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The joint density function of errors in multi scale a measuring device is de-

duced by a method of a maximum entropy. Is shown, that this density function

is well approximated by a truncated normal density function, which is usually

used for a construction of estimations.
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. � ®¡®±®¢ ¨¥ ¢»¡®°  ² ª®© ¯«®²®±²¨ ³ª §»¢ -

¥²±¿, ·²® ®  ¿¢«¿¥²±¿ µ®°®¸¨¬ ¯°¨¡«¨¦¥¨¥¬ ª ¨§¢¥±²»¬ ¯«®²®±²¿¬ ®¸¨-

¡®ª ´ §®¢»µ ¨§¬¥°¥¨©.

�¥«¼¾ ¤ ®© ° ¡®²» ¿¢«¿¥²±¿ ¢»¢®¤ ³° ¢¥¨© ¤«¿ ®¯°¥¤¥«¥¨¿ ±®¢¬¥±²-

®© ¯«®²®±²¨ ° ±¯°¥¤¥«¥¨¿ ®¸¨¡®ª ¨§¬¥°¥¨¿ ´ § ¬¥²®¤®¬ ¬ ª±¨¬ «¼®© ½-

²°®¯¨¨ ¯°¨ ¨§¢¥±²®© ª®°°¥«¿¶¨®®© ¬ ²°¨¶¥. �§¢¥±²®, ·²® ² ª ¿ ¯«®²®±²¼

±®®²¢¥²±²¢³¥² ±«³· ©®¬³ ¢¥ª²®°³, °¥ «¨§³¾¹¥¬³±¿ ¯°¨°®¤®© À ¨¡®«¼¸¨¬

·¨±«®¬ ±¯®±®¡®¢Á [3]. �³¤¥² ¯®ª § ®, ·²® ¯°¨ ®¯°¥¤¥«¥»µ ³±«®¢¨¿µ ³±¥·¥-

 ¿ ¯«®²®±²¼ µ®°®¸®  ¯¯°®ª±¨¬¨°³¥² ¯«®²®±²¼ ± ¬ ª±¨¬ «¼®© ½²°®¯¨¥©.

� ª¨¬ ®¡° §®¬, ¡³¤¥² ¤ ® ²¥®°¥²¨·¥±ª®¥ ®¡®±®¢ ¨¥ ¢»¡®°  ³±¥·¥®© £ ³±-

±®¢±ª®© ¯«®²®±²¨ ¢ ª ·¥±²¢¥ ¯«®²®±²¨ ° ±¯°¥¤¥«¥¨¿ ®¸¨¡®ª.
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2. �®±² ®¢ª  § ¤ ·¨
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n

-½«¥¬¥²®¢, ®¡« ±²¨


, ±®¯®±² ¢«¥  ¢¥°®¿²®±²¼ ¯°¨¿²¨¿ ª®¬¯®¥² ¬¨ "

i

¢®§¬®¦»µ § ·¥¨©

x

i

j

; i = 1; n; j = 1; N . �¡®§ ·¨¬ ½²³ ¢¥°®¿²®±²¼ ·¥°¥§ p

i

1

; :::; i

n

= P ("

1

=

x

i

1

; : : : ; "

n

= x

i

n

). �«¿ ª° ²ª®±²¨, ¢¬¥±²® i

1

; : : : ; i

n

¡³¤¥¬ ¯¨± ²¼ �, ¯®¤° §³¬¥-

¢ ¿ ¯®¤ � ¬³«¼²¨¨¤¥ª±, ² ª ·²® p

i

1

; :::; i

n

= p

�

¨

P

N

i

1

=1

: : :

P

N

i

n

=1

=

P

�

.

