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¨²¥£°¨°®¢ ¨¿ ¬®¦® ¤®¢¥°¿²¼. �® ®²· ±²¨ ¯®½²®¬³ ¯ ª¥²  §¢   ¬¨ ³·¥¡-

»¬. � ¥£® ¯®¬®¹¼¾ ¬®¦® ¨««¾±²°¨°®¢ ²¼ ¨ ¯°®¡«¥¬», ¢®§¨ª ¾¹¨¥ ± ·¨-

±«¥»¬ ¨²¥£°¨°®¢ ¨¥¬, ·²® ± ¬® ¯® ±¥¡¥ ² ª¦¥ ¿¢«¿¥²±¿ ¯®«¥§»¬. � ©«

new

�

mod:inc ±®¤¥°¦¨² § ª« ¤»¢ ¥¬»¥ ¢ ¬®¤¥«¼ ª®ª°¥²»¥ ´³ª¶¨¨ ¯ ±±¨®-

 °»µ ²®«·ª®¢, ²¨¯» ¯®«¨²¨·¥±ª¨µ °¥¦¨¬®¢ ½²®±®¢, À´³ª¶¨¨ ¢®©»Á¨ ¤°.

�®±«¥ ±¤¥« »µ ¨§¬¥¥¨© ¢ ¬®¤³«¿µ ¯ ª¥²  ¯°®£° ¬¬ ¥®¡µ®¤¨¬® ¯°®¢¥±²¨

¯°®¶¥¤³°³ ª®¬¯¨«¿¶¨¨ ± ¯®¬®¹¼¾ ¯°®£° ¬¬» compile:bat. � ¯³±ª ¯ ª¥²  ¯°®-

¨§¢®¤¨²±¿ ¯®±°¥¤±²¢®¬ ´ ©«  go:bat.

�³¹¥±²¢¥»¬ ¥¤®±² ²ª®¬ ¯ ª¥²  ¿¢«¿¥²±¿ ²®, ª ª  ¯¨±   ¯°®£° ¬¬ ,

± ¯®¬®¹¼¾ ª®²®°®© ¢®±¿²±¿ ¨§¬¥¥¨¿ ¢  · «¼»¥ ¤ »¥ ¨ ®±®¢»¥ ª®-

±² ²», µ ° ª²¥°¨§³¾¹¨¥ ½²¨·¥±ª¨¥ ¯°®¶¥±±» (´ ©« new

�

mod:cf). �¤ ª®

¡®«¼¸¨µ § ²°³¤¥¨© ¯°¨ ¨±¯®«¼§®¢ ¨¨ ¯ ª¥² , ª ª ¯®ª § «  ¥£® ½ª±¯«³ ² -

¶¨¿, ½²® ®¡±²®¿²¥«¼±²¢® ¥ ¢»§»¢ «®.

�¯¨± ®¥ ¢ ±² ²¼¥ ¯°®£° ¬¬®¥ ®¡¥±¯¥·¥¨¥ ±¯®±®¡±²¢®¢ «® ¨±±«¥¤®¢ -

¨¿¬ ¯® ±®§¤ ¨¾ ¡®«¥¥ ¯®«®© ¬®¤¥«¨ ®¡¹¥±²¢ , ¢ª«¾· ¾¹¥© ² ª¨¥ ±®±² ¢«¿-

¾¹¨¥, ª ª ¡¨®±´¥° , ½²®±´¥°  ¨ ±®¶¨®±´¥°  [2]. � ¯®¬®¹¼¾ ¯ ª¥²  ÀETNOSÁ¢

£. �¬±ª¥ ¯°®¢®¤¨«¨±¼ ³°®ª¨ ¢ ¥±ª®«¼ª¨µ ±°¥¤¨µ ¸ª®« µ,   ª®²®°»µ ¸ª®«¼-

¨ª¨ ¨¬¥«¨ ¢®§¬®¦®±²¼ ³¡¥¤¨²¼±¿ ¢ ¯¥°±¯¥ª²¨¢®±²¨ ¯°¨¢«¥·¥¨¿ ¬ ²¥¬ ²¨-

·¥±ª¨µ ¬¥²®¤®¢ ¨ ª®¬¯¼¾²¥°®© ²¥µ¨ª¨ ¤«¿ ¨§³·¥¨¿ ¯®¢¥¤¥¨¿ ½²¨·¥±ª¨µ

±¨±²¥¬. � ª¥² ¨±¯®«¼§®¢ «±¿ ¯°¨ ·²¥¨¨ ±¯¥¶ª³°±  À�®¤¥«¨°®¢ ¨¥ ½²¨·¥-

±ª¨µ ¨ ±®¶¨ «¼»µ ±¨±²¥¬Á   ¬ ²¥¬ ²¨·¥±ª®¬ ´ ª³«¼²¥²¥ �¬��,   ² ª¦¥

ª³°±  À�°®¡«¥¬» ±®¢°¥¬¥®© ¬ ²¥¬ ²¨ª¨Á   ®²¤¥«¥¨¨ ²¥®«®£¨¨ ¨±²®°¨·¥-

±ª®£® ´ ª³«¼²¥²  �¬��. � ª¥² ÀET NOSÁ ¤®±²³¯¥ ¯®±°¥¤±²¢®¬ �²¥°¥²  ¨

 µ®¤¨²±¿   ± ©²¥ http://www.univer.omsk.su/MEP/.

�¤¥«  ¯®ª  ¯¥°¢»© ¸ £,  ¯° ¢«¥»©   ®¡º¥¤¨¥¨¥ ³±¨«¨© ¬ ²¥¬ ²¨-

ª®¢, ¯°®£° ¬¬¨±²®¢ ¨ ±®¶¨®«®£®¢ ¤«¿ ¨±¯®«¼§®¢ ¨¿ ²®·»µ ¬¥²®¤®¢ ¢ ®¡« ±²¨

  «¨§  ¤¨ ¬¨ª¨ ±®¶¨ «¼»µ ±¨±²¥¬, ¨ ²®, ·²® ® ¢»§¢ « § ¬¥²»© ¨²¥°¥±

³ ± ¬»µ ° §»µ ¨±±«¥¤®¢ ²¥«¥©, ¢³¸ ¥² ®¯²¨¬¨§¬. �²® ®§ · ¥², ·²® ¯°®-

£° ¬¬®¥ ®¡¥±¯¥·¥¨¥ ¯®¤®¡®£® °®¤   ©¤¥² ±¢®¨µ ¯®«¼§®¢ ²¥«¥©.
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Can the �ve dimentions Kalutza-Klein theory of gravitation and electric-

magnetical �elds be constructed for anisotropic spaces? This will be a success

if we will use formulas of Kalutza-Klein theory for Finsler space instead of

classic Riemannian space.

1. �¢¥¤¥¨¥

� ¤ ®© ° ¡®²¥ ¬» ¯®¯»² ¥¬±¿ ®¡®¡¹¨²¼ 5-¬¥°³¾ ¥¤¨³¾ ²¥®°¨¾ £° ¢¨² -

¶¨¨ ¨ ½«¥ª²°®¬ £¥²¨§¬  � «³¶»-�«¥©    ±«³· © ´¨±«¥°®¢  ¯°®±²° ±²¢ .

�±¯®«¼§®¢ ¨¥ ´¨±«¥°®¢  ¯°®±²° ±²¢  ®¡³±«®¢«¥® ¦¥« ¨¥¬ ° ±±¬ ²°¨¢ ²¼

¥¨§®²°®¯®¥ ¯°®±²° ±²¢®-¢°¥¬¿, ². ¥. ¯°®±²° ±²¢®-¢°¥¬¿, ³ ª®²®°®£® £¥®-

¬¥²°¨¿ § ¢¨±¨² ¥ ²®«¼ª® ®² ²®·ª¨, ® ¨ ®²  ¯° ¢«¥¨¿ ¢ ½²®© ²®·ª¥. �¨§¨·¥-

±ª¨ ½²® ®§ · ¥², ·²® ¢ ª ¦¤®© ²®·ª¥ ±ª®°®±²¼ ±¢¥²  ° §«¨·  ¤«¿ ° §«¨·»µ

 ¯° ¢«¥¨©. �¨±«¥°®¢³ £¥®¬¥²°¨¾ ¯°¨¬¥¨²¥«¼® ª  ¨§®²°®¯®¬³ ´¨§¨-

·¥±ª®¬³ ¬¨°³  · «¨ ¥§ ¢¨±¨¬® ¨±¯®«¼§®¢ ²¼ ¢ 1970-¥ £®¤» �.�. �± ®¢ [3],

�.�. �¨¬ [4] ¨ �.�. �¨¬¥®¢ [5, 6, 7, 8].

