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The paper is concerned with a generalization of Lotka-Volterra model, arising

under the consideration of some populations with a limited life span of its

individuals. The system of nonlinear integral equations of the renewal type is

used for the construction of the model. Some properties of the model solutions

are established
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1

= f

1

(t); f

2

= f

2

(t), ¢µ®¤¿¹¨¬ ¢ (7), t 2 [0; T ]. � ´¨ª±¨°³¥¬ " > 0

¨ ¯®ª ¦¥¬, ·²®  ©¤¥²±¿ ² ª®¥ � > 0, ·²® ¨§ ¥° ¢¥±²¢  jjf

1

� f

2

jj

�

< � ¡³¤¥²

±«¥¤®¢ ²¼ ¥° ¢¥±²¢® jjx

1

� x

2

jj

�

< ". �¬¥¥¬:

e

�Lt

(x

1

(t)� x

2

(t)) = e

�Lt

e

�

t

R

0

�(x

1

(s))ds

(f

1

(t)� f

2

(t)) +

+ e

�Lt

( e

�

t

R

0

�(x

1

(s))ds

� e

�

t

R

0

�(x

2

(s))ds

) f

2

(t):

�±¯®«¼§³¿ ®¶¥ª¨ ¨§ ²¥®°¥¬» 1, ¯®«³· ¥¬, ·²®

jjx

1

� x

2

jj

�

� jjf

1

� f

2

jj

�

+ M

�

sup

[0;T ]

jf

2

(t)j jjx

1

� x

2

jj

�

(1 � e

�LT

)=L:

�®« £ ¿ L = M

�

maxfsup

[0;T ]

jf

2

(t)j; sup

[0;T ]

jf

1

(t)jg, ¯°¨µ®¤¨¬ ª ¥° ¢¥±²¢³

jjx

1

� x

2

jj

�

� jjf

1

� f

2

jj

�

+ (1 � exp(�LT )) jjx

1

� x

2

jj

�

: �²±¾¤  jjx

1

� x

2

jj

�

�

exp(LT )) jjf

1

� f

2

jj

�

. �»¡¨° ¿ § ²¥¬ � = " exp(�LT )), ¯®«³· ¥¬ ²°¥¡³¥¬³¾

®¶¥ª³.

�°¨¢¥¤¥¬ ¤ «¥¥ ¥ª®²®°»¥ ±¢®©±²¢  °¥¸¥¨© ±¨±²¥¬» ³° ¢¥¨© (1), ª®²®-

°»¥ ¥¯®±°¥¤±²¢¥® ¢»²¥ª ¾² ¨§ °¥§³«¼² ²®¢ ° ¡®²» [2]. �¥²°³¤® § ¬¥²¨²¼,

·²® ±¨±²¥¬  (1) ¤®¯³±ª ¥² °¥¸¥¨¥ ± ³«¥¢»¬¨ ª®¬¯®¥² ¬¨ x

k

(t) = b

k

(t) = 0,

t � 0, ¥±«¨ ²®«¼ª® ¤«¿ ¥ª®²®°®£® 1 � k � m ¢»¯®«¥® ±®®²®¸¥¨¥

x

k

(0) =

�

k

R

0

R

k

(a)'

k

(a)ds = 0, ½ª¢¨¢ «¥²®¥ ²®¬³, ·²® '

k

(a) � 0. �²® ®§ · ¥²,

·²® ¥±«¨  · «¼ ¿ ·¨±«¥®±²¼ k-®© ¯®¯³«¿¶¨¨ ° ¢¿« ±¼ ³«¾, ²® ¨ ¢ ¤ «¼-

¥©¸¥¬ (¯°¨ ®²±³²±²¢¨¨ ¨¬¬¨£° ¶¨¨) ¥¥ ·¨±«¥®±²¼ ² ª¦¥ ¡³¤¥² ° ¢¿²¼±¿

³«¾.