�²°®¯¨¿ ² ª®£® ±«³· ©®£® ¢¥ª²®° 

H = �

X

�

p

�

ln p

�

: (3)

�¢¥¤¥¬ ¤®¯®«¨²¥«¼»¥ ®£° ¨·¥¨¿, ¯¥°¢®¥ ¨§ ª®²®°»µ | ³±«®¢¨¥ ®°¬¨-

°®¢ª¨:

X

�

p

�

= 1: (4)

� ¬®£®¸ª «¼»µ ´ §®¢»µ ¨§¬¥°¨²¥«¿µ ®¡»·® ¨§¢¥±²  ª®°°¥«¿¶¨® ¿ ¬ -

²°¨¶  ®¸¨¡®ª ¨§¬¥°¥¨¿ (¨«¨ ¥�¥ ±²°³ª²³° ), ¯®½²®¬³ ¢²®°»¬ ³±«®¢¨¥¬ ¯°¨¨-

¬ ¥¬ ° ¢¥±²¢®

R =

X

�

x

�

x

>

�

p

�

; (5)

£¤¥ R { ª®°°¥«¿¶¨® ¿ ¬ ²°¨¶  ®¸¨¡®ª ¨§¬¥°¥¨¿, R = B

�1

. � ¸  § ¤ · 

±®±²®¨² ¢  µ®¦¤¥¨¨ ¢¥°®¿²®±²¥© p

�

, ¬ ª±¨¬¨§¨°³¾¹¨µ (3) ¯°¨ § ¤ »µ

®£° ¨·¥¨¿µ (4), (5). �«¿ ¯®«³·¥¨¿ ¯«®²®±²¨ ¥®¡µ®¤¨¬® ¯¥°¥©²¨ ª ¥¯°¥-

°»¢»¬ ±«³· ©»¬ ¢¥«¨·¨ ¬, ³±²°¥¬¨¢ N ª ¡¥±ª®¥·®±²¨. � ª®°°¥ª²®±²¨

² ª®£® ¯¥°¥µ®¤  ±¬. [4, c.326].

3. �»¢®¤ ®±®¢»µ ±®®²®¸¥¨©

�«¿  µ®¦¤¥¨¿ p

�

¢®±¯®«¼§³¥¬±¿ ¬¥²®¤®¬ ¬®¦¨²¥«¥© � £° ¦ . �³ª¶¨¿

� £° ¦  § ¤ ·¨ (3), (4), (5):

L = �

X

�

p

�

ln p

�

+ �

 

X

�

p

�

� 1

!

+ Sp

 

X

�

Mx

�

x

>

�

p

�

�MR

!

; (6)

£¤¥ � { ±ª «¿°»© ¬®¦¨²¥«¼, ¨M { (n� n)-ª¢ ¤° ² ¿ ±¨¬¬¥²°¨·¥±ª ¿ ¬ -

²°¨¶  ¬®¦¨²¥«¥©; Sp( � ) { ®¯¥° ¶¨¿ ¢§¿²¨¿ ±«¥¤  ¬ ²°¨¶».

�°®¤¨´´¥°¥¶¨°®¢ ¢ (6) ¯® p

�

, ¯®«³· ¥¬

@L

@p

�

= �(ln p

�

+ 1) + �+ x

>

�

Mx

�

:

�°¨° ¢¿¢ ª ³«¾ ¯®±«¥¤¥¥ ¢»° ¦¥¨¥, ¯®±«¥ ¥±«®¦»µ ¯°¥®¡° §®¢ ¨©

p

�

= exp (�+ x

>

�

Mx

�

� 1): (7)



56 �.�. � ¢°®¢. �®¢¬¥±² ¿ ¯«®²®±²¼ ° ±¯°¥¤¥«¥¨¿ ®¸¨¡®ª...