�³²¼ ¯¿²¨¬¥°®© ²¥®°¨¨ � «³¶»-�«¥©  § ª«¾· ¥²±¿ ¢ ±«¥¤³¾¹¥¬. �¨§¨-

·¥±ª ¿ °¥ «¼®±²¼ ° ±±¬ ²°¨¢ ¥²±¿ ª ª ¯¿²¨¬¥°®¥ ¯°®±²° ±²¢®, ±¢¥°³²®¥

¢ ¶¨«¨¤° ¯® ®¤®¬³ ¨§ ¨§¬¥°¥¨©. �¨ ¬¥²° ½²®£® ¶¨«¨¤°  ®·¥¼ ¬ «¥¼ª¨©,

¯®½²®¬³ ¢ ¯°¨°®¤¥ ¬»  ¡«¾¤ ¥¬ ²®«¼ª® 4 ¨§¬¥°¥¨¿. �¥®¬¥²°¨¿ ®¯¨±»¢ ¥¬®£®

¯°®±²° ±²¢  ®¯°¥¤¥«¿¥²±¿ ²¥§®°®¬ ¬ ²¥°¨¨, § ¤ ®¬   ¯°®±²° ±²¢¥, ¨ ¯¿-

²¨¬¥°»¬¨ ³° ¢¥¨¿¬¨ �©¸²¥© , ±¢¿§»¢ ¾¹¨¬¨ ª°¨¢¨§³ ¯°®±²° ±²¢  ±

½²¨¬ ²¥§®°®¬. �°®±²° ±²¢® ¤®«¦® ¡»²¼ ³±²°®¥® ² ª¨¬ ®¡° §®¬, ·²®¡»

±³¹¥±²¢®¢ « ¯®²®ª £¥®¤¥§¨·¥±ª¨µ «¨¨©, ª®²®°»¥ § ¬»ª ¾²±¿ ± ¬¨   ±¥¡¿

®¡µ®¤¿ ¶¨«¨¤°, ¨ ·¥°¥§ ª ¦¤³¾ ²®·ª³ ¯°®±²° ±²¢  ¯°®µ®¤¨² ®¤  ¨ ²®«¼ª®

®¤  ² ª ¿ £¥®¤¥§¨·¥±ª ¿. �¢®¤¨²±¿ ±¯¥¶¨ «¼ ¿ ±¨±²¥¬  ª®®°¤¨ ², ² ª ¿,

·²® ¯¥°¢»¥ ·¥²»°¥ ª®®°¤¨ ²» ¥ ¬¥¿¾²±¿ ¢¤®«¼ ½²¨µ £¥®¤¥§¨·¥±ª¨µ,   ¬¥-

¿¥²±¿ ²®«¼ª® ¯¿² ¿ ª®®°¤¨ ² , ª®²®° ¿ ¬®¦¥² ±«³¦¨²¼ ¯ ° ¬¥²°®¬ ¢¤®«¼
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ª°¨¢®©. � ±±¬®²°¨¬ ¥ª®²®°³¾ ·¥²»°¥µ¬¥°³¾ ¯®¢¥°µ®±²¼, ² ª³¾, ·²® ª -

¦¤ ¿ £¥®¤¥§¨·¥±ª ¿ ¨§ ¯®²®ª  ¯¥°¥±¥ª ¥² ¥¥ ®¤¨ ° §. �³¤¥¬  §»¢ ²¼ ¥¥ ¢

¤ «¼¥©¸¥¬ ¯°®±²° ±²¢¥®-¢°¥¬¥»¬ ±¥·¥¨¥¬. �°¨ ¢»¸¥®¯¨± »µ ³±«®-

¢¨¿µ ¯¿²¨¬¥°»¥ ³° ¢¥¨¿ �©¸²¥©  ° ±¯ ¤ ¾²±¿   ½²®© ¯®¢¥°µ®±²¨  

·¥²»°¥µ¬¥°»¥ ³° ¢¥¨¿ �©¸²¥©  ¤«¿ ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥-

¨¿ ¨ ³° ¢¥¨¿ � ª±¢¥««  ¤«¿ ½«¥ª²°®¬ £¨²®£® ¯®«¿, ¥±«¨ ±·¨² ²¼ ¯®²¥¶¨-

 « ¬¨ ½²®£® ¯®«¿ ª ± ²¥«¼»¥ ª ¯®²®ª³ £¥®¤¥§¨·¥±ª¨µ ¢ ²®·ª µ ¨µ ¯¥°¥±¥·¥¨¿

± ¯®¢¥°µ®±²¼¾.

�¥±¼ ¬ ²¥¬ ²¨·¥±ª¨©  ¯¯ ° ² ²¥®°¨¨ � «³¶»-�«¥©  ³¤ ¥²±¿ ¯¥°¥¥±²¨

  ±«³· © ´¨±«¥°®¢  ¯°®±²° ±²¢ , §  ¨±ª«¾·¥¨¥¬ ²®£®, ·²® ¢ ³° ¢¥¨¿µ

¯®«¿ ¯®¿¢«¿¾²±¿ ¤®¯®«¨²¥«¼»¥ ·«¥». �²¨ ·«¥» § ¢¨±¿², ®¤ ª®, ²®«¼ª® ®²

À¢¥°²¨ª «¼®©Á ¨ À¥«¨¥©®©Á ±¢¿§®±²¥© ¨ ¯°®¨§¢®¤»µ.

�  ®±®¢³ ¯°¨¿² ¬ ²¥¬ ²¨·¥±ª¨©  ¯¯ ° ² ²¥®°¨¨ � «³¶»-�«¥© , ¨§«®-

¦¥»© ¢ [1]. �±®¢»¥ ±®®²®¸¥¨¿ ´¨±«¥°®¢®© £¥®¬¥²°¨¨ ¢§¿²» ¨§ [2].

�±¥ ° ±±³¦¤¥¨¿, ª ª ¨ ¢ [1], ¯°®¢¥¤¥» ¤«¿ ®¡¥¨µ ±¨£ ²³° (+ � � � +)

¨ (+ � � � �), ª®²®°»¥ ®¯°¥¤¥«¿¾²: ¡³¤¥² «¨ 5-¥ ¨§¬¥°¥¨¥ ¢°¥¬¥¨¯®¤®¡-

»¬, ¨«¨ ¯°®±²° ±²¢¥®-¯®¤®¡»¬ ±®®²¢¥²±²¢¥®. �® ¢±¥µ ´®°¬³« µ ¢¥°µ-

¨© § ª ±®®²¢¥²±²¢³¥² ¯¥°¢®© ±¨£ ²³°¥,   ¨¦¨© { ¢²®°®©. � «¥¥ ¡³¤¥¬

±·¨² ²¼ ¡®«¼¸¨¥ « ²¨±ª¨¥ ¨¤¥ª±» ¯°®¡¥£ ¾¹¨¬¨ § ·¥¨¿ 1, 2, 3, 4, 5,  

£°¥·¥±ª¨¥ { ¯°®¡¥£ ¾¹¨¬¨ 1, 2, 3, 4.

