äëÿ 1 < p <1. Îíè íå ñîõðàíÿþò êëàññû îãðàíè÷åííûõ è ñóììèðóåìûõ

íà âñåì ïðîñòðàíñòâå �óíêöèé [9℄.

Ïîòåíöèàëàìè �èññà ( 0 < � < n ) íàçûâàþòñÿ ñëåäóþùèå îïåðàòîðû ñâåðò-

êè:

I

�

(f)(x) =

1


(�)

Z

R

n

j x� y j

�n+�

f(y)dy;

ãäå 
(�) =

�

n

2

2

�

�(

�

2

)

�(

n��

2

)

.

Ôîðìàëüíîå äè��åðåíöèðîâàíèå ïîòåíöèàëîâ �èññà äàåò:

�I

�

(f)(x)

�x

j

=

n� �


(�)

Z

R

n

y

j

� x

j

j x� y j

n��+2

f(y)dy =

=

n� �


(�)

Z

R

n

s

j

j s j

n��+2

f(x+ s)ds:

Ñëåäîâàòåëüíî,

�I

1

(f)

�x

j

= �R

j

(f), ïî êðàéíåé ìåðå äëÿ áåñêîíå÷íî äè��åðåí-

öèðóåìîé �óíêöèè f ñ êîìïàêòíûì íîñèòåëåì.

Îäíàêî

Z

R

n

j s j

2

1

j s j

n��+2

ds = 
onst

1

Z

0

�

2

�

�n�2+�

�

n�1

d� = 
onst �

�

j

1

0

=1
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äëÿ ëþáîãî � > 0, ò.ê. ÿäðà ïîòåíöèàëîâ �èññà íåäîñòàòî÷íî áûñòðî óáûâàþò

íà áåñêîíå÷íîñòè.

Ïîòåíöèàëû �èññà ïðèâîäÿò ê î÷åíü ýëåãàíòíûì è ïîëåçíûì �îðìóëàì è

îáëàäàþò ðÿäîì çàìå÷àòåëüíûõ ñâîéñòâ. Íî îíè èìåþò è ñóùåñòâåííûé íåäî-

ñòàòîê. Èõ âàæíîñòü ïðåæäå âñåãî ñîñòîèò â òîì, ÷òî îíè èãðàþò ðîëü ¾ñãëà-

æèâàþùèõ îïåðàòîðîâ¿. Â òî âðåìÿ êàê ëîêàëüíîå ïîâåäåíèå (j x j! 0 ) ÿäåð

j x j

�n+�

âïîëíå ïîäõîäèò äëÿ ýòîé öåëè, ãëîáàëüíîå èõ ïîâåäåíèå (j x j! 1 )

õóæå è ïðèâîäèò ê íåóäîáñòâàì, âîçðàñòàþùèì ñ ðîñòîì �. Íåäîñòàòî÷íîå óáû-

âàíèå ÿäåð ïðåîáðàçîâàíèé �èñà ïðè j x j! 1 ïîðîæäàåò ó íèõ îñîáåííîñòü

íå òîëüêî â íóëå, íî è íà áåñêîíå÷íîñòè. Ýòîãî íåäîñòàòêà íåò ó áåññåëåâûõ

ïîòåíöèàëîâ, êîòîðûå áóäóò ðàññìîòðåíû íèæå.

Ñ ó÷åòîì ñêàçàííîãî, âåñîâûìè �óíêöèÿìè �èññà-�èëüáåðòà íàçîâåì ñëåäó-

þùèå ñîñðåäîòî÷åííûå â øàðå B

r

�óíêöèè:

p

r

(s) =

�

j s j

�n+��2

; åñëè s 2 B

r

0; åñëè s 62 B

r

;

äëÿ êîòîðûõ

d

r

=

1

n

Z

B

r

j s j

2

j s j

�n+��2

ds = 
onst

r

Z

0

�

2

�

n�1

�

�n+��2

d� =

= r

��1


onst

1

Z

0

t

��1

dt = r

��1


onst <1:

Ïðè � = 1 êîìïîíåíòû àïïðîêñèìàöèîííîãî ãðàäèåíòà äëÿ ðàññìàòðèâàå-

ìîé âåñîâîé �óíêöèè áóäóò îòëè÷àòüñÿ òîëüêî íà çíàê îò ïðåîáðàçîâàíèé �èñ-

ñà, åñëè supp f � B

r

(x).