�®¤±² ¢¨¬ (7) ¢ ³±«®¢¨¥ ®°¬¨°®¢ª¨ ¨  ©¤¥¬ ¢»° ¦¥¨¥ ¤«¿ � :

� = 1 + ln

X

�

expx

>

�

Mx

�

:

�®£¤  (7) ¯¥°¥¯¨¸¥²±¿ ¢ ¢¨¤¥:

p

�

=

expx

>

�

Mx

�

X

�

expx

>

�

Mx

�

: (8)

�¥°¥µ®¤¿ ª ¥¯°¥°»¢»¬ ±«³· ©»¬ ¢¥«¨·¨ ¬, ¯®«³·¨¬ ¨§ (8) ¢»° ¦¥¨¿

¤«¿ ¯«®²®±²¨, ¨§ (5) { ³±«®¢¨¥   ª®°°¥«¿¶¨®³¾ ¬ ²°¨¶³:

p(x) =

exp

�

x

>

Mx

�

Z




exp

�

x

>

Mx

�

dx

(9)

R

Z




exp

�

x

>

Mx

�

dx =

Z




xx

>

exp

�

x

>

Mx

�

dx: (10)

� «¨²¨·¥±ª®¥ °¥¸¥¨¥ (10) ®²®±¨²¥«¼® M ¢®§¬®¦® ²®«¼ª® ¢ °¿¤¥ ±¯¥-
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±²¢® (¡¥±ª®¥·»¥ ¯°¥¤¥«» ¨²¥£°¨°®¢ ¨¿), ²® ®·¥¢¨¤®, ·²® M = �

1

2

B ¨

¯«®²®±²¼ (9) ¥±²¼ ¬®£®¬¥° ¿ £ ³±±®¢±ª ¿. �¢®©±²¢® £ ³±±®¢±ª®£® ° ±¯°¥-
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¬ «¼®£® ±¢®©±²¢  [4].
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4. �¨±«¥®¥ ¨±±«¥¤®¢ ¨¥  ¯¯°®ª±¨¬ ¶¨¨

¯«®²®±²¨ ± ¬ ª±¨¬ «¼®© ½²°®¯¨¥©

³±¥·¥®© £ ³±±®¢±ª®©

�±¯®«¼§®¢ ¨¥ (9), (10) ¤«¿ ¯®±²°®¥¨¿ ¬ ª±¨¬ «¼® ¯° ¢¤®¯®¤®¡®© ®¶¥ª¨

¢®«®¢®£® ¢¥ª²®°  ¢®§¬®¦®, ® ¢°¿¤ «¨ ¯° ª²¨·¥±ª¨ ¶¥®, ² ª ª ª ª ¦¤»©

° § ¯°¨ ¨§¬¥¥¨¨ ° §¬¥°®±²¨ ¢¥ª²®° , ²¨¯  ´®°¬¨°®¢ ¨¿ ´ §®¬¥²°¨·¥-

±ª¨µ ¡ § ¨«¨ ¤¨±¯¥°±¨¨ ®¸¨¡ª¨ ¥®¡µ®¤¨¬® °¥¸¨²¼ ¥«¨¥©®¥ ³° ¢¥¨¥ (10)

®²®±¨²¥«¼® M , ·²® ¿¢«¿¥²±¿ ±«®¦®© ¢»·¨±«¨²¥«¼®© § ¤ ·¥©. � ¤°³£®©
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�¨±. 1. �° ´¨ª¨ ´³ª¶¨¨ ° ±±®£« ±®¢ ¨¿
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� ª¨¬ ®¡° §®¬, ¢»·¨±«¥¨¥ (11) ±¢®¤¨²±¿ ª ¢»·¨±«¥¨¾ ²°¥µ (n)-ª° ²»µ ¨-

²¥£° «®¢.

�  °¨±.1 ¯°¥¤±² ¢«¥» £° ´¨ª¨ f(�) ¯°¨ ° §«¨·»µ § ·¥¨¿µ n, n = 1; 10.

�® £®°¨§®² «¼®© ®±¨ ®²«®¦¥» § ·¥¨¿ �,   ¯® ¢¥°²¨ª «¼®© { § ·¥¨¿

´³ª¶¨¨.