2. � ²¥¬ ²¨·¥±ª¨©  ¯¯ ° ² ´¨±«¥°®¢®© £¥®-

¬¥²°¨¨

� ±±¬®²°¨¬ n-¬¥°®¥ £« ¤ª®¥ ¬®£®®¡° §¨¥ � . TM = fT

x

M jx 2 Mg | ¬®-

¦¥±²¢® ª ± ²¥«¼»µ ¯°®±²° ±²¢ ª® ¢±¥¬ ²®·ª ¬ ¬®£®®¡° §¨¿ M ,  ¤¥«¥®¥

¥±²¥±²¢¥®© ²®¯®«®£¨¥©, ¥±²¥±²¢¥®© £« ¤ª®±²¼¾ ¨ ¯°®¥ª¶¨¥© � : TM !M

¯°¨ �(x;Z) = x ¤«¿ «¾¡®£® Z 2 T

x

M , ².¥. ª ± ²¥«¼®¥ ° ±±«®¥¨¥ ª M . �¨-

±«¥°®¢»¬ ¬®£®®¡° §¨¥¬ M  §»¢ ¥²±¿ ®²ª°»²®¥ ¬®¦¥±²¢® M � TM , ¥

±®¤¥°¦ ¹¥¥ 0 2 T

x

M ¨ ¯°¨ ®¤®© x 2 M . �®·ª ¬¨ ¥£® ¿¢«¿¾²±¿ (x;Z), £¤¥

Z 2 T

x

M . �¨±«¥°®¢»¬¨ ²¥§®° ¬¨ ¢ ²®·ª¥ (x;Z) 2 M ¡³¤¥¬  §»¢ ²¼ ¢±¥

²¥§®°» ¢ T

Z

T

x

M , ².¥. ¢ ª ± ²¥«¼®¬ ¢ ²®·ª¥ Z ¯°®±²° ±²¢¥ ª ª ± ²¥«¼®¬³

¢ ²®·ª¥ x ¯°®±²° ±²¢³ ªM . �®±²°®¥»¥ ² ª¨¬ ®¡° §®¬ ²¥§®°» (²¥§®°»¥

¯®«¿) ¿¢«¿¾²±¿ ´³ª¶¨¿¬¨ ®² ²®·ª¨ ´¨±«¥°®¢  ¬®£®®¡° §¨¿, ².¥. ®² (x;Z). �

ª®®°¤¨ ²®¬ ¯°¥¤±² ¢«¥¨¨ ²®·ª®© ´¨±«¥°®¢  ¬®£®®¡° §¨¿ ¿¢«¿¥²±¿ ª®¬-

¯«¥ª² 2n ·¨±¥« (x

1

; : : : ; x

n

; Z

1

; : : : ; Z

n

) ± § ª®®¬ ¯°¥®¡° §®¢ ¨¿

x

A

0

= x

A

0

(x

1

; : : : ; x

n

) 2 C

1

Z

A

0

= Z

B

@x

A

0

(x

1

; : : : ; x

n

)

@x

B

:

�¥®¬¥²°¨¿ ´¨±«¥°®¢  ¬®£®®¡° §¨¿ ¯®«®±²¼¾ ®¯°¥¤¥«¿¥²±¿ ¢¥«¨·¨ ¬¨

�

A

BC

(x;Z), C

A

BC

(x;Z) ¨ N

A

B

(x;Z),  §»¢ ¥¬»¬¨ £®°¨§®² «¼®©, ¢¥°²¨ª «¼®©
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¨ ¥«¨¥©®© ±¢¿§®±²¿¬¨ ±®®²¢¥²±²¢¥®. �²¨ ¢¥«¨·¨» ¥ ¿¢«¿¾²±¿ ´¨±«¥-

°®¢»¬¨ ²¥§®° ¬¨ ² ª ¦¥, ª ª ±¨¬¢®«» �°¨±²®´´¥«¿ ¥ ¿¢«¿¾²±¿ ²¥§®° ¬¨

¢ °¨¬ ®¢®© £¥®¬¥²°¨¨.

�®¢ °¨ ²®¥ ¤¨´´¥°¥¶¨°®¢ ¨¥ ¯®¨¬ ¥²±¿ ª ª ¤¨´´¥°¥¶¨°®¢ ¨¥

¢¤®«¼ ¥ª®²®°®£® ¯³²¨. �® ¢ ´¨±«¥°®¢®¬ ¬®£®®¡° §¨¨ M °¥·¼ ¯®©¤¥² ¥

® ¯³²¨ ! ¢ M (! : [0; 1] ! M;! = x(t)),   ® ¯³²¨ 
 ¢ M � TM , ².¥. ®


 : [0; 1]! TM;
 = (x(t); Z(t)) ¨ ® ª ± ²¥«¼®¬ ¢¥ª²®°¥ ª ½²®¬³ ¯³²¨

�

dx

dt

;

dZ

dt

�

.

�°®¬®§¤ª®±²¼ ¬®£¨µ ´®°¬³« ´¨±«¥°®¢®© ²¥®°¨¨ ±¢¿§®±²¨ ¢ § ·¨²¥«¼®©

¬¥°¥ ®¡³±«®¢«¥  ²¥¬, ·²® ¢¥ª²®° ¨§ TM, ¢¤®«¼ ª®²®°®£® ®¯°¥¤¥«¿¥²±¿ ª®-

¢ °¨ ² ¿ ¯°®¨§¢®¤ ¿, 2n-¬¥°¥,   °¥§³«¼² ² ¤¨´´¥°¥¶¨°®¢ ¨¿ ¤®«¦¥

¡»²¼ ´¨±«¥°®¢»¬ ²¥§®°®¬ ¨, ±«¥¤®¢ ²¥«¼®, ¤®«¦¥ ° §¬¥¹ ²¼±¿ ¢ n-¬¥°®¬

¯°®±²° ±²¢¥ T

Z

T

x

M . �¡¹¥¥ ¦¥ ·¨±«® ¯°®¨§¢®¤»µ ³¤¢ ¨¢ ¥²±¿, ².ª. ¯®¬¨¬®

¯°®¨§¢®¤»µ ¯® ²®·ª ¬ x, ¢®§¨ª ¾² ¥¹¥ ¯°®¨§¢®¤»¥ ¯® ¢¥ª²®° ¬ Z. �³±²¼

U

A

B

(x;Z) | ®¤¨ ° § ª®¢ °¨ ²»© ¨ ®¤¨ ° § ª®²° ¢ °¨ ²»© ´¨±«¥°®¢

²¥§®°. � §®¢¥¬ £®°¨§®² «¼®© ª®¢ °¨ ²®© ¯°®¨§¢®¤®© ¢¥«¨·¨³, ®¯°¥¤¥-

«¿¥¬³¾ ¢»° ¦¥¨¥¬

r

C

U

A

B

= U

A

B:C

+ �

A

DC

U

D

B

� �

D

BC

U

A

D

:

� ½²®© § ¯¨±¨ ·¥°¥§ À:Á ®¡®§ ·¥ ®¯¥° ²®° · ±²®£® ¤¨´´¥°¥¶¨°®¢ ¨¿,

®¯°¥¤¥«¿¥¬»© ´®°¬³«®©

V

:B

=

@V

@x

B

�N

D

B

@V

@Z

D

;

£¤¥ V ¯°®¨§¢®«¼»© ´¨±«¥°®¢ ²¥§®°. �¥°²¨ª «¼ ¿ ª®¢ °¨ ² ¿ ¯°®¨§¢®¤-

 ¿ ®¯°¥¤¥«¿¥²±¿ ² ª:

r

+

C

U

A

B

=

@U

A

B

@Z

C

+ C

A

DC

U

D

B

� C

D

BC

U

A

D

:

�¨±«¥°®¢® ¬®£®®¡° §¨¥ M,  ¤¥«¥®¥ ¥«¨¥©®©, £®°¨§®² «¼®© ¨

¢¥°²¨ª «¼®© ±¢¿§®±²¿¬¨,  §»¢ ¥²±¿ ´¨±«¥°®¢»¬ ¯°®±²° ±²¢®¬ (M, N ,

C, �). �¨±«¥°®¢® ¯°®±²° ±²¢®, ¤«¿ ª®²®°®£® ¢»¯®«¥®

N

A

B

(x;Z) = Z

C

�

A

CB

(x;Z); (1)

 §»¢ ¥²±¿ ´¨±«¥°- ´´¨»¬.

�®¤ ´¨±«¥°®¢»¬ ¯°®±²° ±²¢®¬ ¢ «¨²¥° ²³°¥ · ±²® ¯®¨¬ ¥²±¿ ´¨±«¥-

°®¢® ¬®£®®¡° §¨¥,  ¤¥«¥®¥ ¬¥²°¨·¥±ª®© ´³ª¶¨¥© � (x; dx), ³¤®¢«¥²¢®°¿-

¾¹¥© ±¯¥¶¨ «¼»¬ ³±«®¢¨¿¬. �§ ½²®© ´³ª¶¨¨ ¬®¦® ¯®«³·¨²¼ ´¨±«¥°®¢®

¯°®±²° ±²¢® ¢ ®¯¨± ®¬ ¢»¸¥ ±¬»±«¥. �¡®§ ·¨¬ ·¥°¥§

G

AB

(x;Z) =

@

2

� (x;Z)

@Z

A

@Z

B

:

�³±²¼ ²¥¯¥°¼ ¬» ¨¬¥¥¬ ´¨±«¥°®¢® ¬®£®®¡° §¨¥ M ¨ ¬¥²°¨·¥±ª¨© ²¥-

§®° G

AB

(x;Z)   ¥¬, ¯°¨·¥¬ ±³¹¥±²¢³¥² ²¥§®° G

AB

®¡° ²»© ª G

AB

, ².¥.
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G

AB

G

BC

= �

C

A

| ±¨¬¢®« �°®¥ª¥° . �® G

AB

(x;Z) ¬®¦® ¢®±±² ®¢¨²¼ ¢±¾

´¨±«¥°®¢³ £¥®¬¥²°¨¾   M, ¨±¯®«¼§®¢ ¢ ±«¥¤³¾¹¨¥ ´®°¬³«»