�³±²¼ ²¥¯¥°¼ ¯°¨ ´¨ª±¨°®¢ ®¬ 1 � j � m x

j

(0) > 0, ® ´³ª¶¨¿

�

j

(t) =

�

j

Z

t

�

j

(a)R

j

(a)'

j

(a� t)da; 0 � t � �

j

(9)

² ª®¢ , ·²® �

j

(t) = 0 ¤«¿ ¢±¥µ 0 � t � �

j

. �²  ±¨²³ ¶¨¿ ¢®§¨ª ¥² ¢ ²®¬

±«³· ¥, ª®£¤  ¯¥°¢® · «¼® ±³¹¥±²¢³¾¹¨¥ ¨¤¨¢¨¤³³¬» j-®© ¯®¯³«¿¶¨¨ ¥

¬®£³² ¯°®¨§¢®¤¨²¼ ¯®²®¬±²¢® (¨µ ¢®§° ±² À¥ ±®£« ±³¥²±¿Á ± ´³ª¶¨¥© ±¯¥¶¨-

´¨·¥±ª®© ¢®§° ±²®© °®¦¤ ¥¬®±²¨). �®£¤  ¨§ (4) ±«¥¤³¥², ·²® z

j

(t) = 0 ¤«¿ ¢±¥µ
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t � 0. �§ (2) ¯®«³· ¥¬, ·²® 0 � x

j

(t) � y

j

(t) =

�

j

R

t

R

j

(a)'

j

(a� t)da ¯°¨ 0 � t � �

j

¨ x

j

(t) = 0 ¯°¨ t � �

j

. �®±«¥¤¥¥ ®§ · ¥², ·²® §  ¢°¥¬¿ �

j

j- ¿ ¯®¯³«¿¶¨¿

¢»°®¦¤ ¥²±¿, ².¥. ¥¥ ·¨±«¥®±²¼ ±² ®¢¨²±¿ ° ¢®© ³«¾.

�°¥¤¯®«®¦¨¬, ·²® x

j

(0) > 0 ¨ ±³¹¥±²¢³¥² t

�

2 [0; �

j

) ² ª®©, ·²® �

j

(t

�

) > 0.

�®¦® ¯®ª § ²¼, ·²® ¨§ ½²¨µ ¥° ¢¥±²¢ ±«¥¤³¥², ·²® y

j

(t) > 0; x

j

(t) > 0 ¤«¿

¢±¥µ 0 � t < 1. �¬¥±²¥ ± ²¥¬, ¯°¨ ¢»¯®«¥¨¨ ³ª § »µ ¥° ¢¥±²¢ ² ª¦¥

¢®§¬®¦® ¢»°®¦¤¥¨¥ ¯®¯³«¿¶¨©, ·²® ³±²  ¢«¨¢ ¥² ±«¥¤³¾¹ ¿

�¥®°¥¬  3. �³±²¼ ¤«¿ ¥ª®²®°®£® 1 � k � m ¢»¯®«¿¥²±¿ ¥° ¢¥±²¢®

B

k

� 1, «¨¡® �

k

(t) � 0, t � 0. �®£¤  «¾¡®¥ °¥¸¥¨¥ x(t) ±¨±²¥¬» (1) ² ª®¢®,

·²® ±³¹¥±²¢³¥² lim

t!+1

x

k

(t) = 0.

�®ª § ²¥«¼±²¢®. �°¥¤¯®«®¦¨¬, ·²® ¢»¯®«¥» ³±«®¢¨¿: x

k

(0) = 0 ¨«¨

x

k

(0) > 0, �

k

(t) � 0, t � 0. �±¯®«¼§³¿ ¯®«³·¥»¥ ¢»¸¥ °¥§³«¼² ²» ®²®±¨-

²¥«¼® ¯®¢¥¤¥¨¿ x

k

(t), ³¡¥¦¤ ¥¬±¿ ¢ ±¯° ¢¥¤«¨¢®±²¨ ³²¢¥°¦¤¥¨¿ ²¥®°¥¬».

�³±²¼ ¤ «¥¥ x

k

(0) > 0, �

k

(t) ¥ ° ¢  ²®¦¤¥±²¢¥® ³«¾   [0; �

k

] ¨ B

k

� 1.

�±¯®«¼§³¿ [2], ¨¬¥¥¬, ·²® °¥¸¥¨¥ ³° ¢¥¨¿ (3) y

k

(t) ² ª®¢®, ·²® y

k

(t) ! �y

k

¯°¨ t ! +1, £¤¥ 0 � �y

k

< 1 { ¥ª®²®° ¿ ª®±² ² . �°¨ B

k

< 1 (�

k

< 0)

�y

k

= 0 ¨ ¨§ ¥° ¢¥±²¢ 0 � x

k

(t) � y

k

(t); t � 0, ¯®«³· ¥¬, ·²® x

k

(t) ! 0 ¯°¨

t! +1. �³±²¼ ²¥¯¥°¼ 0 < �y

k

<1, ·²® ±®®²¢¥²±²¢³¥² ±«³· ¾ B

k

= 1; (�

k

= 0).