4. Áåññåëåâû ïîòåíöèàëû

Áåññåëåâû ïîòåíöèàëû [15℄ òàêæå ïðåäñòàâëÿþò ñîáîé ñâåðòêè =

�

(f) = G

�

� f ,

(� > 0). ßäðà ïîòåíöèàëîâ çàäàþòñÿ ñëåäóþùåé �îðìóëîé:

G

�

(x) = (4�)

�

�

2

1

�

�

�

2

�

1

Z

0

`

�

�jxj

2

Æ

`

�

Æ

4�

Æ

(

�n+�

2

)

dÆ

Æ

:

Îíè îáëàäàþò ðÿäîì çàìå÷àòåëüíûõ ñâîéñòâ. Òàê, äëÿ 8� > 0, G

�

2 L

1

(R

n

)

è

R

R

n

G

�

(x)dx = 1. Îíè äîñòàòî÷íî áûñòðî óáûâàþò ïðè j x j! 1:

G

�

(x) =


�

`

�
jxj

�

;

ãäå 
 > 0, à ïðè j x j! 0 èìåþò òàêóþ æå àñèìïòîòèêó, ÷òî è ÿäðà ïîòåíöèàëîâ

�èññà:

G

�

(x) =

1


(�)

j x j

�n+�

+ Æ

�

j x j

�n+�

�

:
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Äëÿ ÿäðà G

�

èìååì

�G

�

�

y�x

r

�

�x

j

= (4�)

�

�

2

2�

r

2

�

�

�

2

�

(y

j

� x

j

)

1

Z

0

`

�

�jy�xj

2

Ær

2

`

�

Æ

4�

Æ

(

�n+�

2

)

dÆ

Æ

2

è

�=

�

�x

j

=

Z

R

n

s

j

f(x+ s)p

r

(s)ds;

ãäå

p

r

(s) = (4�)

�

�

2

2�

r

2

�

�

�

2

�

1

Z

0

`

�

�jsj

2

Ær

2

`

�

Æ

4�

Æ

(

�n+�

2

)

dÆ

Æ

2

=

1

r

2

~p

1

�

j s j

r

�

> 0

äëÿ ëþáûõ � > 0 è s 2 R

n

.

Ïðè ýòîì

s

j

~p

1

(j s j) = �

�G

�

(s)

�s

j

è

d

r

=

1

n

Z

R

n

j s j

2

p

r

(s)ds =

Z

R

n

s

2

j

1

r

2

~p

1

�

j s j

r

�

ds =

Z

R

n

�

2

j

p

1

(�)d� =

=

Z

R

n�1

0

�

+1

Z

�1

�

2

j

p

1

(�)d�

j

1

A

d�

n�1

=

Z

R

n�1

0

�

�

+1

Z

�1

�

j

�G

�

(�)

��

j

d�

j

1

A

d�

n�1

=

=

Z

R

n�1

0

�

��

j

G

�

(�) j

+1

�1

+

+1

Z

�1

G

�

(�)d�

j

1

A

d�

n�1

;

ãäå j � ëþáîå ÷èñëî îò 1 äî n, à �

j

è �

n�1

- îðòîãîíàëüíûå ñîñòàâëÿþùèå

âåêòîðà � .

Ó÷èòûâàÿ íîðìèðîâêó è àñèìïòîòèêó áåññåëåâûõ ÿäåð, ïîëó÷èì:

d

r

=

Z

R

n�1

0

�

�

j




�

`

�
j� j

�

j

+1

�1

+

+1

Z

�1

G

�

(�)d�

j

1

A

d�

n�1

=

Z

R

n

G

�

(�)d� = 1:

Ïóíêò 2

o

îïðåäåëåíèÿ 1 äëÿ äàííîé �óíêöèè p

r

(s) òàêæå âûïîëíÿåòñÿ â ñèëó

ïðåäëîæåíèÿ 1. Ýòî ñëåäóåò, êàê è â ñëó÷àå ïóàññîíîâñêîãî ÿäðà, èç ìîíîòîííî-

ñòè ~p

r

êàê �óíêöèè îò j s j è èç àñèìïòîòèêè áåññåëåâûõ ÿäåð íà áåñêîíå÷íîñòè,

êîòîðàÿ áóäåò ñîâïàäàòü ñ àñèìïòîòèêîé �óíêöèè ~p

r

ïðè r ! 0 è �èêñèðîâàí-

íîì j s j.

Ñîìíîæèòåëè, íå çàâèñÿùèå îò s, â âåñîâîé �óíêöèè ìîãóò áûòü îòáðîøåíû.

Ïîýòîìó âåñîâûìè �óíêöèÿìè Áåññåëÿ íàçîâåì ñëåäóþùèå �óíêöèè:

p

r

(s) =

1

Z

0

`

�

�jsj

2

Ær

2

`

�

Æ

4�

Æ

(

�n+�

2

)

dÆ

Æ

2

;
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ãäå � > 0.

Â ðåçóëüòàòå ìû âèäèì, ÷òî è áåññåëåâûå ïîòåíöèàëû, êàê è èíòåãðàë Ïóàñ-

ñîíà è ïîòåíöèàëû �èññà, ïðåäñòàâëÿþò ñîáîé ïîòåíöèàëû àïïðîêñèìàöèîííîãî

ãðàäèåíòà äëÿ âåñîâûõ �óíêöèé ñïåöèàëüíîãî âèäà.
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