C

A

BC

=

1

2

G

AD

�

@G

BC

@Z

D

�

;

N

A

B

=

@

�

1

2

G

AE

�

@G

CE

@x

D

+

@G

DE

@x

C

�

@G

CD

@x

E

�

Z

C

Z

D

�

@Z

B

; (2)

�

A

BC

=

1

2

G

AD

(G

BD:C

+G

CD:B

�G

BC:D

) : (3)

� ¯®±²°®¥®¬ ² ª¨¬ ®¡° §®¬ ´¨±«¥°®¢®¬ ¯°®±²° ±²¢¥ ²¥§®° G

AB

(x;Z)

ª®¢ °¨ ²® ¯®±²®¿¥, ².¥. ¥£® ¢¥°²¨ª «¼ ¿ ¨ £®°¨§®² «¼ ¿ ª®¢ °¨ ²-

»¥ ¯°®¨§¢®¤»¥ ° ¢» ³«¾ r

C

G

AB

= 0;r

+

C

G

AB

= 0. �«¥¤³¥² ®²¬¥²¨²¼

² ª¦¥, ·²® ¯®±²°®¥®¥ ¯® G

AB

(x;Z) ´¨±«¥°®¢® ¯°®±²° ±²¢® ¡³¤¥² ´¨±«¥°-

 ´´¨»¬. � ¯®¬®¹¼¾ G

AB

¨ G

AB

±² ¤ °²»¬ ±¯®±®¡®¬ ®¯°¥¤¥«¿¥²±¿ ¯®¤-

¿²¨¥ ¨ ®¯³±ª ¨¥ ¨¤¥ª±®¢ ¤«¿ ´¨±«¥°®¢»µ ²¥§®°®¢.

�¥§®° ª°¨¢¨§» ¢ ´¨±«¥°®¢®¬ ¯°®±²° ±²¢¥ ¨¬¥¥² ¢¨¤

R

A

BCD

= 2

�

�

A

BC:D

� �

A

BD:C

�

+

+2

�

�

E

BC

�

A

ED

� �

E

BD

�

A

EC

�

+ 2C

A

BE

�

N

E

C:D

�N

E

D:C

�

;

  ±®®²¢¥²±²¢³¾¹¨© ²¥§®° �¨··¨

R

AB

= R

D

ADB

= 2

�

�

D

AD:B

� �

D

AB:D

�

+

+2

�

�

C

AD

�

D

CB

� �

C

AB

�

D

CD

�

+ 2C

D

AC

�

N

C

D:B

�N

C

B:D

�

: (4)

�®°¨§®² «¼®© ª°¨¢®©  §»¢ ¥²±¿ ®²®¡° ¦¥¨¥ ! : [0; 1] ! M ,   ¥¥ ´³-

¤ ¬¥² «¼»¬ ¯®¤º¥¬®¬  §»¢ ¥²±¿ ®²®¡° ¦¥¨¥ 
 : [0; 1]!M ² ª®¥, ·²®

1) �(
(t)) = !(t),

2) 
(0) =

�

!(0);

d!

dt

(0)

�

,

3) Z

A

(t) ¿¢«¿¾²±¿ °¥¸¥¨¥¬ ³° ¢¥¨¿

dZ

A

dt

+N

A

B

(x(t); Z(t))

dx

B

dt

= 0: (5)

�®°¨§®² «¼®© £¥®¤¥§¨·¥±ª®©  §»¢ ¥²±¿ £®°¨§®² «¼ ¿ ª°¨¢ ¿, ¿¢«¿¾¹ ¿±¿

°¥¸¥¨¥¬ ³° ¢¥¨¿

d

2

x

A

dt

2

= ��

A

BC

�

x(t);

dx(t)

dt

�

dx

B

dt

dx

C

dt

:

�®¤ ° §¬¥°®±²¼¾ ´¨±«¥°®¢  ¯°®±²° ±²¢  ¢¥§¤¥ ¤ «¥¥ ¡³¤¥¬ ¯®¨¬ ²¼

° §¬¥°®±²¼ ¬®£®®¡° §¨¿ M ,   ¥ ´¨±«¥°®¢  ¬®£®®¡° §¨¿ M, ª®²®°®¥

¨¬¥¥² ¢¤¢®¥ ¡®«¼¸³¾, ·¥¬ M , ° §¬¥°®±²¼.
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3. �»¢®¤ ³° ¢¥¨© ¯®«¿

�®±²°®¨¬ ²¥¯¥°¼ ° ±¹¥¯«¥¨¥ ¯¿²¨¬¥°®£® ´¨±«¥°®¢  ¯°®±²° ±²¢    ·¥²»-

°¥µ¬¥°³¾ £¨¯¥°¯®¢¥°µ®±²¼ ¨ ¯¿²®¥ ¨§¬¥°¥¨¥ (4+1 ° ±¹¥¯«¥¨¥)   «®£¨·®

²®¬³, ª ª ½²® ¤¥« ¥²±¿ ¢ ²¥®°¨¨ � «³¶»-�«¥© . � ¨¡®«¥¥ ¢ ¦®© ®±®¡¥®-

±²¼¾ ´¨±«¥°®¢  ±«³· ¿ ¿¢«¿¥²±¿ ²®, ·²® ± ¬® 4+1 ° ±¹¥¯«¥¨¥ § ¤ ¥²±¿ ¯®-

²®ª®¬ ¨¬¥® £®°¨§®² «¼»µ £¥®¤¥§¨·¥±ª¨µ. �¡®§ ·¨¬ ·¥°¥§ �

A

(x;Z) ¯®«¥

ª ± ²¥«¼»µ ª ½²¨¬ £¥®¤¥§¨·¥±ª¨¬ ¢¥ª²®°®¢, ²®£¤  ¢ ®¯¨± ®© ¢® ¢¢¥¤¥¨¨

±¯¥¶¨ «¼®© ±¨±²¥¬¥ ª®®°¤¨ ² ¢»¯®«¿¥²±¿ �

1

(x;Z) = �

2

(x;Z) = �

3

(x;Z) =

�

4

(x;Z) = 0; �

5

(x;Z) 6= 0; £¤¥ ¢ ª ·¥±²¢¥ �

5

¬®¦® ¢»¡° ²¼ «¾¡³¾ £« ¤ª³¾, ¥

®¡° ¹ ¾¹³¾±¿ ¢ ®«¼ ´³ª¶¨¾. � ¯¨¸¥¬ 5-¬¥°»© ¬¥²°¨·¥±ª¨© ²¥§®° G

AB

¢ ¢¨¤¥

G

AB

(x;Z) = ��

A

(x;Z)�

B

(x;Z) + g

AB

(x;Z); (6)

£¤¥ �

A

= G

AB

�

B

. �²® ¢»° ¦¥¨¥ ®¯°¥¤¥«¿¥² g

AB

| ¬¥²°¨·¥±ª¨© ²¥§®° ¯°®-

±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥¨¿, ®°²®£® «¼®£® «¨¨¿¬ �. �®¤¿¢ ®¡  ¨-

¤¥ª±  ¢ (6), ¯®«³·¨¬

G

AB

(x;Z) = ��

A

(x;Z)�

B

(x;Z) + g

AB

(x;Z): (7)

�«¿ ±®±² ¢«¿¾¹¨µ ¬¥²°¨·¥±ª®£® ²¥§®°  ±¯° ¢¥¤«¨¢» ±®®²®¸¥¨¿:

�

A

�

B

G

AB

= �1; �

A

g

AB

= 0; g

AB

g

AB

= 4;

£¤¥ g

AB

= G

AC

G

BD

g

CD

.

�»¡¥°¥¬ �

5

±«¥¤³¾¹¨¬ ®¡° §®¬ :

�

5

(x;Z) = 1=

p

�G

55

(x;Z)!