� ´¨ª±¨°³¥¬ �t > 0. �·¨²»¢ ¿ ¯®«®¦¨²¥«¼®±²¼ y

k

(t) ¨ x

k

(t), ¨§ ³° ¢¥¨©

(2) ¨¬¥¥¬, ·²® ¯°¨ ¢±¥µ t � 0 ¢¥°®

x

k

(t+�t)

x

k

(t)

=

y

k

(t+�t)

y

k

(t)

exp(�

t+�t

Z

t

�

k

(x(s))ds):

�²® ±®®²®¸¥¨¥ ¬®¦¥² ¡»²¼ § ¯¨± ® ¢ ¢¨¤¥

x

k

(t+�t)

x

k

(t)

= exp(�

t+�t

Z

t

�

k

(x(s))ds) + �

k

(t); (10)

£¤¥ lim

t!+1

�

k

(t) = 0. �®«¼§³¿±¼ ¥®²°¨¶ ²¥«¼®±²¼¾ °¥¸¥¨¿ x(t), ³±«®¢¨¥¬

H) ¨ ²¥¬, ·²® x

k

(t) > 0, ¯®«³· ¥¬, ·²® ¯®¤»²¥£° «¼ ¿ ´³ª¶¨¿ ¢ (10) ³¤®-

¢«¥²¢®°¿¥² ¥° ¢¥±²¢ ¬ 0 < �

k

(0; :::; x

k

(s); :::; 0) � �

k

(x

1

(s); :::; x

k

(s); :::; x

m

(s)),

0 � s <1. �²±¾¤  ¢¥°® ¥° ¢¥±²¢®

x

k

(t+�t)

x

k

(t)

� exp(�

t+�t

Z

t

�

k

(0; :::; x

k

(s); :::; 0)ds) + �

k

(t): (11)

�®£¤  ¯°¨ ¤®±² ²®·® ¡®«¼¸¨µ t ¤«¿ «¾¡®£® �t > 0 ¨§ ¥° ¢¥±²¢  (11) ¨¬¥¥¬

x

k

(t + �t)=x

k

< 1 ¨, ±«¥¤®¢ ²¥«¼®, ±³¹¥±²¢³¥² lim

t!+1

x

k

(t) = u

k

� 0. �°¥¤-

¯®«®¦¨¬, ·²® u

k

> 0. � ´¨ª±¨°®¢ ¢ �t > 0 ¨ ¯¥°¥µ®¤¿ ¢ (11) ª ¯°¥¤¥«³ ¯°¨

t ! +1, ¯®«³·¨¬ ¯°®²¨¢®°¥·¨¥: 1 � exp(��

k

(0; :::; u

k

; :::; 0)�t). �²±¾¤  ±«¥-

¤³¥², ·²® u

k

= 0.
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�¡° ²¨¬±¿ ²¥¯¥°¼ ª ¢®¯°®±³ ®¡ ®£° ¨·¥®±²¨ °¥¸¥¨© x(t) ¬®¤¥«¨ (1).

�°¨¢¥¤¥»¥ ¨¦¥ °¥§³«¼² ²» ®¯¨° ¾²±¿   ¨§³·¥¨¥ ®¤®¬¥°®© ¬®¤¥«¨

¤«¿ ¯¥°¥¬¥®© u

k

(t), £¤¥ k - ¥ª®²®°»© ´¨ª±¨°®¢ »© ¨¤¥ª±. �¡®§ ·¨¬

~

�

k

(u

k

) = �

k

(0; :::; u

k

; :::; 0), u

k

� 0. �§ ³±«®¢¨¿ H) ±«¥¤³¥², ·²®

~

�

k

(u

k

) ¿¢«¿¥²±¿

¢®§° ±² ¾¹¥© ´³ª¶¨¥©,   ³° ¢¥¨¥

u

k

(�

k

�

~

�

k

(u

k

)) = 0; u

k

� 0 (12)

¯°¨ �

k

> 0 ¨¬¥¥² ¥ ¡®«¥¥ ¤¢³µ ª®°¥© u

�

k

, ¯°¨·¥¬ ®¤¨ ¨§ ¨µ ° ¢¥ ³«¾,  

¢²®°®©, ¥±«¨ ±³¹¥±²¢³¥², ²® ¯®«®¦¨²¥«¥.