�  ®±®¢ ¨¨ ¯°®¢¥¤¥»µ ¢»·¨±«¥¨© ¬®¦® ±¤¥« ²¼ ±«¥¤³¾¹¨¥ ¢»¢®¤»:

1) ¯°¨ ¬ «»µ ¤¨±¯¥°±¨¿µ ³±¥·¥ ¿ ¯«®²®±²¼ µ®°®¸®  ¯¯°®ª±¨¬¨°³¥²

¯«®²®±²¼ ± ¬ ª±¨¬ «¼®© ½²°®¯¨¥©, ² ª ª ª ¬ ²°¨¶  �

1

2

B ¯° ª²¨·¥±ª¨ ³¤®-

¢«¥²¢®°¿¥² ±®®²®¸¥¨¾ (10);

2) ¯°¨ ³¢¥«¨·¥¨¨ ° §¬¥°®±²¨ ±«³· ©®£® ¢¥ª²®°  ¢«¨¿¨¥ § ¬¥»M  

¯°¨¡«¨¦¥®¥ § ·¥¨¥ �

1

2

B ±¨¦ ¥²±¿, ²® ¥±²¼ ¯®°®£®¢®¥ § ·¥¨¥ ¤¨±¯¥-

°±¨¨, ¯®±«¥ ª®²®°®£® °¥§ª® ¯ ¤ ¥² ª ·¥±²¢®  ¯¯°®ª±¨¬ ¶¨¨, ³¢¥«¨·¨¢ ¥²±¿.

5. � ª«¾·¥¨¥

� ° ¡®²¥ ¯®«³·¥» ±®®²®¸¥¨¿, ®¯°¥¤¥«¿¾¹¨¥ ½ª±²°¥¬ «¼³¾ ±®¢¬¥±²³¾

¯«®²®±²¼ (²® ¥±²¼ ¯«®²®±²¼ ± ¬ ª±¨¬³¬®¬ ½²°®¯¨¨ ¨§ ¢±¥¢®§¬®¦»µ ¯«®²-

®±²¥© ± § ¤ ®© ª®°°¥«¿¶¨®®© ¬ ²°¨¶¥©) ° ±¯°¥¤¥«¥¨¿ ®¸¨¡®ª ¢ ¬®£®¸-

ª «¼®© ´ §®¢®© ¨§¬¥°¨²¥«¼®© ±¨±²¥¬¥. �°¨ ¬ «»µ ¤¨±¯¥°±¨¿µ ½²  ¯«®²®±²¼

µ®°®¸®  ¯¯°®ª±¨¬¨°³¥²±¿ ³±¥·¥®© £ ³±±®¢±ª®© ¯«®²®±²¼¾, ª®²®° ¿ ®¡»·®

¨±¯®«¼§³¥²±¿ ¤«¿ ¯®±²°®¥¨¿ ¬ ª±¨¬ «¼® ¯° ¢¤®¯®¤®¡®© ®¶¥ª¨.

�²¬¥²¨¬, ·²® ¯°¨ ¢»¢®¤¥ ±®®²®¸¥¨© ¤«¿ ¯«®²®±²¨ ¥ ¨±¯®«¼§®¢ «¨±¼

¨ª ª¨¥  ¯°¨®°»¥ ¤ »¥, ª°®¬¥ § ¨¿ ª®°°¥«¿¶¨®®© ¬ ²°¨¶». �® ¥±²¼,

¯°¨ ®²±³²±²¢¨¨  ¯°¨®°»µ ±¢¥¤¥¨© ® ° ±¯°¥¤¥«¥¨¨ ®¸¨¡ª¨ ±«¥¤³¥² ±²°®¨²¼

®¶¥ª³   ½ª±²°¥¬ «¼®¬ ° ±¯°¥¤¥«¥¨¨ ª ª ±®®²¢¥²±²¢³¾¹¥¬³ ±«³· ©®¬³

¢¥ª²®°³, °¥ «¨§³¾¹¥¬³±¿ ¯°¨°®¤®© À ¨¡®«¼¸¨¬ ·¨±«®¬ ±¯®±®¡®¢Á.
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