! �

B

= G

B5

(x;Z)=

p

�G

55

(x;Z)

¨ ®¡®§ ·¨¬ �G

55

(x;Z) � '

2

(x;Z), ¯°¨ ½²®¬ G

5�

(x;Z) = '�

�

(x;Z). �®£¤  ±®-

±² ¢«¿¾¹¨¥ ¬¥²°¨·¥±ª®£® ²¥§®°  ¡³¤³² ¨¬¥²¼ ¢¨¤:

�

5

= 1='; �

�

= 0; �

5

= �'; �

�

= G

5�

='; (8)

g

��

= G

��

� �

�

�

�

; g

5B

= 0;

g

��

= G

��

; g

55

= �('

4

� 1)='

2

; g

5�

= G

5�

;

g

�

�

= G

�

�

; g

5

�

= ��

�

='; g

B

5

= 0;

£¤¥ g

A

B

= G

AC

g

CB

:

� ±±¬®²°¨¬ ¯°¥®¡° §®¢ ¨¿ ª®®°¤¨ ² ¢¨¤ 

x

�

0

= x

�

; x

5

0

= x

5

0

(x

1

; x

2

; x

3

; x

4

; x

5

); (9)

x

�

0

= x

�

0

(x

1

; x

2

; x

3

; x

4

); x

5

0

= x

5

: (10)

�²¨ ¯°¥®¡° §®¢ ¨¿ ¯¥°¥¢®¤¿²  ¸³ ±¯¥¶¨ «¼³¾ ±¨±²¥¬³ ª®®°¤¨ ² ¢ ¤°³-

£³¾, ® ¨¬¥¾¹³¾ ²¥ ¦¥ ±¢®©±²¢ , ².¥. ¢ ¥© ¡³¤³² ±¯° ¢¥¤«¨¢» ¢±¥ ´®°¬³«»
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½²®£® ¯ ° £° ´ ,   ² ª¦¥ ±®µ° ¨²±¿ ±¬»±« ¯¿²®© ª®®°¤¨ ²» ª ª ¯ ° ¬¥-

²°  ¢¤®«¼ ¯®²®ª  £¥®¤¥§¨·¥±ª¨µ 4+1 ° ±¹¥¯«¥¨¿. � ª¨¬ ®¡° §®¬, ¢»¤¥«¿¥²±¿

¬®¦¥±²¢® ±¨±²¥¬ ª®®°¤¨ ², ±¢¿§ »µ ¯°¥®¡° §®¢ ¨¿¬¨ (9) ¨ (10).

� §®¢¥¬ 4-²¥§®° ¬¨ ¢¥«¨·¨», ¨¢ °¨ ²»¥ ¯°¨ ¯°¥®¡° §®¢ ¨¿µ (9) ¨

4-¬¥°®-ª®¢ °¨ ²»¥ ®²®±¨²¥«¼® ¯°¥®¡° §®¢ ¨© (10). �¨§¨·¥±ª¨ § ·¨-

¬»¬¨ ¢ ¤ «¼¥©¸¥¬ ¡³¤¥¬ ±·¨² ²¼ ²®«¼ª® 4-²¥§®°».

�°®¨§¢®«¼®¬³ 5-²¥§®°³ U

A:::

B:::

¬®¦® ±®¯®±² ¢¨²¼ ±ª «¿° ¨ ±®¢®ª³¯®±²¼

¯°®±²° ±²¢¥®-¢°¥¬¥»µ 4-²¥§®°®¢ ° ¢®£® ¨ ¬¥¼¸¨µ ° £®¢ ¯°®¥ª²¨°®-

¢ ¨¥¬ ¥£® ¯®±°¥¤±²¢®¬ �

B

¨ g

A

B

:

U = U

A:::

B:::

�

A

:::�

B

:::;

~

U

A:::

B:::

= U

C:::

D:::

g

A

C

:::g

D

B

:::;

£¤¥ U c ¢®«®© | 4-²¥§®°, ¯®«³·¥»© ¯°®¥ª²¨°®¢ ¨¥¬ ²¥§®°  U  

¯°®±²° ±²¢¥®-¢°¥¬¥®¥ ±¥·¥¨¥.

�¨¤®, ·²® ª®¬¯®¥²» g

��

¨ g

��

4-¬¥°®£® ¯°®±²° ±²¢¥®-¢°¥¬¥®£®

²¥§®°  ®¡° §³¾² 4-²¥§®°. �¢ ¤° ² ¨²¥°¢ «  5-¬¥°®£® ´¨±«¥°®¢  ¯°®-

±²° ±²¢  ¯°¥¤±² ¢«¿¥²±¿ ¢ ¢¨¤¥

dI

2

= G

AB

dx

A

dx

B

= �d�

2

+ ds

2

;

£¤¥ d� = �

B

dx

B

{ ¨²¥°¢ « ¢¤®«¼ ¯¿²®© ª®®°¤¨ ²» (4-±ª «¿°), ds

2

= g

��

dx

�

dx

�

{ ¨²¥°¢ « 4-¬¥°®£® ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥¨¿, ®°²®£® «¼®£®

«¨¨¿¬ �.

�§ ª®¬¯®¥² ¬¥²°¨·¥±ª®£® ²¥§®°  ¨ ¨µ ¯¥°¢»µ ¯°®¨§¢®¤»µ ¬®¦® ¯®-

±²°®¨²¼ ±«¥¤³¾¹¨¥ ´¨§¨ª®-£¥®¬¥²°¨·¥±ª¨¥ ´¨±«¥°®¢» ²¥§®°»:

�

A

= ��

B

(�

A:B

� �

B:A

)! �

�

=

1

'

('

:�

� �

�:5

); (11)

~

F

AB

= �

1

2

g

C

A

g

D

B

(�

C:D

� �

D:C

)!

~

F

��

=

�

1

2

(�

�:�

� �

�:�

+ �

�

�

�

� �

�

�

�

): (12)

�²¨ ¢¥«¨·¨» ¢ ¤ «¼¥©¸¥¬ ¨§«®¦¥¨¨ ¡³¤³² ±®¯®±² ¢«¥» ± ´¨§¨·¥±ª¨¬¨

®¡º¥ª² ¬¨.

�¥°¥©¤¥¬ ²¥¯¥°¼ ª ¯®±²°®¥¨¾  ¯¯ ° ²  ¤¨´´¥°¥¶¨°®¢ ¨¿. �«¿ ²®£®

·²®¡» ®¯°¥¤¥«¨²¼ ®¡° §®¢ ¨¥ ®¢»µ 4-²¥§®°®¢ ± ¯®¬®¹¼¾ ¤¨´´¥°¥¶¨°®-

¢ ¨¿ 4-²¥§®°®¢, ¥®¡µ®¤¨¬® ®¯°¥¤¥«¨²¼ ®¯¥° ²®° · ±²®£® ¤¨´´¥°¥¶¨°®-

¢ ¨¿ ¢ 4-¬¥°®¬ ¯°®±²° ±²¢¥®-¢°¥¬¥®¬ ±¥·¥¨¨. �²®² ®¯¥° ²®° ¤®«-

¦¥ ¡»²¼ ¨¢ °¨ ²¥ ®²®±¨²¥«¼® ¯°¥®¡° §®¢ ¨© (9). �²®, ®¤ ª®, ±¤¥« ²¼

ª« ±±¨·¥±ª¨¬ ±¯®±®¡®¬ ¥ ³¤ ±²±¿. �¡¥¤¨¬±¿ ¢ ½²®¬   ¯°¨¬¥°¥ ¯°®¨§¢®«¼®£®

5-²¥§®°  U «¾¡®© ¢ «¥²®±²¨. � ±±¬®²°¨¬ ¯¥°¥µ®¤ ª ¸²°¨µ®¢ ®© ±¨±²¥¬¥

ª®®°¤¨ ², ²®£¤  ¢ § ¯¨±¨

@U

@x

A

0

=

@U

@x

B

@x

B

@x

A

0

+

@U

@Z

B

@Z

B

@x

A

0

=

@U

@x

B

@x

B

@x

A

0

+

@U

@Z

B

Z

C

0
@

2

x

B

@x

C

0

@x

A

0
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¯°¨±³²±²¢³¥² ·«¥ Z

C

0

@

2

x

B

@x

C

0

@x

A

0

(§ ª® ¯°¥®¡° §®¢ ¨¿ ª®®°¤¨ ² Z

B

=

Z

C

0

@x

B

@x

C

0

). �±«¨ ¦¥ ¢ ª ·¥±²¢¥ £®°¨§®² «¼®© · ±²®© ¯°®¨§¢®¤®© ° ±±¬ ²°¨-

¢ ²¼ ®¯¥° ²®° À:Á, ²® ®² ½²®£® ·«¥  ³¤ ±²±¿ ¨§¡ ¢¨²¼±¿. �§ ´¨±«¥°®¢®© £¥®-

¬¥²°¨¨ ¨§¢¥±²®, ·²® ¥«¨¥© ¿ ±¢¿§®±²¼ ¯°¨ ¯¥°¥µ®¤¥ ®² ®¤®© ±¨±²¥¬»

ª®®°¤¨ ² ª ¤°³£®© ¯°¥®¡° §³¥²±¿ ¯® § ª®³

N

D

B

@x

A

0

@x

D

�N

A

0

D

0

@x

D

0

@x

B

= Z

D

@

2

x

A

0

@x

D

@x

B

;