�°¨¬¥¬ ¤ «¥¥, ·²® ¤«¿ ¢±¥µ 1 � k � m x

k

(0) > 0, B

k

> 1 (�

k

> 0),

´³ª¶¨¨ �

k

(t) ²®¦¤¥±²¢¥® ¥ ° ¢» ³«¾   [0; �

k

]. � ±±¬®²°¨¬ · ±²»©

±«³· © ±¨±²¥¬» (8),   ¨¬¥® ³° ¢¥¨¥

u

k

(t) = f

k

(t) e

�

t

R

0

~

�

k

(u

k

(s))ds

; t � 0; (13)

¢ ª®²®°®¬ ¥¯°¥°»¢ ¿ ¯®«®¦¨²¥«¼ ¿ ´³ª¶¨¿ f

k

(t) ¨¬¥¥² ±«¥¤³¾¹¨© ¢¨¤:

f

k

(t) = e

�

k

t

(q

k

+ "

k

(t)), £¤¥ q

k

> 0 { ª®±² ² , "

k

(t) ! 0 ¯°¨ t ! +1, �

k

> 0

(³ª § ®¥ ¯°¥¤±² ¢«¥¨¥ ¢»²¥ª ¥² ¨§ ±¢®©±²¢ °¥¸¥¨© ³° ¢¥¨© (3), (4) [2]).

�¥¬¬  1. �³±²¼ ³° ¢¥¨¥ (12) ¨¬¥¥² ²®«¼ª® ®¤¨ ª®°¥¼ u

�

k

= 0. �®£¤ 

°¥¸¥¨¥ u

k

(t) ³° ¢¥¨¿ (13) ¿¢«¿¥²±¿ ¥®£° ¨·¥®©   [0;1) ´³ª¶¨¥©.

�®ª § ²¥«¼±²¢®. �§ ³±«®¢¨¿ «¥¬¬» ¢»²¥ª ¥², ·²® ¤«¿ ¢±¥µ u

k

� 0 ¢¥°®

�

k

�

~

�

k

(u

k

) > 0. �°¨¬¥¬, ·²® u

k

(t) ¿¢«¿¥²±¿ ®£° ¨·¥®©   [0;1) ´³ª¶¨¥©,

².¥. ±³¹¥±²¢³¥² 0 < P

k

<1 ² ª®¥, ·²® ¤«¿ ¢±¥µ 0 � t <1 ¢¥°® 0 � u

k

(t) � P

k

.

�§ (13) ¨¬¥¥¬, ·²® u

k

(t) = (q

k

+ "

k

(t)) exp(

t

R

0

(�

k

�

~

�

k

(u

k

(s)))ds), t � 0. �®£¤ 

±¯° ¢¥¤«¨¢  ®¶¥ª  �

k

�

~

�

k

(u

k

(s)) � �

k

�

~

�

k

(P

k

) = c

k

> 0, 0 � s <1. �²±¾¤ 

¯®«³· ¥¬ ¥° ¢¥±²¢® u

k

(t) � (q

k

+ "

k

(t)) exp(c

k

t), ª®²®°®¥ ¯°®²¨¢®°¥·¨² ¯°¥¤-

¯®«®¦¥¨¾ ®¡ ®£° ¨·¥®±²¨ ½²®© ´³ª¶¨¨.

�¥¬¬  2. �³±²¼ ³° ¢¥¨¥ (12) ¨¬¥¥² ª®°¥¼ u

�

k

> 0. �®£¤  ¯°¨ «¾¡®¬

 · «¼®¬ § ·¥¨¨ u

k

(0) = f

k

(0) > 0 °¥¸¥¨¥ u

k

(t) ³° ¢¥¨¿ (13) ² ª®¢®,

·²® ±³¹¥±²¢³¥² lim

t!+1

u

k

(t) = u

�

k

.

�®ª § ²¥«¼±²¢®. � ´¨ª±¨°³¥¬ �t > 0 ¨ § ¯¨¸¥¬, ·²®

f

k

(t+�t)=f

k

(t) = e

�

k

�t

(q

k

+ "

k

(t+�t))=(q

k

+ "

k

(t)) = e

�

k

�t

+ "

k0

(t);

£¤¥ "

k0

(t)! 0 ¯°¨ t! +1. �²±¾¤  ¯®«³· ¥¬ ±«¥¤³¾¹¥¥ ±®®²®¸¥¨¥:

u

k

(t+�t)

u

k

(t)