N

D

0

B

0

@x

A

@x

D

0

�N

A

D

@x

D

@x

B

0

= Z

D

0
@

2

x

A

@x

D

0

@x

B

0

:

�±¯®«¼§³¿ ½²¨ ¢»° ¦¥¨¿, ¢»·¨±«¿¥¬

U

:5

0

=

@U

@x

B

@x

B

@x

5

0

+

@U

@Z

B

Z

C

0
@

2

x

B

@x

C

0

@x

5

0

�

�

@U

@Z

B

�

Z

C

0
@

2

x

B

@x

C

0

@x

5

0

+N

B

C

@x

C

@x

5

0

�

=

=

@x

A

@x

5

0

�

@U

@x

A

�N

B

A

@U

@Z

B

�

=

@x

A

@x

5

0

U

:A

:

�·¨²»¢ ¿ �

B

0

= �

A

@x

B

0

@x

A

¨ ®¡®§ · ¿ U

"5

= �

B

U

:B

= �

5

U

:5

, ¯®«³·¨¬, ·²®

U

"5

= U

"5

0

, ².¥. ®¯¥° ²®° À"5Á ¨¢ °¨ ²¥ ®²®±¨²¥«¼® ¯°¥®¡° §®¢ ¨© (9) ¨

(10).

�¥¯®±°¥¤±²¢¥»¬ ¢»·¨±«¥¨¥¬ ³¡¥¤¨¬±¿, ·²® ®¯¥° ²®° À"�Á, ®¯°¥¤¥«¥»©

ª ª U

"�

= U

:�

� �

�

U

"5

, ¨¢ °¨ ²¥ ®²®±¨²¥«¼® ¯°¥®¡° §®¢ ¨© (9):

U

"�

0

= U

:�

0

� �

�

0

U

"5

0

=

@U

@x

A

@x

A

@x

�

0

+

@U

@Z

A

Z

B

0
@

2

x

A

@x

�

0

@x

B

0

�

�

@U

@Z

A

�

Z

B

0
@

2

x

A

@x

�

0

@x

B

0

+N

A

C

@x

C

@x

�

0

�

� �

C

@x

C

@x

�

0

U

"5

=

=

@x

C

@x

�

0

(U

:C

� �

C

U

"5

) = U

:�

� �

�

U

"5

= U

"�

:

�¯°¥¤¥«¥¨¥ ¢¥°²¨ª «¼®© · ±²®© ¯°®¨§¢®¤®© ¢ ¯°®±²° ±²¢¥®-¢°¥-

¬¥®¬ ±¥·¥¨¨ ¥ ¢±²°¥· ¥² ² ª¨µ ²°³¤®±²¥©. �¡®§ ·¨¬ ¥¥ À,Á: U

;5

=

�

5

@U

@Z

5

; U

;�

=

@U

@Z

�

� �

�

U

;5

. �¥¯®±°¥¤±²¢¥»¬ ¢»·¨±«¥¨¥¬ «¥£ª® ³¡¥¤¨²¼±¿,

·²® ®¯¥° ²®° À,5Á ¨¢ °¨ ²¥ ®²®±¨²¥«¼® (9) ¨ (10), À; �Á ¨¢ °¨ ²¥ ®²-

®±¨²¥«¼® (9).

�¯¥° ²®° £®°¨§®² «¼®£® ª®¢ °¨ ²®£® ¯°®±²° ±²¢¥®-¢°¥¬¥®£®

¤¨´´¥°¥¶¨°®¢ ¨¿

~

r

~�

~

U

�

�

= U

�

�"�

+

~

�

�

�

~

U



�

�

~

�



��

~

U

�



;

£¤¥ ¨±¯®«¼§®¢ ® ®¡®§ ·¥¨¥

~

�



��
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{ £®°¨§®² «¼ ¿ 4-±¢¿§®±²¼, ².¥ ±¢¿§®±²¼ ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥-

¨¿.

� ·ª®¬ À~Á ¢±¥£¤  ¤ «¥¥ ¡³¤¥¬ ®¡®§ · ²¼ ¢¥«¨·¨», ®²®±¿¹¨¥±¿ ª

¯°®±²° ±²¢¥®-¢°¥¬¥®¬³ ±¥·¥¨¾, ².¥. 4-²¥§®°» ¨ ®¯¥° ²®°» ¯°®±²° ±²-

¢¥®-¢°¥¬¥®£® ª®¢ °¨ ²®£® ¤¨´´¥°¥¶¨°®¢ ¨¿.

� ª ¨ ¢ °¨¬ ®¢®¬ ±«³· ¥ ²¥®°¨¨ � «³¶»-�«¥©  ¯®±²³«¨°³¥¬ ¥§ ¢¨±¨-

¬®±²¼ ¢±¥µ ° ±±¬ ²°¨¢ ¥¬»µ ¢¥«¨·¨ (² ª¨µ, ª ª G

AB

; �

A

;�

A

¨ ².¤.) ®² ¯¿²®©

ª®®°¤¨ ²», ².¥.

@U

@x

5

= 0 ¤«¿ ¢±¿ª®£® ´¨±«¥°®¢  ²¥§®°  U . �®²®ª £®°¨§®-

² «¼»µ £¥®¤¥§¨·¥±ª¨µ ° ±¹¥¯«¥¨¿ ¤ ¥²±¿ ³° ¢¥¨¿¬¨ x

�

= const; x

5

= t,

t | ¯ ° ¬¥²° ª°¨¢®©. �±¯®«¼§³¥¬ ²¥¯¥°¼ ¶¨«¨¤°¨·®±²¼ ° ±±¬ ²°¨¢ ¥¬®£®

¯°®±²° ±²¢  ¯® ¯¿²®© ª®®°¤¨ ²¥. �¨«¨¤°¨·®±²¼ ¯® ¯¿²®© ª®®°¤¨ ²¥ ¯®¤-

° §³¬¥¢ ¥², ·²® ´³¤ ¬¥² «¼»¥ ¯®¤º¥¬» ½²¨µ £®°¨§®² «¼»µ £¥®¤¥§¨·¥-

±ª¨µ ¤®«¦» § ¬»ª ²¼±¿ ± ¬¨   ±¥¡¿, ².¥. ¤«¿ ½²¨µ ª°¨¢»µ Z(t+T ) = Z(t), £¤¥

t { ¯ ° ¬¥²° ª°¨¢®©,   T { ¯¥°¨®¤ ¶¨«¨¤° . �®±ª®«¼ª³ ³° ¢¥¨¿ ¯®¤¿²¨¿

£®°¨§®² «¼®© ª°¨¢®© ¨¬¥¾² ¢¨¤ (5), ²® ¤«¿ ¨²¥°¥±³¾¹¨µ  ± ª°¨¢»µ

dZ

A

dt

+N

A

5

(x(t); Z(t)) = 0

¯°¨ ¯ ° ¬¥²°¨§ ¶¨¨ x

5

= t. �®±²³«¨°³¿ N

A

5

(x;Z) = 0, ¬» ¯®«³·¨¬ Z

A

(t) =

const, ².¥. ª ± ²¥«¼®¥ ¯°®±²° ±²¢® T

x

M ¥ ¨±¯»²»¢ ¥² ¢° ¹¥¨© ¨ ¤¥´®°¬ -

¶¨© ¯°¨ ¤¢¨¦¥¨¿µ ¢¤®«¼ ¯¿²®© ª®®°¤¨ ²». �¥£ª® ¢¨¤¥²¼, ·²® ³±«®¢¨¿

@U

@x

5

= 0

¨ N

A

5

(x;Z) = 0 ¢¬¥±²¥ ¤ ¾² U

:5

= 0 ¤«¿ ¯°®¨§¢®«¼®£® ´¨±«¥°®¢  ²¥§®°  U .

�°¨ ½²®¬ ®¯¥° ²®° À"�Á ±®¢¯ ¤¥² ± ®¯¥° ²®°®¬ À: �Á.

�¢¥¤¿ ®¡®§ ·¥¨¥ F

AB

= �

A:B

��

B:A

¨ ³·²¿ ¢»¸¥®¯¨± »¥ ³±«®¢¨¿, ° ±¯¨-

¸¥¬ ° ±¯ ¤¥¨¥ ª®¬¯®¥² ²¥§®°  �¨··¨ (4), ±®±²®¿¹¨µ ¨§ £®°¨§®² «¼»µ

5-±¢¿§®±²¥©,   ª®¬¯®¥²» ²¥§®°  �¨··¨ ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥-

·¥¨¿ ¨ ¤®¡ ¢ª¨. �«¿ ½²®£® ¢ ¢»° ¦¥¨¥ (3) ¯®¤±² ¢¨¬ (6) ¨ (7). �°®¢¥¤¿ ¢»-

·¨±«¥¨¿, ¯®«³·¨¬ ¤«¿ 5-±¢¿§®±²¨

�

D

AB

=

~

�

D

AB

�

1

2

g

DE

(�

A

F

EB

+ �

B

F

EA

)+

+

1

2

�

D

�

E

(�

B

F

EA

+ �

A

F

EB

+ �

E

(�

AB

+ �

BA

)): (13)

�®¤±² ¢¨¢ ½²® ¢»° ¦¥¨¥ ¢ ª®¬¯®¥²» (4), ±®±²®¿¹¨¥ ¨§ £®°¨§®² «¼»µ

±¢¿§®±²¥© ¨ ³·¨²»¢ ¿ (8), ¯®«³·¨¬ ¤«¿ ¨µ :

�

D

AD:B

=

~

�

D

AD:B

+ (

1

'

'

:A

)

:B

; (14)

�

D

AB:D

=

~

�

D

AB:D

�

1

2

g

DC

:D

(�

A

F

CB

+ �

B

F

CA

)�

�

1

2

g

DC

(�

A:D

F

CB

+ �

B:D

F

CA

+ �

A

F

CB:D

+ �

B

F

CA:D

); (15)

�

C

AD

�

D

CB

=

~

�

C

AD

~

�

D

CB

�

1

2

g

DE

F

EC

(

~

�

C

AD

�

B

+

~

�

C

DB

�

A

)+
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+

1

4

g

CH

g

DE

�

A

�

B

F

HD

F

EC

+

1

'

2

'

:A

'

:B

�

�

1

4

g

CE

(�

5

F

EA

� �

A

�

5:E

)�

5

�

5

(�

B

�

5:C

+ �

5

�

C:B

+ �

5

�

B:C

)�

�

1

4

g

CE

(�

5

F

EB

� �

B

�

5:E

)�

5

�

5

(�

A

�

5:C

+ �

5

�

C:A

+ �

5

�

A:C

); (16)

�

C
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�

D

CD

=

~

�

C

AB

~

�

D

CD

�

1

2

~

�

D

CD

g

CH

(�

A

F

HB

+ �

B

F
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)�

�

1

2

g
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(�

A

F

HB

+ �

B

F

HA

)

1

'

'

:C

+

~

�

C

AB

1

'

'

:C

: (17)

�®±²³«¨°³¥¬ ¥§ ¢¨±¨¬®±²¼ ¢±¥µ ¢¥«¨·¨ ®² Z

5

, ²®£¤  ®¯¥° ²®° À; �Á ±®-

¢¯ ¤¥² ± ®¯¥° ²®°®¬

@

@Z

�

¨ ¢»° ¦¥¨¥ ¤«¿ ¢¥°²¨ª «¼®© ±¢¿§®±²¨ ¯°¨¬¥² ¢¨¤

C

D

AC

=

~

C

D

AC

�

1

2

g

DH

(�

C

@�

A

@Z

H

+ �

A

@�

C

@Z

H

);

£¤¥ ·¥°¥§

~

C

A

BC

®¡®§ ·¥  g

AD

g

BC;D

= g

AD

@g

BC

@Z

D

| ¢¥°²¨ª «¼ ¿ 4-±¢¿§®±²¼,

².¥. ¢¥°²¨ª «¼ ¿ ±¢¿§®±²¼ ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥¨¿.

�»° ¦¥¨¥ ¤«¿ ¥«¨¥©®© ±¢¿§®±²¨ (2) ±®¤¥°¦¨² ®¡»·»¥ · ±²»¥ ¯°®-

¨§¢®¤»¥ ¯® x,   «®£®¢ ª®²®°»¬ ¥ ³¤ «®±¼ ¯®±²°®¨²¼ ¢ ¯°®±²° ±²¢¥®-¢°¥-

¬¥®¬ ±¥·¥¨¨, ¯®½²®¬³, ·²®¡» ¯®±²°®¨²¼ ° ±¯ ¤¥¨¥ ¥«¨¥©®© ±¢¿§®±²¨,

 ¬ ¯°¨¤¥²±¿ ¢®±¯®«¼§®¢ ²¼±¿ ²¥¬, ·²® ¨±±«¥¤³¥¬®¥ ¯°®±²° ±²¢® | ´¨±«¥°-

 ´´¨®¥ ¨ ¢ ¥¬ ±¯° ¢¥¤«¨¢® ±®®²®¸¥¨¥ (1). �®¤±² ¢«¿¿ ¢ ¥£® (13), ¨¬¥¥¬

N

A

B

= Z

C

�

A
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= Z

C

[

~
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A
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�

1

2

g
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(�

C
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+ �
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+
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�

A

�

5

(�

B

�

5:C

+ �

C

�

5:B

+ �

5

(�

C:B

+ �

B:C

))] =

~

N

A

B

+M

A

B

;

£¤¥ M

A

B

®¯°¥¤¥«¿¥²±¿ ª ª

M

A

B

= Z

C

[�

1

2

g
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(�

C

F

EB

+ �

B

F

EC
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+
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2

�

A

�

5
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B

�

5:C

+ �
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�
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+ �

5

(�

C:B

+ �

B:C

))];

 

~

N

A

B

= Z

C

~

�

A

CB

| ¥«¨¥© ¿ 4-±¢¿§®±²¼.

�®£¤  ¤«¿ ±®®²¢¥²±²¢³¾¹¥© ª®¬¯®¥²» ²¥§®°  �¨··¨ ¢ (4) :

C

D

AC

(N

C

D:B

�N

C

B:D

) =

~

C

D

AC

(

~

N

C

D:B

�

~

N

C

B:D

)+

+

~

C

D

AC

(M

C

D:B

�M

C

B:D

)�

1

2

g

DH

(�

C

@�

A

@Z

H

+ �

A

@�

C

@Z

H

)(N

C

D:B

�N

C

B:D

): (18)

�² ª, ¬» ¯®«³·¨«¨ ¢±¥ ¥®¡µ®¤¨¬®¥ ¤«¿ ²®£®, ·²®¡»  · ²¼ ¢»¯¨±»¢ ²¼

³° ¢¥¨¿ ¯®«¿.
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�«¿ F

AB

¨

~

F

AB

¨¬¥¥¬ ±®®²®¸¥¨¥

F

AB

= �2

~

F

AB

+ �

B

�

A

��

A

�

B

:

�¯°¥¤¥«¥»©  ¬¨ ®¯¥° ²®° · ±²®© ¯°®¨§¢®¤®© À:Á ®¡« ¤ ¥² ±¢®©±²¢®¬

U

:A:B

6= U

:B:A

, £¤¥ U { ¯°®¨§¢®«¼»© ´¨±«¥°®¢ ²¥§®°, ¯®½²®¬³ ¢±¥ ¢»ª« ¤ª¨

¥«¼§¿ ¯¥°¥¥±²¨ ± °¨¬ ®¢  ±«³· ¿, ¯°®±²® ¤®¡ ¢¨¢ ª®¬¯®¥²», ±®¤¥°¦ ¹¨¥

¥«¨¥©³¾ ¨ ¢¥°²¨ª «¼³¾ ±¢¿§®±²¨.

�¯°¥¤¥«¨¬ ²¥§®° ª°¨¢¨§» ¯°®±²° ±²¢¥®-¢°¥¬¥®£® ±¥·¥¨¿ ´®°¬³-

«®©
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;

  ±®®²¢¥²±²¢³¾¹¨© ²¥§®° �¨··¨ ¨ ±ª «¿°³¾ ª°¨¢¨§³ ¯°®±²° ±²¢¥®-

¢°¥¬¥®£® ±¥·¥¨¿ ª ª

4

R

��

=

4

R

�

���

;

4

R = g

��

R

��

:

�®¤±² ¢«¿¿ ¢ (4) ¢»° ¦¥¨¿ (14{18) ¨ ¨±¯®«¼§³¿ (11{12) ¯®±«¥ ¤«¨²¥«¼»µ ¨

£°®¬®§¤ª¨µ ¢»·¨±«¥¨©, ¯®«³·¨¬ ¢»° ¦¥¨¿ ¤«¿ ¯¿²¨¬¥°»µ ±ª «¿°®© ª°¨-

¢¨§» ¨ ²¥§®°  �¨··¨:
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�²«¨·¨¥ ´¨±«¥°®¢  ±«³· ¿ ®² °¨¬ ®¢  § ª«¾· ¥²±¿ ¥¹¥ ¨ ¢ ²®¬, ·²® ²¥-

§®° �¨··¨ ¥±¨¬¬¥²°¨·¥ ¨ ¯®½²®¬³ ³° ¢¥¨© �©¸²¥©  ¢±¥£® 25. �®¤±² -

¢«¿¿ ¢ ³° ¢¥¨¿ �©¸²¥©  ¯®«³·¥»¥ ¢»° ¦¥¨¿ ¤«¿ ¯¿²¨¬¥°®© ±ª «¿°-

®© ª°¨¢¨§» ¨ ²¥§®°  �¨··¨, ¯®«³·¨¬
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; (20)
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: (22)

�²¨ ³° ¢¥¨¿ ¨ ¯°¥¤±² ¢«¿¾² ±®¡®© ° ±¯ ¤¥¨¥ 5-¬¥°»µ ³° ¢¥¨© �©-

¸²¥©    4-¬¥°»¥ ³° ¢¥¨¿ �©¸²¥©  ¨ ¤®¡ ¢ª¨ ¯°¨ ³¯®¬¿³²®¬ 4+1-

° ±¹¥¯«¥¨¨.