= exp(�

k

�t) exp(�

t+�t

Z

t

~

�

k

(u

k

(s))ds) + �

k

(t) =

= exp(

t+�t

Z

t

(�

k

�

~

�

k

(u

k

(s)))ds) + �

k

(t); t � 0; (14)
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£¤¥ �

k

(t) = "

k0

(t) exp(�

t+�t

R

t

~

�

k

(u

k

(s))ds), lim

t!+1

�

k

(t) = 0. �§ (14) ¢¨¤®, ·²®

¯®¢¥¤¥¨¥ u

k

(t)   ¥ª®²®°®¬ ¯°®¬¥¦³²ª¥ [0; T ), 0 < T < 1, ¬®¦¥² ®±¨²¼

ª ª ¬®®²®»©, ² ª ¨ ª®«¥¡ ²¥«¼»© µ ° ª²¥°. �¥©±²¢¨²¥«¼®, ¯³±²¼ �

k

(t)

¤®±² ²®·® ¬ «®, t 2 [0; T ). �±«¨ 0 < u

k

(t) < u

�

k

¯°¨ ¢±¥µ 0 � t < t + �t < T ,

²® ¨¬¥¥¬, ·²® u

k

(t +�t)=u

k

(t) > 1 ¨ u

k

(t) { ¢®§° ±² ¾¹ ¿ ´³ª¶¨¿, t 2 [0; T ).

�±«¨ ³·¨²»¢ ²¼ ¢«¨¿¨¥ ±« £ ¥¬®£® �

k

(t), ²®, ®·¥¢¨¤®, u

k

(t) ¬®¦¥² ¯¥°¥±¥ª ²¼

³°®¢¥¼ u

k

= u

�

k

¯°¨ ¥ª®²®°»µ 0 < t

�

< T . � «®£¨·»¥ ¢»¢®¤» ±¯° ¢¥¤«¨¢»

¨ ¤«¿ ±«³· ¿, ª®£¤  u

k

(t) > u

�

k

¯°¨ ¢±¥µ 0 � t < t+�t < T .

�®ª ¦¥¬ ¤ «¥¥, ·²® ±³¹¥±²¢³¥² lim

t!+1

u

k

(t) = u

�

k

. �³±²¼ t ¤®±² ²®·® ¢¥-

«¨ª® ¨ u

k

(t) < u

�

k

. �®¦¥² ®ª § ²¼±¿, ·²® ¯°¨ ¢±¥µ �t > 0 ¢¥°® u

k

(t+�t) � u

�

k

.

�®£¤  u

k

(t + �t)=u

k

(t) > 1 ¨, ±«¥¤®¢ ²¥«¼®, ³ª § »© ¯°¥¤¥« ±³¹¥±²¢³¥².

�°¥¤¯®«®¦¨¬ ²¥¯¥°¼ ¯°®²¨¢®¥. �¡®§ ·¨¬ ·¥°¥§ t + s

1

¬®¬¥² ¯¥°¢®£® ¯¥-

°¥±¥·¥¨¿ ´³ª¶¨¥© u

k

(t) ³°®¢¿ u

k

= u

�

k

, ¨ ·¥, u

k

(t + s) < u

�

k

, 0 � s < s

1

,

u

k

(t+ s

1

) = u

�

k

, u

k

(t+ s) > u

�

k

, s

1

< s � s

1

+ s

2

, £¤¥ s

2

> 0 { ¥ª®²®°®¥ ·¨±«®. �§

(14) ¯®«³· ¥¬, ·²®

u

k

(t+ s

1

+ s

2

)

u

k

(t+ s

1

)

= exp(

t+s

1

+s

2

Z

t+s

1

(�

k

�

~

�

k

(u

k

(s)))ds) + �(t+ s

1

) < 1;

®²ª³¤  ¯°¨µ®¤¨¬ ª ¯°®²¨¢®°¥·¨¾: u

k

(t + s

1

+ s

2

) < u

k

(t + s

1

) = u

�

k

. � -

«®£¨·® ° ±±¬ ²°¨¢ ¥²±¿ ±«³· © u

k

(t) > u

�

k

. �«¥¤®¢ ²¥«¼®, ¥±«¨ ¯°¨ ¤®±² -

²®·® ¡®«¼¸¨µ t ¢¥°® u

k

(t) < u

�

k

(u

k

(t) > u

�

k

), ²® ¯°¨ ¢±¥µ �t > 0 ² ª¦¥

¢¥°® u

k

(t + �t) � u

�

k

(u

k

(t + �t) � u

�

k

). �²±¾¤  ¢»²¥ª ¥² ±³¹¥±²¢®¢ ¨¥

lim

t!+1

u

k

(t), ª®²®°»©, ®·¥¢¨¤®, ° ¢¥ u

�

k

. �±«¨ ¦¥ ¯°¨ ¥ª®²®°®¬ ¤®±² ²®·®

¡®«¼¸®¬ t ®ª ¦¥²±¿, ·²® u

k

(t) = u

�

k
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