4. �²¥°¯°¥² ¶¨¿ °¥§³«¼² ²®¢ ¨ ¢»¢®¤»

�¥°¥¬±¿ ²¥¯¥°¼ ª ° ±±¬®²°¥¨¾ ´¨§¨·¥±ª®£® ±¬»±«  ¯®«³·¥»µ °¥§³«¼-

² ²®¢. �»° ¦¥¨¥
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¥±²¼ ²¥§®° ½¥°£¨¨-¨¬¯³«¼±  ±ª «¿°®£® ¯®«¿ ' (�
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=

1

'

'

:�

). �»¡¨° ¿ ±®®²-

¢¥²±²¢³¾¹¥¥ ±®¯®±² ¢«¥¨¥ £¥®¬¥²°¨·¥±ª¨µ ¢¥«¨·¨ �

�

¨

~

F

��

´¨§¨·¥±ª¨¬ ¢¥ª-

²®°®¬³ ¯®²¥¶¨ «³ ¨ ²¥§®°³ ½«¥ª²°®¬ £¨²®£® ¯®«¿, ¬®¦® ¤®¡¨²¼±¿ ²®£®,

·²® ¯¥°¥¤ ²¥§®°®¬ ½¥°£¨¨-¨¬¯³«¼±  ½«¥ª²°®¬ £¨²®£® ¯®«¿ ¡³¤¥² ±²®¿²¼

±² ¤ °²»© ° §¬¥°»© ª®½´´¨¶¨¥². � «®£¨·®, ° ±±¬ ²°¨¢ ¿ ° §«¨·»¥
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±®¯®±² ¢«¥¨¿ ´¨§¨·¥±ª®© ¬¥²°¨ª¨ ¬¥²°¨ª¥ g

��

, ¬®¦® ¯®«³·¨²¼ ° §«¨·»¥

¨²¥°¯°¥² ¶¨¨ ³° ¢¥¨© (19{22), ª®²®°»¥ ¯®¤°®¡® ®¯¨± » ¢ [1, c. 218].

�° ¢¥¨¥ (20) ¯°¥¤±² ¢«¿¥² ±®¡®© ¯°®±²® ¢²®°³¾ ¯ °³ ³° ¢¥¨© � ª±-

¢¥«« .

�² ¡®«¼¸¨±²¢  ¤®¡ ¢®ª, ±®¤¥°¦ ¹¨µ

~

C

A

BC

¨ M

A

B

, ¬®¦® ¨§¡ ¢¨²¼±¿, ¢¢¥¤¿

¤®¯®«¨²¥«¼®¥ ³° ¢¥¨¥M

A

B:C

=M

A

C:B

, ½²® ¢±¥ ¦¥ ¥ ¯°¨¢¥¤¥² ª ¢»°®¦¤¥¨¾

¢ °¨¬ ®¢ ±«³· © (´¨±«¥°®¢® ¯°®±²° ±²¢® ¢»°®¦¤ ¥²±¿ ¢ °¨¬ ®¢®, ¥±«¨

G

AB

¥ § ¢¨±¨² ®² Z, ¨ ²®£¤  ²¥§®° �¨··¨ ±¨¬¬¥²°¨·¥), ².ª. ¯°¨ ½²®¬ ¨§

(21) ¢»·¨² ¨¥¬ (20) ¯®«³·¨¬ ³±«®¢¨¥   ª®±®±¨¬¬¥²°¨·³¾ · ±²¼ ²¥§®° 

¬ ²¥°¨¨ Q

AB

.

�ª «¿°®¥ ¯®«¥ ² ª¦¥ ¬®¦® ¨±ª«¾·¨²¼ ¨§  ¸¥© ¬®¤¥«¨, ¯°¨¿¢

G

55

� const. �®£¤  ' � const ¨ �

A

� 0. � ª ±¤¥« « ¢ ±¢®¥© ° ¡®²¥ � «³¶ ,

¯®±ª®«¼ª³ ª ¬®¬¥²³ ¯®±²°®¥¨¿ ½²®© ²¥®°¨¨ ª¢ ²®¢ ¿ ¬¥µ ¨ª  ¥ ±³¹¥±²¢®-

¢ « .

� ª¨¬ ®¡° §®¬, ¬» ¯®±²°®¨«¨ ®¡®¡¹¥¨¥ ¥¤¨®© ²¥®°¨¨ £° ¢¨² ¶¨¨ ¨ ½«¥ª-

²°®¬ £¥²¨§¬  � «³¶»-�«¥©    ±«³· ©  ¨§®²°®¯®£® ¯°®±²° ±²¢ . �±®¢-

»¬ °¥§³«¼² ²®¬ ½²®© ° ¡®²» ¿¢«¿¥²±¿ ²®, ·²® ®² ¢¢¥¤¥¨¿  ¨§®²°®¯¨¨ ± ¬¨

´¨§¨·¥±ª¨¥ ¢¥«¨·¨», ¢µ®¤¿¹¨¥ ¢ ³° ¢¥¨¿ �©¸²¥© , ¥ ¯°¥²¥°¯¥«¨ ¨ª -

ª¨µ ±³¹¥±²¢¥»µ ¨§¬¥¥¨©, ª°®¬¥ ¤®¡ ¢«¥¨¿ ±« £ ¥¬»µ, § ¢¨±¿¹¨µ ®² ¥-

¨§®²°®¯®±²¨ ¢ ²®·ª¥. �²® ®§ · ¥², ·²® ¢ ° ¬ª µ ¥¤¨®© ²¥®°¨¨ £° ¢¨² ¶¨¨

¨ ½«¥ª²°®¬ £¥²¨§¬  ¢¢¥¤¥¨¥  ¨§®²°®¯¨¨ ¥ ¯°®²¨¢®°¥·¨² ¨ª ª¨¬ ¨§¢¥±²-

»¬ ²¥®°¥²¨·¥±ª¨¬ ¨ ½ª±¯¥°¨¬¥² «¼»¬ ¤ »¬. � ° ±±¬®²°¥¨¥ ¤®¯®«¨-

²¥«¼»µ ±« £ ¥¬»µ ®±² ¢«¿¥²  ¤¥¦¤³   ¢»¿¢«¥¨¥ ®¢»µ § ª®®¬¥°®±²¥© ¨

¨µ ½ª±¯¥°¨¬¥² «¼³¾ ¯°®¢¥°ª³.

�¥¤®±² ²ª®¬ ¨§«®¦¥®£® ¬¥²®¤  ´¨±«¥°®¢  ®¡®¡¹¥¨¿ ¥¤¨®© ²¥®°¨¨

£° ¢¨² ¶¨¨ ¨ ½«¥ª²°®¬ £¥²¨§¬  ¿¢«¿¥²±¿ ²®, ·²® ®¯¥° ²®° ¯°®±²° ±²¢¥-

®-¢°¥¬¥®£® · ±²®£® ¤¨´´¥°¥¶¨°®¢ ¨¿ À"Á ±®¤¥°¦¨² ¯¿²¨¬¥°³¾ ¥«¨-

¥©³¾ ±¢¿§®±²¼ ¢¬¥±²® ·¥²»°¥µ¬¥°®©. �¤ ª® ±³¹¥±²¢³¥² ¢¥°®¿²®±²¼, ·²®

®² ½²®£® ¥¤®±² ²ª  ³¤ ±²±¿ ¨§¡ ¢¨²¼±¿ ¢ ¡³¤³¹¥¬.
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